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Introduction

This document is devoted to learning theory of Markov decision processes.

Say that someone, that shall be called Charlie, interacts with their environment by playing
actions. We assume that upon every decision, Charlie has perfect knowledge of the state of
the environment that they observe in its entirety. Upon playing, Charlie observes the effect of
their played actions by collecting rewards and observing how the system changes states. This
evolution (the state change and the produced reward) is stochastic yet memoryless. Specifically,
if Charlie sees the state S, of the environment and decides to play some action A,, then they see
a reward and the new state:

R, ~r(S;,A;) and S, ~p(S.,A,) 1)

where r(S;,A;) and p(S,,A,) are respectively the reward distribution and transition kernel
associated to S, upon playing A,. The index t tracks the evolution of time. In other words,
the reward and state produced by the interaction, despite their random nature, are generated
independently of the past and only depend on the current state and played action: This is what
is meant when we say that the system is memoryless.

The goal of Charlie is to score maximally, to wander their environments and to do their best
at choosing actions. With time, one expects Charlie to play better and better actions, that Charlie
learns to play optimally. The question that we will investigate throughout this manuscript is:
How should Charlie behave? How does one learn such a system as efficiently as possible?

The system that we have just described with (1) is a Markov decision process and this will
be what models the environment of Charlie in the background. In the sequel, we will make a
strong assumption: The underlying environment exists and unflaggingly generates rewards and
states for Charlie to observe. This assumption is, in a few areas, so commonly adopted that it is
easily forgotten that it is even one. This is a frequentist formulation of the learning task, stating
that the ground truth exists before Charlie interacts with it, instead of being the by-product of
the interaction of Charlie with the environment; The latter is the Bayesian formulation. This
assumption will help to streamline the discussion and come along with its load of paperwork,
painting all this manuscript with the color of frequentism. The possibility of revoking frequentism
shall eventually remain open to escape mathematical blinkers, but will mostly be unquestionably
adopted to deepdive into the theory.

This pitfall being now clearly sidelined, we may reformulate our prior question: How should
Charlie behave in this frequentist formulation of a learning environment?

What this manuscript is about

This manuscript focuses on the motivated learning task. No restriction is put on what Charlie
can do, although Charlie may only play legal actions and can never reset the state of their
environment (unless there exists an action that does so) that keeps running forever. The rewards
that Charlie gathered are compared to what an all knowing planner could achieve with all the

10
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available computational power in the world to prepare their optimal strategy. Hence, the online
performance of Charlie are compared to those of an optimal offline strategy; The difference
between these two quantities is called the regret and is the reference benchmark in this document.
Accordingly and formally, the environment is modeled by an average reward Markov decision
process and Charlie’s quality of play is measured by the regret. Regret minimization for Markov
decision process is the one and only problem that is investigated in the following pages, where we
provide a fairly complete (and self-contained) treatment of model dependent and independent
settings. We also suggest new directions.

I have learned, over the past few years, that it is foolish to extensively explain what a
document does not do; The literature is too vast, communities are too broad and shattered,
hence you never know where your reader is coming from. Leaving a few keywords is the best I
can do: This manuscript is about (0) the theory of (1) frequentist online learning of (2) average
reward Markov decision processes (3) with finite state-action spaces in the (4) model dependent
and (5) model independent settings, and mostly with (6) model-based algorithms. The only
benchmark is (7) expected regret minimization. It also brings up a few notions such as (8) the
regret of exploration and (9) the sliding regret. Every single point has existing alternatives
with considerable literature. (0) Experimental and theoretical approaches to reinforcement
learning are quite different, and so are the communities. A nice entry to old-school methods
that are commonly used in reinforcement learning is Sutton and Barto (2018); these methods
are nowadays commonly coupled with deep neural networks to find hidden structures, because
practical applications commonly face tremendously large environments. (1) Frequentism is a
choice of design for the learning setting, assuming that the underlying model actually exists.
The main alternative is the Bayesian approach, where the underlying model is produced by the
interaction between the learner and their environment, or equivalently, that the environment
is random rather than fixed. (2) The average-reward criterion is not the only one for Markov
decision processes, and we can mention the finite horizon criterion, the discounted criterion,
total reward criterion, f3-entropies, risk-aware settings and so on; again, all of them lead to
different learning problems. (3) By choosing the state-action space to be finite, we mean that
it is finite and small. This assumption is fragile and fails in many scenarios. For instance the
state-space may be infinite (in queuing theory), the state-action space may not be discrete
(e.g., the space of policies is parameterized by a parameter living in a continuous space) or the
state-action space may be larger than the number of atoms in the universe (e.g., in go or chess).
(6) Model-based algorithms learn their environment by estimating its structure. They are not the
only learning solution. Other approaches directly estimate the structure of the optimal policy,
which is computationally lighter, especially when the underlying environment is large. Such
approaches include Monte Carlo (MC) methods, Temporal Difference learning (TD) (see Sutton
and Barto (2018)) and the celebrated Q-learning (see Watkins and Dayan (1992); Watkins
(1989)), and won’t ever be discussed in this document. Lastly, (7) I have chosen to stick to regret
guarantees in expectation, which corresponds to Charlie’s learning problem, described above. In
parallel of regret minimization exists a significative research line on optimal policy identification,
and these works are close enough to our setting to be discussed here when times come. So, in
our regret minimization setting, the learner-environment system runs until the end of times and
the learner is trying to maximize the accumulated rewards. Optimizing the regret in expectation
when the system is only run once may sound strange. It is indeed not the only existing choice,
and many work studies regret minimization in high probability, a setting that I like less for the
simple reason that there is rarely any canonical choice of an acceptable probability of error.
Asking for regret guarantees in expectation has links with Bayesian formulations of the learning
task that, regrettably, I do not have the time to develop in these pages.

The reference that is the closest in spirit to this manuscript is the book of Lattimore and
Szepesvari (2020) which is dedicated to multi-armed bandits.
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Now, why this subject in particular? This is a troublesome question. The most candid answer
is perhaps that I read the seminal paper of Auer et al. (2009), that I didn’t understand it and
that my misunderstandings resulted in fractious and inconclusive attempts at improving their
algorithm from every angle I could. To this extent, Auer et al. (2009) is a great paper, because it
is very well-written and self-contained yet leaves many opportunities for improvements, that
I grew obsessed with. Now, I could say that average reward Markov decision processes are a
natural generalization of multi-armed bandits, that themselves are a recognized problem that
finds many real-word applications. And I could list all these real-worlds applications that Markov
decision processes can handle while multi-armed bandits cannot. But let me be honest in the
first place. This manuscript is not applied and by no mean ought to be applicable, although
many of the presented structural results should inevitably stand as the foundations of any serious
efficient and deployable algorithm for Markov decision processes. While some will claim that
the lack of applications is a weakness, I would say what they talk about is a different job, a job
that requires skills of a different range than those required to establish the results below. And
that such skills should be considered specifically rather than additionally. Furthermore, just
like it is easy to forget that the frequentist assumption is even an assumption, the question of
applications is an assertion in disguise; that a theoretical work is better if directly addressing
an application or a real-world problem. Behind this assertion hides a dogma: that theory, or
more generally science, should systematically find an application. Or said differently, because
this is really the question here, that every work of science should product something, that there
is a return on investment. We all see how thorny this is all getting. The question of a work’s
application is in essence following a capitalist and productivist dogma that we should all, as
people of science, be at the very least troubled with. Because this question is unquestionably
incredibly biased.

Overall, I would just say that this problem is interesting, incredibly rich and doesn’t seem
detached from reality. I hope you will find it interesting as well.

Outline of the manuscript and highlighted results

The manuscript is split in parts, themselves split in chapters again split into sections and
subsections. The graph of dependencies between chapters is given in Figure 1.

Part I
Chapters 1, 2 and 3
. .
| | ] I l |
Chapter 8 Chapter 4 Chapter 5 -> Chapter 6 — Chapter 11 3
| ! | | ! |
Chapter 9 --> Chapter 10 e s > Chapter 7 Chapter 12 l
l 3
Chapter 13 --> Chapter 14
Part III, model dependent Part IV, local regrets

Figure 1: Outline of the manuscript. A plain line arrow means “you should read it before”
while a dashed arrow means “it’s better to read it before”.

The manuscript begins with Part I that introduces the basic material and concepts. It starts
with a self-contained treatement of average reward Markov decision processes (Chapter 1),
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introducing the notion of policies, gain, bias, Poisson and Bellman equations, etc.; It then
continues with concepts relative to statistical learning (Chapter 2) and quickly overviews the
state-of-the-art in the model dependent and independent settings. The last chapter (Chapter 3)
overviews standard tools of the literature, such as changes of measures and concentration
inequalities.

Things start with Part II, that treats the model independent setting, also called the minimax
setting. We provide a state-of-the-art lower bound scaling with the bias span independently
of the diameter in Chapter 4. Chapter 5 prepares the next two chapters by taking the time to
explain a technique used to bound the gain deviations. Chapter 6 is a more detailed overview
of existing algorithms and a complete introduction to the optimism-in-face-of-the-uncertainty
principle for Markov decision processes. It pinpoints a few issues in the literature and explains
the main challenges of the domain, later addressed in Chapter 7. In the last Chapter 7, we
provide a general method that is guaranteed to reach minimax optimal regret, called PMEVI.

We continue with Part III, that treats the model dependent setting. In Chapter 8, we
provide the first general regret lower bound for communicating Markov decision processes. It is
shown to be tight in Chapter 10, where we provide an algorithmic scheme (ECoE) that reaches
the lower bound arbitrarily close. This scheme is not implemented however, and we show in
Chapter 9 that the regret lower bound is intractable in general.

Finally, in Part IV, we investigate a new direction: the local behaviors of algorithms. We
notice that standard methods may play suboptimally for arbitrarily long periods of times, even
when they have already enough data to correctly identify the optimal policy. It means that
algorithms overshoot the duration of their exploration phases. In Section 11.3, we introduce
a new learning metric that measures the performance of learning algorithms when they start
exploration phases. In Chapter 12 and Chapter 13, we provide several ways of fixing the
existing algorithms, by changing the way episodes are managed, and show that these fixes do
not harm the minimax regret guarantees. In the last Chapter 14, we deepdive into the local
trajectorial behavior of algorithms in stochastic bandits. We show that the burst of suboptimal
plays observed in the beginning of Part IV cannot be removed for optimistic methods and that a
form of randomization is required.

Typographic conventions and writing choices

This manuscript is content heavy, especially regarding proofs and techniques. Parts used to
be chapters, and chapters used to be sections. It happens that many reader expect sections to
be streamlined, when I usually take the time for a few detours, to point subtleties and proof
techniques and ideas. Multiplying the number of chapters cleared the required room to embrace
my writing style. I estimate that a chapter corresponds to a reading session. This being said,
some chapters are short and easy to read (e.g., Chapter 5) and others are very technical and
should be approached carefully (e.g., Chapter 10).

There are overall many chapters, many notions and results in this manuscript. To ease the
eye, blocks and colors have been used.

A blue block contains novel content, that was developped by one of my recent works
and is not standard in the literature.

A pink block contains folklore content, i.e., results that are known in the literature.
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A plain block contains technical or secondary content, i.e., results or notions that are of
less importance than emphasized ones. They can be folklore or novel.

A black block contains a remark of first order importance, i.e., an important assumption
or notation or anything that, if missed, can perturb the understanding of the sequel.

Most results of this manuscript are proved, even when they are well known by the community.
There are three reasons for this. The first, truthful reason, is that everything is proved out of
obsession. I am simply incapable of using a result that I do not understand at least barely. The
second, perhaps more valuable to the reader, is that I could uniformize, unify and systematize a
technique while providing a fairly complete view of undiscounted infinite horizon reinforcement
learning. This technique is a systematic use of Poisson equations, Bellman equations, reward and
transition transforms, and careful choices of stopping times. Combined, these four ingredients
usually provide better results that what I could obtain with algebraic methods, that I ended up
dropping entirely. The third reason is obsession again, since by following the second reason
alone, I ended up with 90% of proved results. So I went for a near 100%, to obtain a complete,
self-contained document on the current state-of-the-art of small sized and undiscounted infinite
horizon reinforcement learning.

Even after all this work, with a satisfying conclusion to optimistic methods, after establishing
the first complete regret lower bound in communicating Markov decision processes, I feel that a
lot of work has still to be done. Yet every PhD ends at some point. It ends by freezing a view of
a comprehensible problem in a voluminous manuscript. So I've put aside many aspects of my
work that are too immature to see the light of day.

When one writes a scientific document of such size, one hopes that it will be of help for
others and that it will survive for a while, at least a little bit. So, what is the scientific purpose
of a PhD manuscript? I simply cannot accept that this is merely a proof of knowledge and skills.



Part 1

Learning Markov Decision Processes

In this part, we present the fundamental material of the manuscript: Markov decision processes
and statistical learning theory. Chapter 1 is dedicated to Markov decision processes in the
average reward setting, introducing the notion of policies, gain, bias, Bellman gaps, optimal
policies, as well as algorithms to compute them. This introduction is self-contained and only
requires basic knowledge on probability theory and martingales. In Chapter 2, we provide
concepts from statistical decision theory, eventually instantiated to Markov decision processes.
We provide a formal definition of the regret, discuss the state-of-the-art in the model independent
(or minimax) and model dependent settings, and further pinpoint the main contributions of
my work regarding these two domains. The last Chapter 3 gathers a few classical results that
are nowadays the mandatory tools to design and analyze any learning algorithm for Markov
decision processes.

General Notations. Throughout the manuscript, the standard fields of numbers (natural
integers, signed integers, rational, reals) are denoted N, Z, Q, R respectively. Calligraphic letters
</, B, ...denote sets, the power set of .¢f is denoted 2/ and if .« is a Borel set, 2 (.«/) denotes
the Borel probability distributions on .«/. Probability and expectation operators are written
P(—),E[—]. [|—|l, is the p-norm, KL(—||—) is the Kullback-Leibler divergence and 1(—) is the
indicator function. The letter e denotes the vector full of ones, e; is the i-th element of the
canonical basis, and the dot product between a co-vector p and a vector u is written pu, p - u
or even (p,u) depending on the sensibility of the surrounding equation to ambiguities. The
typography of function arguments is semantic rather than positional and a given letter will stick
to a unique semantic as much as possible. A function argument can momentarily move from
parenthesis to index if typographically more convenient although disclaimers are added as much
as possible to avoid confusion.
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Chapter 1

Foundations of Markov Decision
Processes

This chapter introduces general material for Markov decision process in the average reward
setting. This introduction is far from exhaustive and more is omitted than the converse. This
lack of exhaustiveness is a choice. The content of this section, together with the presented
technique, depicts a landscape of the theory of average reward Markov decision processes that is
complete enough to support the addition of learning considerations. We begin with a definition.

Definition I.1 (Markov decision process). A Markov decision process M = (&, .« ,p, 1)
is given by (1) a state space &, (2) an action space .&/ = | J,.., #/(s) together inducing a
pair space % := | J,c o, {s} x & (s), (3) a transition kernel p : & — P (&) and (4) a reward
function r : & — Z(R).

We say that a Markov decision process (shortened as MDP or model) is finite if its pair space
is finite. It is said tabular if |.e/(s)| is the same for all s € &#. From now on, if not specified
otherwise, all the considered models will be finite. Compact action spaces will be a concern in
Parts IT and IV but are cast out for now.

The model is typically controlled by a mechanism called “the controller” that picks legal
actions at each time step. The t-step state, action and reward are respectively denoted

S, AR, (1.1)

and we use the shorthand Z, := (S,,A,) for the t-step played pair, with t € N. The history of
play at time ¢ is the aggregation of all the observations prior to time t, and it is written O, :=
(S9,A0,Rp,---,S;). The played action A, is a function of O, plus a possible extra-randomness
w. Formally, A, is 0(O,, w)-measurable. The observed reward and states satisfy the Markov
property (1.2), meaning that they only depend on the current played state and action, rather
than on the full history and future ahead. Accordingly, the underlying stochastic model satisfies:

P((R;,S1+1) € % x " | 0, A) =P((Ry,S,11) € U x | S, A,)

, , (I.2)
= f r(ulS.,A)p(s’|S,,AL) d(u,s™).
UL

Remark that in (I.2), we implicitly assume that rewards and states are sampled independently.
This is not important. Instead, we could define q : Z — & (R x &) a joint probability distribution
on rewards and states with marginals r and p and all the results of this manuscript would hold

17
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Figure 1.1:  This is how MDPs will typically be represented in this manuscript. States are
circled nodes, actions are filled symbolic disks going out from states. Transition probabilities are
represented with arrows weighted by the probability of the transition, and mean rewards are
the weight (in dollars) on undirected edges between states and actions. The dollar symbol ($)
is used to break ambiguities between transition probabilities and rewards.

similarly. It is well known that, if rewards take finitely many values, a model transform can
convert back rewards and transitions to be independent, see Puterman (1994).

Important remark. All throughout Chapter 1, the underlying Markov decision process,
M, is fixed. Also, the dependency in M of the dynamics and various quantities that we
introduced is ignored within notations. This is out of typographic convenience.

1.1 Policies, gain, bias and the Poisson equation

The notion of policy is a simple way to model “a way to select actions”. In this section, we provide
a complete and self-contained introduction to the material required to properly understand the
behavior of a policy’s iterates.

Definition 1.2 (Policies and randomized policies). A policy (r €Il) isamap n: & — ..
A randomized policy (r € 1Y) isamap n :s € & — n(—|s) € (A (s)). If ambiguous,
the term policy always refer to deterministic policies.

It is also possible to make policies dependent on the histroy of play, making them similar
to the controller mentioned upstream. These history dependent policies will be discussed in
more detail in Chapter 2.

When the dynamics of the model are driven by a fixed (possibly randomized) policy 7 € II°R,
the laws of the sequence of states, actions and rewards are completely determined by 7 and
the initial state s. When the distribution of the initial state is v, the associated probability and
expectation operators under the dynamics imposed by 7 will be denoted P(—) and E”[—]. By
driving the dynamics with a fixed policy, the process becomes a Markov reward process, which
is merely a Markov chain on & with an additive functional. Because it defines a Markov chain,
the adequate terminology can be imported from this theory, see Levin and Peres (2017) for a
general reference. This terminology will be crucial in the sequel.

Definition 1.3 (Hitting time, recurrence, classification). Fix a randomized policy 1 € IT°R,

(1) The hitting time to &' C & is 12, :=inf{t > 0: S, € '};
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(2) The positive hitting time to ' C & is Ty, :=inf{t >1:S, € &'};

(8) Astate s is recurrent under 7 if PY(Vn,3m >n : S,, =s) =1, or equivalently for finite state
space models, if ET[ 7] < 00; Recurrent states form components induced by the equivalence
relation s ~ s if E*[ 1] < 0o; Non-recurrent states are said transient;

(4) A policy is recurrent if all its states are recurrent and in the same component; A policy is
unichain if it has a unique recurrent component; A policy is multi-chain otherwise.

The claims that are inherent to the above definition are standard and fairly easy to prove,
hence their proofs are omitted. Refer to Levin and Peres (2017) for further details.
A policy also induces a kernel and a reward vector. The definition below introduces notations.

Definition 1.4 (Policy kernel and reward function). For © € II°}, we define

(1) its kernel by p™(s’|s) = Zaeﬂ(s)p(s’ls,a)n(als); and
(2) its reward function is given by r™(s) := Zaeﬂ(s) r(s,a)m(als).

We further write P™ the transition matrix associated to the kernel p™.

1.1.1 The gain of a policy

In this manuscript, we are interested in the total rewards, consisting in the expected aggregate
rewards E;T[ZtT:_O1 R.] when the horizon T goes to infinity, without discount. This sum, as shown
downstream, is known to behave like T g™ (s)+h"™(s)+0(1) where g™(s), h"(s) € R are quantities
respectively characterizing the first and second order growth of aggregate rewards and are
respectively called the gain and bias of the policy. We show first that the gain is well defined.

Definition 1.5. The gain of a policy 7 € TIS® is the vector g™ = g™(M) given by:

1 T—1 1 T—1
g™(s) := Tlingo ?Ef[;Rt] = Tlingo ?Ef[tzzoz r(Zt):|. (1.3)

This is not clear that the limit exists, so we provide a proof below. Remark that, if well
defined, the gain satisfies P"g™ = g", so is within the (right) kernel of I — P”. The above result
can also be written in matrix form with using that E?[ZZ:_OI R]= (ZZ;O1 P r™)(s).

Proof. We show first that the limit exists for recurrent states, so pick s € & recurrent. Let

g7 (s) := limsup %ES[ZZ:_OI R,] the upper gain and g"(s) := liminf%Ef[ZtT:_o1 R,] the lower

gain. Let € > 0. There exists T,, as large as desired, such that

T.—1
ES"[Z Rt] > T.(g7(s)—€).
t=0

Observe the following: If v € 2 (%) is supported on the component containing s, then

T+7,—1

T.—1 T.—1
E’;[ZRt]ZEz{ZRt]—Ez[rs]nrnmZE:E[ >, Rt]—zﬁﬁmnrnm

t=0 t="1; t="1;
2E7[ 7]l oo
T,

€

1 (1.4)

) .

= Ef[ZRt] —2E7[7]lI7lleo = Te(gf(S)—e—
t=0

where (7) follows from the Markov property (I.2). Remark that E7[7,] < maxy, EJ[7,] =: D, <
oo where s’ goes other the states in the same recurrent component than s. With this in mind,
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let T € N and do the euclidian division of T with T,, i.e., T =nT, + m with m < T,. Using (1.4)
n times, we see that for all s” in the same component than s, we have:

T—1
2D||r|| 2D||r||
Eg[;Rt] > nTe(gf(s) —e— ST‘”) ~ T(gf(s)—e — ST‘”) (1.5)

Let T — oo, then T, — oo and € — 0. We conclude that lim infEs”[ZtT:_o1 R,]1= g7(s), hence
the infemum limit and the limsup are equal and the gain is well defined for s recurrent. In fact,
from (1.5) follows that g”(s") > g7(s) for every s’ in the same recurrent component than s. By
symmetry on s,s’, we deduce that g"(s) = g"(s").

To extend the well-definition of (I.3) to transient states, the gain from transient states is
expressed with respect to the gain on recurrent states. Let &4, ..., ¥, € & the disjoint recurrent
components under 7 and pick a witness s; € & for each. Let T := 7y, _ ; , the hitting time to
{s1,...,5,} and observe that E7[7] < oo for all s € &, and that PS"(S € 5”) is the probability
that S, eventually gets trapped in the component ., under 7 starting from s. We have:

TAT—1

—E”[ZR] —E“[ Z R, +ZI(S ey)ZR ZP;I(STE,Z-)g"(si)+O(1) (L6)

i=1

concluding the proof. O

1.1.2 Invariant measures, regeneration and empirical measures

The gain of a policy is intimately linked to the invariant measures of the same policy. By changing
the reward to the probing function r(s) = 1(s = s,) for some fixed s, € &, the associated gain
becomes the asymptotic ratio of visits which is a “natural” invariant measure of the policy.

Definition 1.6. A (state-wise) invariant measure of a policy m € II°} is a co-vector u € R”
such that u - P™ = u, or equivalently, such that Y. ., u(s)p™(s’ls) = u(s’) for all s’ € . The
asymptotic empirical measure of a policy m € IT°R from an initial state s € & is given by:

T—1
T/ . 1 T /
u”(s’ls) ;== Tlggo ?ES [; 1(S; =s ):|. 1.7)

In other words, invariant measures are elements of the (left) kernel of I — P™ which a
linear space with dimension equal to the number of recurrent components. Observe that
well-definition of u”™(—[s) is a consequence of Definition 1.5, proving by the meantime that
invariant measures exist. The above limit can also be written in matrix form by using the
formula E”[Z 1(S =s)]= (ZtT 01 (P™) e, )(s). We provide a few useful results on invariant
measures below

Proposition 1.1 (Levin and Peres (2017)). Fix a randomized policy € IS}, Let &, ..., S 1ts
(disjoint) recurrent components.

(1) Giveni € {1,...,m}, the unique probability invariant measure supported in & is u™(—|s;)
fors; € & chosen arbitrarily; It is written u™(—|%);

(2) Foralls€ &, u™(—Is)=. P’ (7:y < c)u™(—|H);

(3) (Regeneration property) Fori € {1,...,m} and s; € &, we have

Vs € &, ,u,“(s|sl-)—En[1 ]E;f DS =5)|. (1.8)
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Proof. Using uP™ = u, by induction on T follows that EZ[ZL—OI 1(S, =s)]=Tu(s) foralls € &.
Statement (1) then follows as such: Fix s; € % and remark that for all s € &,

Tsl./\T—l T—1
Tu(s)=ET| > 1S, =)+ > 1S, =s) | =0(1)+ T (sls) +o(T).
t=0 t=1y

Statement (2) is a rewriting of (1.6). For the regeneration property (Statement (3)), introduce
Ts.—1
p(s) :=E7[>, 2 1(S; =s)]. We show that uP™ = . Let s € &. We have:

T,—1

7,1
D PTGl = D pRGIET | D0 (S =5 [ =EF| D > pr(slsHIS, =)

ses fryer o L1 Ly
[+, —1
= Eg Z 1(5t+1 =5s)
t=0
:Tsl_—l T
=E7 | D, 1S =5) | +E[[1(Semy = )= 1(S = )]
t=0
:Tsi—l .
=Ef 1(S, =s) | = u(s).
t=0 ]
By (1), u is therefore proportional to u™(—|%). We conclude by normalizing. O

The next result links asymptotic empirical measures to the gain.
Proposition 1.2. For every randomized policy, we have g™(s) = u"(—|s) - r™.

Proof. We have:

1 T—1 1 T—1
g"(s) = lim ?ES“[ZRt]: lim —ES"[ZZ 1(S, =) -r"(s) | = u"(=ls)- 7™ (1.9

T—o00
t=0 r t=0s'€s

proving the claim. O

1.1.3 The bias of a policy and the Poisson equation

In Definition 1.5, it has been shown that the gain is the first term in the expansion of rewards
collected by a policy, with the formula E;T[ZtT:_Ol R,1=Tg"™(s)+o(T). For several reasons, it is

quite insufficient to provide a satisfying understanding of how ES“[Zth_Ol R,] behaves. Justice
cannot be made to the importance of the second order term of the expansion without advancing
the theory a little bit. However, its foreground role is foreshadowed by the example of Figure 1.2.

In Figure 1.2, there are two policies that have both the same gain g"(s) =1 for s € {1, 2}.
However, the policy taking the action () is clearly better than the one taking the action (i) from
a transient viewpoint, by scoring 10 instead of 0 in the first round. This transient advantage is
encoded by the bias (sometimes called potential) of the policy, that encodes what the policy
scores in addition to the gain. Together, the gain and the bias of a policy form what is known as
the Poisson equation.
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10% Z 1$
0$

Figure 1.2: Beyond the gain: (F) is undoubtedly a better action than ().

Definition 1.7. Let mt € TISR. There exists a bias function h™ such that u™(—|s) - h™ = 0 for
all s € & that satisfies the Poisson equation:

Vse, g"(s)+h™(s)=r"(s)+p"(s)h™ (1.10)

Proof. Let A, ..., <, the disjoint recurrent components of 7t and pick a witness s; € % for each.
Let 7 the positive hitting time to {s;,...,s,,}, i.e., T:=inf{t >1:S, € {s¢,...,5,,}}. Let a € R™"
and introduce the following quantity:

7—1 m
h™(s) := Ef[Z(Rt —g" (SN + D a1(S, = si):|. (1.11)
t=0 i=1

The vector h]; is a linear function of a. We check that (1.10) is satisfied by h;.

() := p"(s)hg —hy(s)

7—1 m
= > p™(s'IS)hI() — E;T[Z(Rf — g (S + D a1(S, = si)]
t=0 i=1

s'es

7—1 m
=g"(s)—r(s)+ ), p”(s’|s)(h§(s’)—Ef[Z(Rt —g"(S))+ Y, a1(S; =5))
t=1 i=1

s'esd

=)
.=

The summand is null. Indeed, if s’ ¢ {s4,...,s,,} then

7—1 m -1 m
EZ| D (R —g™(S))+ ), a1(S, = si)] =Ef [Z(Rt —g"(S)+ Y. a1(S; =s5,)
t=0 i=1 t=1 i=1

If s’ =s;, then by (I.11) we see that:

7—1 m
hy(s;) = E;[Z(Rt —g"(S)) + Z a;1(S; = 51‘)]
t=0 i=1

T —1
Qe > R g™ ) | +a
t=0

Tsi—l
:ZES“ Z 1S, =5) [(r"(s)—g"(s)) + a;
SES, t=0

(€3] (8
= Ef[v (AT —gM) + o = o
where (1) follows from the observation that when starting from ., the dynamics are trapped in

& under T; (&) follows by regeneration (Proposition 1.1); and (§) follows from Proposition I.2.
We conclude by setting a; := —u"(—|%) - hy and h™ :=h’. O
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The formula (I.11) is important and shows that the bias of a policy is obtained by normalizing
the rewards collected on pieces of the trajectory. An alternative definition, which is usually more
standard, is h™(s) := lim E?[Zttol (R, — g"™(S,))]. The limit is however not guaranteed to exist,
and this issue is circumvented by taking the Cesaro limit instead. Drazin inverses and Laurent
series are sometimes also used, but I prefer (I.11) to all these approaches, that I believe is true
to the stochastic nature of Markov reward processes.

Regarding the example of Figure 1.2, the bias of the policy choosing (1) is k" = (9, 0) while
the bias of the one choosing (%) is h* = (—1,0). We observe that h* < h'.

1.2 Classification of Markov decision processes

Obviously, some policies are better than others. A policy may have better gain than another,
or two may have the same gain but one has better bias, or two may gave the same gain and
different biases, yet none has better bias than the other. In any case, this raises the question of
optimal policies. The difficulty of this question is a matter of the underlying structure of the
model. Markov decision processes are therefore classified into several categories.

Definition 1.8. Markov decision processes are classified as follows:

(0) Ergodic models, where every policy is ergodic (recurrent and aperiodic);

(1) Recurrent models, where every policy is recurrent;

(2) Unichain models, where every policy is unichain;

(3) Communicating models, where fully supported randomized policies are recurrent, or
equivalently, where every state is reachable from any other under the right policy;

(4) Weakly communicating models, where fully supported randomized policies are
unichain, or equivalently, if the model is the union of a communicating model and a
bunch of states that are transient under every policy;

(5) Multi-chain models: All Markov decision processes.

(Note: A randomized policy is fully supported if w(als) > O for all (s,a) € Z.)

The inclusion of classes is pictured in Figure 1.3.

Weakly

communicating Multi-chain

Figure 1.3: The classification of Markov decision processes.

In the reinforcement learning literature, the terminology ergodic Markov decision process
is often wrongly used in place of recurrent, making it inconsistent with the theory of Markov
chains. In Markov decision processes, the aperiodicity property is not very important and can
always be artificially achieved via model transformations leaving the gain and the bias invariant.
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Most of the manuscript focuses on the communicating classes with the exception of Part II
that steps within the world of weakly communicating models.

1.3 The Bellman equation and optimal policies

We start with one of the most important result of this theory.

Theorem 1.3 (First order Bellman theorem). Assume that M is communicating. There
exists a policy 1 € I1 with constant gain g™ € Re solving the Bellman equations:

Vse, g'(s)+h™(s)= m&;}g{){r(s, a)+ p(s,a)h™}. (1.12)

Proof. We use an argument belonging to the large family of policy improvement mechanisms.
Pick 7, arbitrarily then construct a sequence of policy (7,) following the rules below:

(1) If g™ ¢ Re then, using the communicativity of M, construct 7, as a deterministic policy
converging to the component of 7, with maximal gain, from where 7, copies 7,,.

(2) If g™ € Re, then consider A™(s,a) := g™ (s)+h"™(s)—r(s,a) —p(s,a)h™. If there exists
a pair (s,,a,) € Z such that A™(s,,a,) < 0, then pick r,,, as the copy of 7, changed
with ,,(s,) = a,; Otherwise, set ., ; = 7.

We claim the following. (x) If 7, is obtained via (1), then g™ < g™+ for the product order
on R”; and (%) if 7, # 7, is obtained via (2), then either g™ < g™+, or g™ = g™+ and
h™ < h™+1, In other words, the pair (g™, h™) is increasing for the lexicographic order unless
T, = T, Since I1 is finite, it follows from (x, *x) that the sequence (7,,) is eventually stationary,
converging to a 7 € I1 satisfying g™ € Re and (1.12), proving the result.

We are therefore left with proving our claims () and (*x*). (x) is obvious and we focus on
(xx). For all s € &, we have

T—1 T-1
E;Tn+l |:Z Rt] — E;Tn+1 [Z(g“n(st) + (est —p(St,At))hn” - An"(st,At))

t=0 t=0 . (1.13)
=Tg"™(s)—Ef™ [Z 1(S, = Sn)]A"“(sn, a,) +Ef1[h™(s) —h™(S7)].
t=0

We immediately see from (I.13) that g™ < g1, If 5, is recurrent under 7, ; then the expected
o s . -1 . .

visit counts of s, satisfy E. "H[Ztho 1(S, = s,)] ~ Tu™+(s,|s,) hence grow linearly with T;

We deduce that g™ (s,) < g™*(s,). Otherwise, s, is transient under 7, ; so g™ = g™ and

h™(s) = h™+1(s) when s is recurrent under 7, . For all s € &, we have

T—1 T—1
7 7 7 ) b T 7 7
B |:Z(;Rt:| = E ,1+1|:ZO: - n+1(5t):| = T g™ (s) + EF1 [R™1 (s) — h™1(Sy)] (1.14)
t= t=l

where () invokes the Poisson equation of 7, (Definition 1.7). Since h™+1(s) = h™(s) for s a
recurrent state of 7, ;, we further have E;"'[h™+(S;)] = E; "' [A™(S;)] + 0(1) when T — oco.
Combined with (I.13) and (I.14), we obtain

T—1

h™+1(s) = h™(s) + E[" [Z 1(S, = sn):|A”"(sn, a,)+o(1) (I.15)

t=0

for all s € &. We conclude accordingly. O
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The consequences of this result are striking. The Bellman equations guarantee the existence
of optimal policies of the first order, that there exists deterministic optimal policies and motivate
the introduction of the Bellman operator. However, the very strength of the result is rather that
it gets rid of the necessity to take the history of play into account: Policies are not required to
depend on time or on the history of play to achieve optimality. That is, the smartest learner
cannot get higher asymptotic average reward than max .y g7, even if they make use of the
whole history of play. This will be the basis of the regret benchmark in the next Chapter 2

Theorem 1.3 is incomplete however, because the result is too coarse to provide a satisfying
treatment of what happens at the second order, i.e., at the order of the bias h™. This is the
subject of the next paragraph.

1.3.1 Optimal policies, gain and bias and higher order Bellman equations

In this manuscript, we distinguish between three forms of optimalities: gain optimality, Bellman
optimality and bias optimality. The assumption “M is communicating” is technical and can be
removed up to fixing the definition of Bellman optimal policies.

Definition 1.9. Let 7t € IS} and assume that M is communicating.

(1) m is gain-optimal (1 € IT*) if g™(s) > max,..cgs g” (s) for all s € &;
(2) 7 is Bellman-optimal (7t € ngu) if g" € Re and 7 satisfies (1.12);
(3) mis bias-optimal (mt € IT*. ) if m € IT* and h™(s) = max - h“/(s)for alls € &.

bias

Gain optimal policies are policies with maximal asymptotic average reward whatever the
initial state. This is the first order optimality. At second order is bias optimality, consisting in
gain optimal policies with maximal bias among gain optimal policies (from every state). Sitting
right in-between gain and bias optimalities is the notion of Bellman optimality, which is not
standard but was pointed out as an important refinement of gain optimality in the definition of
Whittle and Gittins index in Markovian bandits, see Gast et al. (2023). Bellman optimality is
closer to bias optimality than gain optimality however, as a Bellman optimality can be made
bias optimal up to infinitesimal reward perturbation (see Boone and Gaujal (2023a)). The three
are formally related as follows.

Proposition L.4. For M communicating, we have IT* (M) 2 ITy (M) 2 17, (M). In general, the
inclusions are strict.

Proof. This proof echoes the proof of Theorem 1.3. Let 7t a Bellman optimal policies. Then its
gaps A"(s,a) := g"(s)+h™(s)—r(s,a) — p(s,a)h™ are non-negative, so whatever the learner
and initial state, we have

T—1 T—1
E[ZRf] = E[Z(g“(st) + (es, — (S, AD)™ — A™(S,,a,)) | < Tg™(s) +E[h™(Sp) —h™(S1)]
t=0 t=0

(1.16)
where s € & is arbitrary. Instantiating the learner to whatever policy and taking the limit in T,
we deduce that g™ is maximal among 7 € TR,

Now pick a bias optimal policy 7. It has optimal gain by definition, so g" € Re. Assume ad
absurdum that 7 is not Bellman optimal. Then, one enters the case (2) of the improvement
process of the proof Theorem 1.3 that constructs a policy 7’ with better gain or bias than 7,
which is not possible by definition. A contradiction.

To see that the inclusion are strict in general, observe first that the example provided
by Figure 1.2 provides an example of gain optimal policy (#) which is not Bellman optimal.
Figure 1.4 provides an example of Bellman optimal policy which is not bias optimal. O
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Figure 1.4: A Markov decision process (with deterministic transitions) where Bellman and
bias optimalities differ. The policy (x, ) is Bellman optimal with bias (0, —2) while the policy
(+, 8) is bias optimal with bias (1,0), hence (x,) is not bias optimal.

From Proposition 1.4 follows that the Bellman equations (I.12) are incapable of capturing
bias optimality completely, hence the optimal bias (Definition I.11) cannot be defined right from
Theorem 1.3 and will have to wait for the finer Theorem I.5. Ever since the paper of Blackwell
(1962), it is known that Bellman equations can be pushed to higher orders and Theorem 1.3 can
be generalized. By seeing the bias of a policy h™ as a cost, we can define the next order bias as
the bias of the Markov reward process (—h™, P™).

Definition 1.10. Let 7w € II°*. The O-th order bias of 7 is the standard bias h] :=h". For n > 1,
the n-th order bias of 7 is the bias (see Definition 1.7) of the Markov reward process (—h”_,, P™).
In particular, the higher order biases are related by the Poisson equation:

Vse€ &, hi(s)=—hr_,(s)+p"(s)-h,. (1.17)

We can prove a stronger version of Theorem 1.3.

Theorem 1.5 (Second order Bellman theorem). Assume that M is communicating. There
exists a policy m € II with constant gain g™ € Re satisfying the nested Bellman equations:

V(s,a)e Z, g™(s)+h™(s)=r(s,a)+p(s,a)h™

V(s,a) € 25, —R7(s) > h™(s) + p(s, )R] Lol

where (s,a) € Z; if g"(s) +h™(s) = r(s,a) + p(s,a)h"™.

Proof. The proof is a replicata of the one of Theorem 1.3 with increased difficulty. Pick 7,
arbitrarily then construct a sequence of policy (7t,,) following the rules below, where we denote
the 0-th order gaps A™(s,a) := g™ (s) + h™(s) —r(s,a — p(s,a)h™ and the 1-th order gaps
AT"(s,a) := h{"(s) + h™(s) — p(s,a)h]".

(1) If g™ ¢ Re then, using the communicativity of M, construct 7, as a deterministic policy
converging to the component of 7, with maximal gain, from where r,_; copies 7,,.

(2) Else, if there exists a pair (s,,a,) € & such that A™(s,,a,) < 0, then pick n,,; as the
copy of m, changed with 7, (s,) = a,;

(3) Else, if there exists a pair (s,, a,) € %, " with AT"(s,,a,) <0, then pick 7, as the copy
of m, changed with 7, (s,) = a,;

(4) Otherwise set 7, = ;-

The argument is very similar. We show that unless 7, = ,,,, the triplet (g"™,h™, h]") is
increasing for the lexicographic order and conclude by finiteness of I1. Because (1) and (2) have
already been analyzed in the proof of Theorem 1.3, we focus on (3). Under (3), n"*! is only
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playing pairs z such that A™(z) =0, so
T—1

Ef [ZRt] = Tg™(s) +h™(s) — 1 [h™ ()]
t=0

(M) T T T Ty s Ty Tn
]: Tg n(s)+h ”(S)—ES H][]-(ST :Sn)]Al (sn:an)+E5 nﬂ[h] (ST)_hl (ST+1):|

where (1) follows by definition of A’f” and by the observation that Aqf”(s, n,(s)) = 0 by the
higher order Poisson equation (Definition 1.10). Summing for T = 1,..., T’ provides

17— T (T 1 T'—1
Ero ZZ g (s) + TR (s) BT | Y A(Sy =5,) |AT (5,a,)
T=0 t=0 T=0 (1.19)

+h{"(s)—EF [ h"(Sp) ]

We recognize u"1(s,|s) with T,E "”[Z l(ST =s,)] (for T’ large enough). Meanwhile,
using the two first order Poisson equations, we have the analogous formula:

17-1 ,
[ZZR] T(T D omn(s) 4 T'h™n(s) + k™ (5) + o(1) (1.20)

T=0 t=0

for m € {n,n+ 1}, where the o(1) is ET"[h'(S.)]. Remark that the quadratic term in (1.19) and
(I.20) must be the same, hence g™ = g™+, Now, similarly to the analysis of (2) in the proof of
Theorem 1.3, we distinguish between u™1(s,|s) > 0 or zero.

If u™+i(s,ls) > 0, then Ef”“[zgz_ol 1(S; = s,,)] grows linearly with T and in (1.19), the
sublinear terms in T’ can be ignored. By combining (1.19) and (1.20) for m = n,n + 1, we
conclude that h™(s) < h™+1(s) for every s such that u™+1(s,|s) > 0.

If u™+1(s,|s) = 0, then E; "“[Z l(ST =s )] = 0(1) so h™(s) = h™+1(s) necessarily. If in

addition s,, is reachable from s, then E ““[Z l(ST =s,)] =0(1) and h“” (s) < h m1(s).
Overall the triplet (g™, h™ h ") is 1ncrea51ng for the lexicographic order and we conclude
by using that |I1| < co. O

Proposition 1.6. Any policy satisfying the nested Bellman equation (1.18) is bias optimal. In
particular, bias optimal policies exist.

The proof of the above is skipped because bias optimal policies won’t appear much in this
manuscript. The required material is already ready to be extracted from the proof of Theorem L.5.
In the end, the optimal bias and gain are well defined. The result of Theorem 1.5 can be extended
at arbitrary order, leading to higher and higher orders of optimalities. At the very top of this
hierarchy sits the Blackwell optimality that goes back to Blackwell (1962) that is optimal at
every order, see Puterman (1994). However, beyond bias optimality, these optimality refinement
are hard to interpret; Also, they are impossible to learn Boone and Gaujal (2023a), so we
won’t extend much on the subject. Gain and bias optimalities are enough for the scope of this
manuscript.

Definition I.11. We define the optimal gain g* and optimal bias h* as the gain and bias
function of any gain-optimal and bias-optimal policies respectively.

1.3.2 The Bellman operator and Value Iteration

The description of optimal policies provided so far is qualitative. We have shown that optimal
policies can be obtained by solving the Bellman equations, of first order to obtain gain opti-
mal policies, and of up to second order to obtain bias optimal policies. Moreover, the proof
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of Theorem 1.3 provides a method that converges to Bellman optimal policies with a policy
improvement scheme. This pseudo-algorithm is a variant of the famous Policy Iteration (PI),
due to Howard (1960), and has been studied throughout although it is still the subject of many
open questions, see Christ and Yannakakis (2023) and references therein for a recent overview
of the literature. However, PI is not the numerical scheme that we will build upon in this
manuscript. Instead, we mainly work with Value Iteration (VI), initially due to Bellman (1957)
for which the literature is also immense, see Goyal and Grand-Clement (2023) and references
therein for recent references. There is a third approach based on Linear Programming that
can be traced back to d’Epenoux (1960), showing that gain-optimal policies can be obtained in
polynomial time; An approach that we won’t cover in this manuscript. Puterman (1994) covers
the basics of all three.

1.3.2.1 The Bellman operator

The operator that is underlying Value Iteration is the Bellman operator.

Definition 1.12. The Bellman operator is the map L : R” — R” given by:

YueR”, Lu(s):= m;g(){r(s, a)+ p(s,a)u} (1.21)

For a given u € R”, any randomized policy 1 € TIS® supported in actions achieving the above
maximum is called a greedy response to u.

Definition 1.13. The span semi-norm of u € R” is sp(u) := max(u) — min(u).

In light of Theorem 1.3, first order Bellman equations (I.12) can simply be stated as the
existence of u € R” such that Lu—u € Re, or in other words, as the existence of a span fixpoint
of L. Conversely, span fixpoints of the Bellman operators are solutions of the first order Bellman
equation. The Bellman operator is computed in time O(|.%|?) which is cheaper than computing
the gain and the bias of a policy. It has many remarkable algebraic properties.

Proposition 1.7. Below, < denotes the product order on R”, u,v are generic vectors of R” and
A € R is a generic scalar.

(1) L is monotone: u<v = Lu<Lvy;
(2) L is non span-expansive: sp(Lu— Lv) < sp(u—v);
(3) L islinear: L(u+ Ae) = Lu+ Ae.

Proof. (1) and (3) are immediate. For (2), remark that Lu = r™ + P™u for some 7, € Il. So,
Lu—Lv < (r™+P™u)—(r™ +P™v) < P™(u—v).
Symmetrically, Lv—Lu < P™(v—u). Hence, sp(Lv—Lu) < sp((P™—P™)(u—v)) < sp(u—v). O

Proposition 1.8. Assume that sp(Lu—u) < € for some € > 0. Then every greedy response T to u
has e-optimal gain, i.e., g™ > g* —ee.

Proof. By assumption, there exists g € Re and w € R” satisfying 0 < w < ee such that
u+g < Lu <u+ g+ w. By choice of 7, we have r* + P"u = Lu, so r™ > g+ (I —P™)u. By
induction on T > 0, we derive:

T—1

T—1
g"(s) ~ %E?[ZRt] =e,- %Z r*>e,- (gﬂ + %(I —(PTE)T)H) ~ g(s).
t=0

t=0
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So g™ > g. Now, let * a bias-optimal policy. We have r™ + PTu<Lu<u+g+w, so

1 T—1 1 T—1 T—1 1
g (s) ~ ?Ef*[ZRt] =e Z r® <e,- (g”* + Z(p“*)fw + ?(1 —(p“")T)u).
t=0 t=0

t=0

In the RHS, we have Zth_ol(P”*)fW < ZtT_l(P”*)Tee < Tee, hence g* < g + ee. O

1.3.2.2 Value Iteration and Lazy Value Iteration

In summary, by Proposition 1.8, greedy responses to near span fixpoints of the Bellman operator
are nearly gain optimal. By the mean time, the Bellman operator is non-expansive in span by
Proposition 1.7. If it where span contracting, one would be guaranteed to converge to a span
fixpoint by iterating it. This is the idea behind Value Iteration (Algorithm I.1): iterate L until a
near span fixpoint is reached.

Algorithm 1.1 Value Iteration (VI) Algorithm 1.2 Lazy Value Iteration (LVI)
Parameters: A precision € > 0, an (optional) Parameters: A precision € > 0, an (optional)
initialization u; initialization u;
1: if u, is not initialized then uy < 0-e; 1: if u, is not initialized then uy < 0-e;
2: forn=1,2,...,do 2: forn=1,2,...,do
3 u, < Lu, q; 3 U, %Lun_l + %un_l;
4 if sp(u, —u,_;) < € then break; 4. if sp(u, —u,_,) < 3¢ then break;
5: end for 5: end for
6: return u,. 6: return u,.

18 0F>D
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Figure 1.5: A single policy Markov decision process where Value Iteration (Algorithm 1.1) is
not converging. From u, = (0,0) we find that u, := L"u, = (n,n — 1) with sp(u,,) = 1.

The stopping condition “sp(u, —u,,_;) < €” only makes sense if the Markov decision process
is communicating, otherwise the Bellman operator is not even guarantee to have a span fixpoint.
Even if a span fixpoint exists, Value Iteration is not guaranteed to converge in general and the
main issue is the periodicity of optimal policies. An example is given with Figure 1.5. If all
optimal policies are aperiodic however, then the algorithm converges.

Proposition 1.9. If all optimal policies are aperiodic and the model is communicating, then, for all
uy €R7,
Weo := lirgo(L”uo —ng* —h") (1.22)

exists and Value Iteration (Algorithm I.1) converges in finite time.

Proof. The proof is a simplified and streamlined version of Puterman (1994)’s. Introduce the
error term w,, :=u, —ng* —h*. Unfolding the definition of u,, and rearranging terms, we find:

w, =max(r"—g*+(P"—1)h*+P"(u,_; —(n—1)g*—h*)) = max(—A’; + P”Wn_l) (1.23)
nell nell

where A := g*—r"+(I—P")h" is the first order Bellman error of 7 against 7*. By Theorem 1.3,
A’ >0 sow, <max,c; P"w,_; and by induction, w,, < max(wg)e. Also, by picking 7* a bias
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optimal policy, we have A* =0 and w, > P™w,_; so by induction, w,, > min(w,)e. It follows
that the sequence (w,,) is bounded. Let w* :=limsupw, and w™ := liminfw,,.

We start by showing that w*(s) = w(s) if there exists a policy © € II under which s
is recurrent. Let &’ the corresponding recurrent class. For all s’ € &, we have w,(s') >
(P™w,_1)(s") so by induction, w,,(s") = ((P™)™ "w,)(s’). By aperiodicity of 7, it can be shown
Levin and Peres (2017) that lim;_, o ey - (P™)T = u™(—|s’) for all s’ € &#’. Therefore, for
?,1 € {+,—}, we have

Vs'es', w=ut(—F) w' (1.24)

so u™ (=) wr—w~)=0. Since wt—w~ > 0and u"(s'|.¥’) > 0 fors’ € &', we have w" = w™
on the support of u™(—|<").

We now extend that result to all states. For all e > 0 and s € &, there exists n arbitrarily
large such that w*(s) — e < w,(s). Moreover, w,(s) = max,(—A* + P™w,_;)(s) < max,(—A’ +
P™w*)(s) + € if n is large enough. So w* < max, (—A* + P"w") + 2ee. Similarly, we show
w~ > max,(—A’ +P"™w")— 2ee. Accordingly,

wh < max(—Ajr + P“W+) and w > max(—Aj‘T + P“w_). (1.25)
nell nell

Let 7 € IT achieving max,c;(—A% + P™w*). By (1.25), r™ > g*+ (I = P™)(h* + w*) so 7 is gain

optimal and have an aperiodic transition matrix P". Moreover, by (I.25) again, we have:
O<wr—w <P"(wt—w). (1.26)
So by induction, 0 < wt —w~ < 122;2)(P")"(W+ —w™) for all n > 1, so by Definition 1.6,
0 < wr(s)—w(s) < u™(—Js) - (wr —w™). Since 7 is gain optimal, we already know that
w™ =w~ on the support of u™(—|s), hence w*(s) = w(s). O

The aperiodicity condition is actually never a problem, because Markov decision processes
can be forced to be aperiodic without changing the optimal gain, optimal bias nor optimal
policies (of arbitrary order), and this aperiodicity transform can be artificially simulated by a
lazy version of Algorithm 1.1, called Lazy Value Iteration (Algorithm 1.2). The question of the
convergence speed of these algorithms is more difficult and won’t be covered. Empirically, the
convergence of Lazy Value Iteration is very fast.

Proposition 1.10. Given a Markov decision process M and A € (0,1), its A-lagy transform is the
model M, with the same state and action spaces, with rewards r,(s,a) := Ar(s,a) and transitions

pi(s,a) ;= Ap(s,a) + (1 — A)e,.

(1) All policies of M, are aperiodic;
(2) Forall m € I}, we have Ag™(M) = g™(M,) and h™(M) = h™(M,);
(3) M*(M) =11"(My), I, (M) = T (M) and ITy, (M) =TI}, (M)

bias
In particular, if M is communicating, then Lazy Value Iteration (Algorithm 1.2) stops in finite time
on every entry with u,, such that sp(Lu, —u,) < €.

The proof can be found in Puterman (1994).

1.4 Comments

We only have scratched the surface of the theory of average reward Markov decision processes.
We could talk more deeply about further optimality notions, the characterization of optimal
policies or their computation. However, I estimate that the material introduced so far will be
sufficient for what follows in this document.
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In this manuscript, the objective function is E[R; +...+R;] when T — o0 and the problem
is attacked head on. This is not how it is usually done, and many classical references of the
literature (such as Arapostathis et al. (1993); Bertsekas (2012); Bertsekas and others (2011);
Kallenberg (2016); Puterman (1994)) treat the average reward criterion as the limit of easier
reward criteria, for instance the finite horizon criterion E[R; + ...+ R;] for T < oo, or the
discounted criterion E[Zf:l y~IR,] for y < 1. These three reward criteria are perhaps the
big three of objective functions in Markov decision processes, that are all the basis of different
reinforcement learning problems. However, the average reward criterion is arguably the most
general among these three, because the finite horizon and discounted criteria can be rewritten
as an average reward criterion up to simple Markov decision process transforms, while the
converse is not true in general. Beyond gain optimality exist optimalities of higher order that
we have already mentioned. There is the bias optimality (Definition 1.9), higher order bias
optimalities, but also higher order discounted optimalities Puterman (1994) and Blackwell
optimality Blackwell (1962), the latter being obtained as the limit of discounted optimalities
when the discount coefficient y goes to 1. Perhaps because they are finer than gain-optimality, the
learnability properties of these higher order criteria are limited, see Boone and Gaujal (2023a).

Regarding the computation of optimal policies, Value Iteration (Algorithm 1.1) is far from
the only way to compute gain-optimal policies. Such policies can also be computed with Policy
Iteration (PI) with a mechanism which is similar in spirit to the proof of Theorem 1.3. Value
Iteration and policy iteration are iterative methods and their time complexities are difficult to
control. Optimal policies can also be obtained as the solutions of a linear program, by looking
for the invariant measure p (on %) maximizing the linear function ). u(z)r(z), hence the
complexity of finding a gain-optimal policy is polynomial in the size of the Markov decision
process.

I would also add that there is more to finite state-action spaces. In many simple problems,
the state space is countable rather than finite, or the action space is compact rather than discrete.
Time may not be discrete either. Moreover, the tools presented above are not designed to handle
an explosion of the number of states or actions, and when the underlying model is too complex,
the set of policies is usually parameterized by a lower dimensional parameter that is latter
optimized, using gradient-descent-like algorithms Sutton and Barto (2018).



Chapter 2

Foundations of Reinforcement
Learning in MDPs

In Chapter 1, we have introduced the basic concepts and results for Markov decision processes
under the average reward criterion, as well as algorithmic solutions to compute optimal policies.
Given a communicating model, Lazy Value Iteration (Algorithm I.2) can be used to compute
optimal policies that can be deployed to navigate the Markov decision process optimally. This
can only be done if the Markov decision process is known, because Lazy Value Iteration requires
access to the reward function r and the transition kernel p. What if none of them are accessible?
Then, no optimal policy may be computed beforehand as one has to interact with the environment
to have any idea of its structure. Whenever the underlying model is unknown, one would expect
a good agent to try actions at first and eventually play better and better actions. In any case, in
face of an unknown environment, the choice of actions shall depend on past observations.

Definition 1.14. A planner‘is any random sequence of randomized policies = = (7;);>0
such that n, is 0(O,, w)-measurable where O, := (Sy,A,Ry,- - -,S;) is the history of play
and w is the inner randomness of the algorithm. Their set is denoted IT"Y,

2sometimes called history dependent policy, or agent, or controller, or learner depending on commu-
nities and the authors’ preference.

The question of the design of efficient planners that converge to optimal play has a long
history. Making a complete survey goes way beyond the intended scope of this manuscript,
although dusting and sorting the past literature would definitively help to trace all the various
ideas that shape the theory of reinforcement learning in Markov decision processes. I nonetheless
willingly took the time to go back the timeline to find the oldest possible work that can be
considered as learning problems in Markov decision processes. Unsurprisingly, it goes back to
multi-bandits. Multi-armed bandits (single state models) can be traced back to the works of
Robbins (1952); Thompson (1933), and partially known Markov decision processes to Fox and
Rolph (1973) at least, themselves extending methods of Mallows and Robbins (1964). In the
70’s, the main focus was on planners achieving optimal gain, i.e., making sure that ZtT:_Ol R,
approaches T g*(s) when T goes to infinity. For quite a few decades however, achieving optimal
gain is considered insufficient and has been replaced with the question of the convergence speed.
How close can ZtT:_Ol R, be to Tg*(s)? Up to this day and for probably many years still, the
difference is measured by the regret of Robbins (1952), here instantiated in the style of Auer
and Ortner (2006), that measures the asymptotic performance of an optimal policy T g*(s) to

the actual performance of the planner ZtT:_OI R,.

32
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Definition 1.15 (Auer and Ortner (2006)). Assume that M is communicating. The regret

under M is given by
T—1

Reg(T; M) = Tg"(s0)— Y ,R, (L1)
t=0
where the dynamics are driven by a planner © = (1,) navigating on M from some initial
state s, € . Whenever the underlying model M is clear in the context, the dependence in
M is dropped.

The expected regret grows sub-linearly on M if and only if the gain of the planner (7,) is at
least g* on M. We say that the planner is no-regret on M.

Important remark. From now on, the dependency in M of the dynamics, of various
quantities such as the gain, bias and gaps has to be made cleared, because M is hidden
to the learner and is only known to live in a plausible space of models. We will write
E™M[—],P™M(-), ¢™(s, M) etc. to account for this dependency. When M is not ambiguous
however, this dependency may be dropped. This is for typographic convenience only.

2.1 Regret, gaps and classification of pairs

The structure of the underlying model can be exploited to rewrite the regret into a quantity
that is less subjected to stochasticity. Indeed, even if the planner only picks optimal actions,
the quantity ZtT:_Ol R, will deviate because the rewards gathered from a given state-action pair
won’t exactly match the expected value, and the stochastic transitions will drive the planner to
states that may differ from what the planner expects. Said differently, the regret may punish or
grant the planner for events over which they have very little to absolutely no control. This is
cumbersome even from the viewpoint of the overseer, because all this noise makes the actual
planner’s playing quality more difficult to evaluate. To overcome these difficulties, we introduce
the first order regret which is much less noisy than the regret yet shadows its expectation, see
Proposition I.11. The definition of the first order regret is based on the notion of first order
Bellman gaps (sometimes gaps or disadvantage) that we introduce now.

Definition 1.16. Assume that M is communicating. The first order Bellman gap, or gap, of
a state-action pair (s,a) € % is given by:

A*(s,a) :=g*(s)+h*(s)—r(s,a) —p(s,a)h*. (1.2)

By Theorem 1.3, A* > 0.

These gaps are analogous to Q-values in finite horizon and discounted Markov decision
processes. It quantifies how close is a pair to optimality. The aggregate gaps account for the
dominant part of the regret in expectation, see Proposition .11 below.

Proposition 1.11. Assume that M is communicating. Whatever the planner (7,), the
expected regret satisfies:
T—1
E[Reg(T)] = EW[Z A*(Zt)] +EO[h(So) —h*(S7)). (1.3)

t=0
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The term FOReg(T) := Z A*(Z ) of the RHS of (1.3) is called the first order regret.

Proof. We write:

T—1 T—1 T— 1
E”J[Tg*(s) - ZRt} = EW{Z(g*(st) - r(zf))] = E(M[ —p(Z))h* + A*(2,))
t=0 t=0 t=0
and we conclude using that E(“f)[zt 0 (es p(Z)h*] = EI[h*(Sy) — h*(Sp)]. O

In (1.3), the term ECI[h*(S;) — h*(S,)] is bounded while the regret usually is not, hence
this is a second order term that will be utterly ignored. Because the gaps are non-negative, the
first order regret is non-decreasing and count the number of times the algorithm has picked
suboptimal pairs weighted by how much they are suboptimal. Remark that the first order regret
increases when, and only when pairs with positive gaps are picked. As a consequence, even in
full knowledge of the model and history, the planner cannot obtain better gain than g*. The
same can also be proved at higher order (for the bias) by using Theorem 1.5, showing that there
is no need to rely on the history to score optimally and that comparing the performance of a
planner to the performance of the best deterministic policy is relevant: The planner cannot best
the optimal policy and no-regret planners are those achieving optimal gain.

We conclude this paragraph by providing a classification of pairs in the communicating
setting, motivated by this discussion.

Definition 1.17. The pairs of a communicating Markov decision process are classified as:

(1) Suboptimal pairs ¥~ :={z € Z : A*(z) > 0};
(2) Weakly-optimal pairs Z* .= {z € & : A*(z) =0},
(3) Optimal pairs Z** := {(s,a) € & : Anw € I1*, n(s) = a and u™(s|s) > 0}. .

Namely, suboptimal pairs are pairs with positive gap, necessarily transient under gain-optimal
policies and it is by playing those that the first order regret increases; Weakly-optimal pairs
are pairs with null gap, that do not make the first order regret increase hence are “cost-free to
play”; Optimal pairs are pairs that are recurrent under at least one gain-optimal policy. When
the model is communicating, optimal pairs are weakly optimal too, i.e., Z** C Z*. The novel
part of this classification is the distinction between weakly optimal pairs and optimal pairs. This
distinction is shown to be very important in Part III, that develops the idea that the very structure
of gain optimal policies is provided by Z** rather than Z*.

2.2 Statistical decision theory, consistency and robustness
We have a big problem:

Fix a policy m and consider the planner (r,) = (7, «t,...). For any model M in which
7 is optimal, (7,) has null first order regret and bounded expected regret on M.

So that’s it. For every model, there exists a planner with no regret on that model. So I can stop
the manuscript here and we can all go home.

Well, of course not.

The planner introduced above plays = whatsoever and disregards accumulated observations
whatsoever. So, if they happen to play in another environment M' where 7 is not gain-optimal,
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then the regret of (7t,) will grow linearly. This is an overfitting problem. The quality of play of
the planner does not generalize to other models than M. To quote (Lattimore and Szepesvdri,
2020, 834), “the fundamental challenge in learning problems is that the true environment is
unknown and [planners | that are optimal in one environment are not usually optimal in another.”
This raises a few interesting questions: What defines an acceptable planner? Are there optimal
planners? How small can the regret of an acceptable planner be? Can it be achieved?

This problem is formalized by borrowing concepts from statistical decision theory. Consider
a space of Markov decision processes .# of state-action space % so that planners IT"} can
universally run on all elements on .#. _# will be called the space of plausible environments,
and plays the role of an assumption; One assumes that the true model M belongs to .#. The
considered loss function ¢ : .# x N x IT"® — R, is the expected first order regret:

t=0

T—1
(M, T, (,)) := EFOM [Z A*(Z,; M)]. (1.4)

The capacity of a planner to learn optimal actions is categorized depending on the behavior
of their associated loss on the class of plausible environments.

Definition I.18. Fix a state-action space % and let ./ a space of models with state-action
space & (we write M € M(%)). A planner (7,) is

(1) admissible if, for every other planner (r}), there exists M € .#,T € N such that
(M, T,(r,)) < L(M,T,(n})), and dominated otherwise;

(2) consistent if, for every M € M, {(M,T,(7,)) =o(T) when T — 00;

(3) robust if sup{l(M, T,(n,)): M € #} =0(T) when T — oo.

The concept of (1) admissibility, that comes from statistical decision theory, is not very
satisfying regarding learning for two reasons. First, it does not exclude the overfitting concern
mentioned upstream and, second, it is too binary. It labels as dominated many planners that,
despite being barely dominated by other planners, are worth investigating for exogenous
reasons, e.g., computational advantages. From a learning perspective, (2) consistency and
(3) robustness are more pertinent. Consistency states that, whatever the model among plausible
environments, the regret eventually grows sublinearly, hence the planner eventually converges
to optimal play. The convergence speed is not prevented from varying greatly from a model to
another and consistent algorithms are subjected to unstable performance, motivating robustness.
Robustness is stronger, stating that convergence to optimal play is uniform in the class of plausible
environments. A high level representation of these three classes of planners is represented in
Figure 2.1. Remark that all these classes depends on .#. An algorithm that is consistent (or
robust) on ./ is not guaranteed to be consistent (or robust) on a super-class of .#. This is very
natural: Some planners may exploit an a priori structure of the environment to learn faster
(if the environment is a queuing system, or has deterministic rewards, or has deterministic
transitions, etc.), and generalize badly to environments where this structure is absent. To some
extent, while overfitting a planner to a specific model is questionable, overfitting a planner to a
class of plausible models is actually recommended.’

Regarding Definition .18, robustness is a stronger property than consistency. Consistency is
more flexible, making the design of consistent algorithms easier than robust algorithms and it is
pretty common that, for a given model, the asymptotic regret of a consistent planner is better
than the ones of their robust kins. The analysis is also so different that they pretty much live in

!This follows the well-known learning principle: “Always make sure to use the problem’s structure that you are
aware of.”
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Figure 2.1: Artistic representation of overfitting, consistency and robustness. The x-axis is the
underlying model and the y-axis is the associated loss of the planner for an arbitrary (fixed)
time horizon T. Excepted the dominated planner, all planners are admissible.

different worlds. Consistency is linked to model dependent settings, where one takes a planner,
fix a plausible model, then derives a regret bound that is specific for that model. Robustness is
linked to model independent settings, where one takes a planner then derives a regret bound
that holds simultaneously for all plausible models. For both family of settings, our work process
is the following:

(1) Can we design a lower bound for this class of planners and plausible environments?
(2) How closely can this lower bound be approached (tight upper bound)?

Designing lower bounds is important. A lower bound provides insight in what makes the
learning task difficult. It obviously depends on the considered class of plausible environments:
The larger the class is, the larger is the lower bound. However, given an established lower
bound, it is equally important to prove its tightness by providing a planner with a performance
upper bound matching the lower bound. Otherwise, the possibility that the lower bound misses
an important part of the learning task cannot be rejected. This being said, upper bounds are
usually much harder to derive than lower bounds in reinforcement learning.

Important remark. In the sequel, we assume that ./ is a space of Markov decision spaces
sharing the same (finite) state-action space %, and assume that all elements of .# have
Bernoulli rewards. The second assumption could be changed to any single parameter
exponential family of distributions, such as Gaussian distributions, Poisson distributions
or finite-support distributions. Bernoulli rewards are rich enough to make the problem
interesting, make a few (isolated) argument easier and spare a few additional notations.

2.3 The model independent setting, or minimax setting

I sometimes refer to the model independent setting as the minimax setting, because the goal is
to find a planner (7t,) with robust regret guarantees, i.e., its regret on the worst possible instance
supye 4 {(M, T,(m,)) is as small as possible. This is about finding a planner approaching:

inf sup E")M[Reg(T; M)] (1.5)
(ﬂr)GHHRMe//t

hence the terminology “minimax”. To approach (I.5), it must first be estimated. Especially,
this is done using lower bounds, that tell how small the robust regret may be hoped to be.
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Lower bounds of (I.5) can be traced back to Vogel (1960) at least, already providing a precise
minimax analysis of two-armed bandits with Bernoulli rewards. As far as Markov decision
processes are concerned, the first minimax lower bound is due to the seminal paper of Auer
et al. (2009) for communicating MDPs, relating the minimax regret to the time horizon, the size
of the state-action space and the diameter of the model, which is the expected time to travel
from a state to another within the environment. That bound generalizes the minimax lower
bound on multi-armed bandits.

Definition 1.19 (Auer and Ortner (2006)). The diameter of a Markov decision process is:

D(M) := maxm'ﬁlEf’M[Ts,]. (1.6)

s#s! mE

The diameter is finite if, and only if M is communicating.

Theorem 1.12 (Auer et al. (2009)). Let ¢ > 0 and let #(c) the class of all Bernoulli
rewards models with state-action pairs Z with diameter less than c. Then:

inf sup ECOM[Reg(T;M)]=(y/(cVDIZIT). 1.7)

(7, )elHR Mep(c)

For tabular state-action space, this lower bound is more commonly written v DSAT, where
S denotes the cardinal of the state space and A := |.&/(s)| is number of actions per state. What is
important to remember from Theorem 1.12 is that the dependency in the time horizon is +/T, the
dependency in the size of the model is 1/]%] and we have an extra dependency on the diameter,
VvD. This last dependency is related to the fact that the gain of a communicating model is
D-Lipschitz and that the Lipschitz coefficient D is tight for some models. In the same paper Auer
et al. (2009), the authors provide an algorithm (UCRL2) with minimax regret DS /AT log(T)
and has been the basis for many works, including Bartlett and Tewari (2009); Bourel et al.
(2020); Filippi et al. (2010); Fruit et al. (2020, 2018); Talebi and Maillard (2018); Tossou et al.
(2019); Zhang and Ji (2019), improving the method of Auer et al. (2009) to obtain sharper
regret upper bounds. However, not all works on robust planners originate from Auer et al.
(2009). I provide in Table 2.1 a compendium of a few recent results.

In Table 2.1, we observe that bounds of many kind coexist. Some depend on the diameter,
others on the span of the bias function, others on the mixing time and I have actually simplified
a few exotic bounds that are relying on notions of distribution mismatch coefficient, local
diameters, bias variances (etc.) to obtain finer regret bounds. Some algorithms use prior
information, some do not; Some work for weakly communicating models, others only in the
communicating setting, some need the underlying model to be ergodic. Observe that in the
ergodic setting, the mixing time frequently appears in regret guarantees, while it is absent from
the lower bound. The presence of this extra term is not mild because the mixing time cannot be
bounded as a function of the diameter, meaning that the robust regret bound is not “compatible”
with the lower bound; I will say that the bound is not adapted to the model class.

Another subsequent observation is that the dependency of all bounds with respect to the
time horizon T is off by a polylogarithmic factor of T. The current tendency is to hide it under a
O(—) that I quite dislike, because by no means are these logarithmic factors mere artifacts of the
analysis. Furthermore, the O(—) further swallows all polylogarithmic factors, including log(D)
and log(S) that we should keep track of. Going from /T log®(T) to +/T is not trivial and the
analysis of algorithms has to be significatively reworked. While I am not aware of any attempt
for Markov decision processes, the removal of the 4/log(T) is the subject of a few papers on
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Algorithm Robust regret Class of models Extra assumptions
REGAL, Bartlett and Tewari (2009) HS+/AT log(T) weakly communicating  intractable, knowledge of H
UCRL2, Auer et al. (2009) DS /AT log(T) communicating -

KL-UCRL, Filippi et al. (2010) DS +/AT log(T) communicating

KL-UCRL, Talebi and Maillard (2018) H+/SAT log(T) + S2A2t ,;, log(T) ergodic -

SCAL, Fruit et al. (2018) HS+/AT log(T) weakly communicating knowledge of H

EBF, Zhang and Ji (2019) v/ HSAT log(T) weakly communicating  intractable, knowledge of H
POLITEX, Abbasi-Yadkori et al. (2019) (tmi)®D(SA) T3 ergodic -

UCRL2B, Fruit et al. (2020) S4/DAT log*(T) communicating

UCRL3, Bourel et al. (2020) S\Wog(T) communicating

OPTIMISTIC-Q, Wei et al. (2020) H(SA)T? ergodic -

0SP, Ortner (2020) V tmixSAT log?(T) + S3A(;;“—‘“)2 log?(T) ergodic intractable
MDP-00MD, Wei et al. (2020) vV (tmix)3(D V S)AT lgt:r,(T) ergodic knowledge of t,,;, and D
0-PSRL, Agrawal and Jia (2023) DS+/AT 1og®(T) communicating -

UCB-AVG, Zhang and Xie (2023) HSSA?4/ T log?(T) weakly communicating

PMEVT, Part II +/HSAT log(T) weakly communicating

Diameter lower bound vDSAT communicating Auer et al. (2009)
Mixing lower bound V tmixSAT ergodic see Part II

Bias lower bound HSAT weakly comm. see Part IT

Table 2.1: A compendium of algorithms with theoretical robust guarantees. We use the
shorthand H = sp(h*).

multi-armed bandits, see Audibert and Bubeck (2009); Garivier et al. (2022).

Among all the works listed in Table 2.1, only one method gets close to the lower bound:
EBF of Zhang and Ji (2019); However EBF is completely intractable. The algorithm that I will
present in Part II is, to some extent, an improved and tractable version of EBF.

Overall, Table 2.1 embodies the variety of robust regret guarantees and upon evoking mixing
times, I have foreshadowed that the terms appearing in the upper bound do shape the class
of models over which the robustness guarantees are valid. This leads to two definitions. The
first notion that I introduce is minimax complexity, that quantifies the learning hardness of a
class of Markov decision processes, see Definition I.20. The second definition, see Definition .21
contains notions of adapted learners and minimax optimality and provide formal grounds to
three ideas: (1) prior knowledge, (2) robust bounds correlated to the minimax complexity of a
model class and (3) planners achieving minimax optimal regret up to multiplicative factors.

Definition 1.20. Let % a state-action space and let .# € 9M(%). The minimax complexity
of M is:

. E")M[Reg(T; M)]
R i I 19

Note that this definition anticipates on the /T scaling of the regret.

Definition 1.21. Let & a state-action space. Let © C RY a parameter space and .#(©) =
(A (B) : 6 € ©) a parameterized family of model spaces with .#(0) € M(%). A planner
(r,) € MR(Z) is:

(1) robust relatively to .#(©) if VO € ©,supyc_4 (o) E")M[Reg(T; M)] = o(T);
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(2) (a,pB)-adapted to #(©) (where a >0 and 3 = 0) if

suplimsup supye (o) E"M [Reg(T; M)] < oo
b6 T-co  K(.#(0))*+/Tlogf(T) ’

(3) PB-minimax optimal on #(O) if it is (1, 3)-adapted;

(1.9)

Above, C is a generic constant that is independent of |%|.

The content of Definition .21 is new hence must be discussed. The definition considers
classes of models parameterized by a parameter 6, that will typically track the maximum
diameter, bias or mixing times, or even several at once. To understand this parametrization,
let us focus on (1), the notion of parametric robustness. This strengthens the prior notion
of robustness (Definition 1.18) that is incapable of explaining the difference between UCRL2,
a knowledge-free algorithm, and SCAL, that requires knowledge on sp(h*) to have sub-linear
regret guarantees. For instance, the regret upper bound of UCRL2 from the original work of
Auer et al. (2009) can be written as: Fix & :={1,...,S} and .(s) := {1,...,A}. If #p(c)
denotes the class of all Bernoulli reward models with state-action space % and with diameter less
than c, then the algorithm UCRL2 satisfies:

Ve>0, sup EVR2M[Reg(T;M)] = 0(cS+/AT log(T)). (110)
Me iy (c)

Accordingly, the performance bound of UCRL2 is valid for several classes of models at once: It is
valid for a family of classes parameterized by the maximal diameter. This property is characteristic
of algorithms that do not require prior information. Meanwhile, the regret upper bound of SCAL
from Fruit et al. (2018) can be written as: Fix & :={1,...,S}and .(s) :={1,...,A}. If #,.(c)
denotes the class of all Bernoulli reward models with state-action space % and with sp(h*) < c,
then, for all ¢ > 0, the algorithm SCAL(c) satisfies:

sup ESCAL(C)’M[Reg(T;M)]ZO(CS ATlog(T)). (I.11)
MEﬂh*(C)

It means that UCRL2 is robust relatively to .#(R) while SCAL(c) is robust relatively to .#}.(c)
but not relatively to .#;,.(R). For instance, PMEVT is robust relatively to .#.(R).

The second notion, (a, B)-adaptivity builds on the idea that the robust regret guarantees
grow with the minimax complexity of the class, hence that the parameterized family of model
classes is sound to express the robustness properties of the planner, although the dependency
may be sub-optimal (a > 1). When a = 1, the algorithm is said #-minimax optimal and the
robust regret guarantees of the planner can only be improved up to numerical factors. For
instance, the regret bound of KL-UCRL provided by Talebi and Maillard (2018) is not adapted
to the class of ergodic models parameterized by their bias span, because there exist models with
small bias span but arbitrarily large mixing time. The compendium of Table 2.1 is enriched in
light of Definition 1.20 and Definition 1.21 in Table 2.2.

Remark that planners with regret O(T?/3) or O(T>/4), such as POLITEX or OPTIMISTIC-Q
are not considered to be adapted. This is because if their dependency in the time horizon
essentially means the their upper bound is of a different nature than the lower bound, hence
the two are hard to compare. In Part II, I will further refine the lower bound of Theorem 1.12
and describe the algorithm PMEVI: where it comes from and why it is minimax optimal.

Contributions of the manuscript. The main contributions of this manuscript regarding the
minimax setting are summarized with Theorems 1.13 and I.14. The first Theorem 1.13 shows
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Algorithm Adapted parametrized class Range of 0 a,p
REGAL(c) wkly com., H < 6 0<c untractable, a =2, =1
UCRL2 communicating, D < 6 6 < oo a=2,0=1,
KL-UCRL communicating, D < 6 0 < oo a=2,=1,
KL-UCRL ergodic, H < 0y, t iy < 6, 6,,0, < 0o a=2,=1
SCAL(c) wkly com., H < 0 0<c a=2,=1
EBF(c) wkly com., H < 6 6<c untractable, a =1, =1
POLITEX - - -

UCRL2B communicating, D < 6 0 < oo a=2,=2
UCRL3 communicating, D < 6 0 < oo a=2,0=
OPTIMISTIC-Q - - -

0sp ergodic, t i, < 604, IZ“‘T <0, 6,,6, < 00 a=1,=2
MDP-00MD(¢4, ¢5) ergodic, t; < 6;,DVS <0, 0, <cq,60,<c, a=3,=1
0-PSRL communicating, D < 6 0 < oo a=2,=6
UCB-AVG wkly com., H < 0 0 < oo a=10,=2
PMEVI wkly com., H < 0 0 < oo a=1,6=1

Table 2.2: Extra information on the compendium of Table 2.1.

that the regret complexity of out the class of communicating models with bounded bias span
(i.e., such that sp(h*) < ¢) is scaling with the square root of the minimum between the bias
span and the diameter. More specifically, if .# (c,d) denotes the set of communicating Markov
decision processes satisfying sp(h*) < ¢ and D < d, we show that K(.#(c,d))) = Q(vc A d).
This result is more universal than the lower bound of Auer et al. (2009). In Auer et al. (2009),
the authors show that the regret complexity of a class of models with bounded diameter (i.e.,
such that D < d) scales with the square root of the diameter. Their result can be written as
K((00,d)) = Q(+Vd). Itis well known (and it will be discussed in Chapter 4) that the bias span
is bounded by the diameter, hence .# (00,d) C .#(d, d) hence the lower bound of Auer et al.
(2009) is a result on the diagonal of the parametrized family of models spaces (. (c,d)). 4o
Theorem 1.13 extends their lower bound outside of the diagonal. Theorem .14 provides an
1-minimax algorithm for the same parametrized family of model spaces, proving that the regret
complexity is indeed v/c Ad up to a 4/log(T) term, that I conjecture to be artificial. >

Theorem 1.13 (Regret lower bound). Let % :=| J,.{s} x {1,...,A} a tabular pair space
with S € 3N and A > 3. Denote .#(c, d) the set of communicating Markov decision processes
M with pair space % satisfying sp(h*(M)) < c and D(M) < d. Then:

K(A(c,00)) = Q(v cSA) when ¢ — 0. (1.12)

Theorem 1.14 (Regret upper bound). Let % := .., {s} x {1,...,A} a tabular pair space.
Denote #(c,d) the set of communicating Markov decision processes M with pair space %
satisfying sp(h*(M)) < ¢ and D(M) < d. Then:

| EPEVLM [Reg(T)]
limsup sup =

T—00 Me.#(c,00) vV TlOg(T)

O(v cSA) when ¢ — o0. (I.13)

2Theorem 1.14 is actually stronger, because the bound which is provided is uniform on the worst value of the
diameter.
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2.4 The model dependent setting

In parallel of the model independent setting, robust minimax guarantees and minimax optimal
algorithms, the other existing frequentist approach is model dependent. Given a model, what
are the best performance that a learner may hope to achieve? In Section 2.2, we have discussed
that this question is only interesting if the focus is restricted to consistent planners, otherwise
nothing prevents the planner from over-specifying their performance to a given model at the
price of suffering from catastrophic performance for another. Similarly to the minimax approach,
the history of model dependent analysis of unknown Markov decision processes has a long
history. Among a long line of works, the paper of Lai and Robbins (1985) stands out as the first
model dependent lower bound, written just as in the style of what is done today. This paper,
despite being specific to multi-armed bandits, settled a lower bound machinery that has been
applied to various generalizations of multi-armed bandits, including our own in Part III, hence
worth elaborating.”

What is arguably the most important baseline of all lower bounds is a strengthened version
of consistency (Definition 1.18).

Definition 1.22 (Lai and Robbins (1985)). Fix a state-action space % and let # € IMM(Z)
a space of models. A planner (1t,) is said strongly consistent on ./ if, for all M € # and
all € > 0, E™)M[Reg(T; M)] = o(T€).

For bandits with Bernoulli rewards, the result of Lai and Robbins (1985) can equivalently be
formulated as such.

Theorem 1.15 (Lai and Robbins (1985)). Assume that & := {1} x {1,...,A}, i.e., defines
the structure of a multi-armed bandit and let # the space of all models with state-action
spaces % and Bernoulli rewards. For every strongly consistent planner (7t,) and M € #
with interior rewards (i.e., 0 < r(z) < 1 for all z € %), we have:

EOM[Reg(T; M)] D A*(z; M) .
kl(r(z), max,.cq r(2z*))

liminf

imin logt®) (1.14)

2EZX

The bound is tight, in the sense that there exists a strongly consistent planner achieving
it. Lai and Robbins (1985) provide one. Such planners are said asymptotically optimal
and many optimal planners are known to this date; Many are simpler than Lai and Robbins
(1985)’s solution. We can find the famous Thompson Sampling (TS) of Kaufmann et al. (2012);
Thompson (1933), KLUCB of Garivier and Cappé (2011); Maillard et al. (2011), MED of Honda
and Takemura (2010), IMED of Honda and Takemura (2015) or RB-SDA of Baudry et al. (2020,
2023) to list a few.

In the world of Markov decision processes, the works of Lai and Robbins (1985) have been
generalized in several directions but interestingly, a big part of the literature seems to hit a
significant barrier: recurrent models. Agrawal et al. (1988) generalizes the lower bound and
the planner of Lai and Robbins (1985) to ergodic models, obtaining a tight lower bound. The
approach of Agrawal et al. (1988) is policy-wise, in the sense that every policy is seen as an
arm, each explored in turn. The number of policies growing exponentially in | %/, this approach
suffers from obvious combinatorial drawbacks. This is addressed by Burnetas and Katehakis
(1997), that decomposes the lower bound pair-wisely instead (see Theorem 1.16), and provides

3This is slightly incorrect, because the lower bound machinery has been modernized since. Nowadays, lower-
bounds are systematically obtained with information theoretic techniques of various kind.
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a pair-wise indexed asymptotically optimal planner. Specifically, at time ¢, the planner associates
an index I,(S,, a) to every playable action, then plays the action with highest index. The indexed
algorithm of Burnetas and Katehakis (1997) was reworked and mixed with more modern
bandit methods a few decades later by Pirutinsky (2020), that apparently drove very little
attention. Meanwhile, this indexed strategy was mixed to the works of Honda and Takemura
(2015) and improved by Pesquerel and Maillard (2022), producing the algorithm IMED-RL.
This algorithm is asympotically optimal for ergodic models just as Burnetas and Katehakis (1997)
while displaying great empirical performance. Following the works of Burnetas and Katehakis
(1997), the state-of-the-art stays frozen for about a decade. Close to simultaneously, Auer and
Ortner (2006) and Tewari and Bartlett (2007) provide UCRL (a prototype ancestor to UCRL2,
Auer et al. (2009)) and OLP respectively, both achieving O(log(T)) regret on recurrent models,
but both methods are sub-optimal.

Theorem 1.16 (Burnetas and Katehakis (1997)). Fix & a state-action space and let Meygogic
be the space of all ergodic models with state-action space Z. For M = (Z,1,p) € Mergodic
and z € %, introduce the informational coefficient C(z; M) given by:

inf{kI(r(2)||r"(2)) + KL(p()IIp'(2)) : r'(2) + p'(2)h*(M) = g*(2; M) + h*(2; M)}

For every strongly consistent planner (n,) and M = (Z,1,p) € Mergoaic With interior
rewards (i.e., 0 < r(z) < 1 for all z € &), we have:

(1.15)

liminf

E)M[Reg(T; M)] A*(z; M)
mint— o 2

& C(z;M)

Regarding communicating models, there is the remarkable serie of works Agrawal (1990,
1991) that introduces a technique called “forcing” together with an algorithm with regret
O(f(T)log(T)) where f(T) is an hyper-parameter of their method, that can be any function
increasing to infinity. The first works to approach the communicating setting with O(log(T))
regret bounds are the seminal papers of UCRL2 Auer et al. (2009) and REGAL Bartlett and
Tewari (2009), but none of these works provide model dependent lower bounds. The same
holds for KL-UCRL Filippi et al. (2010). In fact, all three algorithms are sub-optimal by failing
to achieve the lower bound that we provide in Part I1I. We have to wait for Ok et al. (2018) to
find lower bounds again, generalizing Burnetas and Katehakis (1997) to broader settings but
keeping the recurrence assumption. Finally, Tranos and Proutiere (2021) escapes the world of
recurrent models by providing lower bounds for deterministic transition models,* and algorithms
that are asymptotically optimal for a few of those models. Meanwhile, for model classes with
fixed transitions, Saber et al. (2024) provides IMED-KD with a model dependent analysis and
convincing empirical performance, but no lower bound is provided to the corresponding model
classes.

This leaves us to where we are today.

The current state-of-the-art of model dependent analysis has three diverging branches, con-
sisting in (1) recurrent models, with a lower bound and convincing asymptotically optimal
planners; (2) communicating models, with a few algorithms shown to have regret of order
O(log(T)) with explicit constants, but no guarantees of asymptotic optimality; and (3) deter-
ministic transition models, with a lower bound and partially optimal algorithms.

“We postpone the comparison of the works of Tranos and Proutiere (2021) and our main lower bound to Part III
to keep the discussion streamlined.
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Contributions of the manuscript. In Part Il], we merge all three branches by providing the first
model dependent lower bound for communicating models (Theorem 1.17). The lower bound is
shown to be tight in Chapter 10, by providing a planner (ECoE) whose asymptotic regret upper
bound matches the lower bound (Theorem III.14). Our main results are summarized below.

Definition 1.23. Let M = (%, r,p) a Markov decision process. The set Inv(M ) of pair-wise
invariant measures, or more simply invariant measures, are elements U € Rf such that

Daca(s) (s, @) = X o u(2)p(s]2) for all s € .

Definition 1.24. For .# € (%) a model space and M € _#, the confusing models
Cnf(M; #) for M relatively to # is the set of M' € _# such that (1) M = M" on Z**(M)
and (2) g*(M") > g*(M). When unambiguous, Cnf(M; #) is abbreviated Cnf(M).

Theorem 1.17. Fix & a state-action space and let M4 € IMM(Z) any space of communicating
models. For every strongly consistent planner (1t,) and M = (%, r,p) € # with interior
rewards (i.e., 0 < r(z) <1 for all z € %), we have:

.. EUOM[Reg(T; M)]
liminf
T—00 log(T)

>K(M; #) (I1.16)

where K(M; /) is the solution to the optimization problem:

inf > u(z)A%z) st inf )Z,u(z)KLZ(MIIMT)Zl (1.17)
z2€ZX

T
uelnv(M) oy MteCnf(M

with KL,(M|IM") := KI(r(2)|Ir"(2)) + KL(p(2)lIp" (2)).

This lower bound is the subject of Part III in which it is discussed in further details.



Chapter 3

Technical toolbox

In this technical chapter, we provide a non-exhaustive list of general tools that are standard in
the reinforcement learning literature and that we will use throughout the manuscript.

3.1 Changes of measures

Changes of measures will be used to derive lower bounds. The formulation of the inequality we
make use of can first be found in Kaufmann et al. (2016) and was later generalized to Markov
decision processes by the works of Marjani et al. (2021); Marjani and Proutiere (2021). Below,
we write M(z) := r(z) ® p(2), so that KL(M(2)||M'(2)) = KL(r(2)||r(2)) + KL(p(2)||p"(2)). We
write M < M if the absolute continuity property r(z) ® p(z) < r(z) ® p'(2) holds for all z € %.
Recall that kl(—,—) is the Kullback-Leibler divergence between Bernoulli distributions, that is,

Ki(p,q) = plog(2) + (1 —p)log(:=£).

Lemma I.18 (Marjani and Proutiere (2021)). Let .# a space of Markov decision processes.
For all models M < M' € _#, planner (rt,) and o(O,)-measurable function f : 0y — [0,1],
we have:

DL EFIMING @) KLUM )] IM(2)) 2 KI(E™MM £ (0)] E™M™[£ (0p)]) (D)

2E€EZX
This inequality is used to establish lower bounds both in the model dependent and model
independent settings.
3.2 Standard concentration inequalities
In this section, we list various concentration results that will be used repeatedly in the sequel.

Most of them are classic, or already known. For a few of them, I couldn’t find a proof in a
existing reference hence I provide one.

Lemma I.19 (Azuma’s inequality, Azuma (1967)). Let (U,),>o a martingale difference sequence
such that sp(U,) < c a.s., i.e., there exists a, € R such that a, < U, < a, + ¢ a.s. Then, for all

6>0,
T—1
P(Z U, > c,/%Tlog(%)) <.
t=0

44
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Lemma I.20 (Freedman’s inequality, Freedman (1975)). Let (U,),>o a martingale difference
sequence such that |U,| < ¢ a.s., and denote its conditional variance V, := E[U?|0,_,]. Then, for

all 6 >0,
n—1 n—1 Cl2
P(Eln > I,Z U, > a and ZVk < b) < exp(—m).

k=0 k=0

Lemma I.21 (Freedman’s inequality, Additive version Zhang et al. (2020)). Let (U,);»o a
martingale difference sequence such that |U,| < ¢ a.s., and denote its conditional variance V, :=
E[U?|0,_,]. Then, forall 5 > 0,

T'—1
P EIT’ST:ZU >J ZVlog( )+4clog(%) | < 5.
t=0
Lemma 1.22 (Time-uniform Azuma, Bourel et al. (2020)). Let (U ) a martingale difference
sequence such that, for all A € R, E[exp(AU,)|Uy,...,U,_1] < exp( ) Then:
n 2
V8 >0, P(Eln >1, (Z Uk) >no?(1+ %)log(—”;”)) <S$.
k=1
Lemma I.23 (Time-uniform Weissman). Let q a distribution over {1,...,d}. Let (U,) a sequence

of i.i.d. random variables of distribution q. Then:

Z( —q)

i=1

Vo6 >0, P(Eln >1,

> ndlog(z‘/ﬁ)) <o.

Proof. Remark that ||Z'kl:1(eUk — q)”1 = max,., ZZ=1 <eUk —q, V)- Let W := <eUk —q, V)-
Remark that for each v € {—1,1}¢, (W) is a family of i.i.d. random variables with —(q,v) <
W} <1—(q,v), so E[exp(AW})] < exp(%z) by Hoeffding’s Lemma. By Lemma .22, we have:

ooz, S0 2y |3 00 S =559 |
k=1

k=1 1
< Z P(EIn,ZWkV 24/ ndlog(@))
ve{—1,1}¢ k=1
< (an > 23l + D oo 8 ;;))
ve{-1,1}¢
<2t.2¢5 =5.
This concludes the proof. O

Lemma I.24 (Time-uniform Empirical Bernstein). Let (Uy)y>; a martingale difference sequence
such that sp(U,) < ¢ a.s., let U, := 1 >V Uy the empirical mean and V,, :== 23" (U, —U,)?
the population variance. Then,

t
V6 >0,VT >0, P(Elt <T, > U 2 /2tV,log(¥) +3clog(3§)) <5.
i=1

Proof. This is obtained with a union bound on the values of n < T, then applying Lemma [.26. [J
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Lemma 1.25 (Time-uniform Empirical Likelihoods, Jonsson et al. (2020)). Let q a distribution
on{1,...,d}. Let (U,) a sequence of i.i.d. random variables of distribution q. Then:

V6 >0, P(3n>1,nKL(d,llq) >log(%)+(d—1)log(e(1+ 1)) < 6.

Lemma 1.26 (Empirical Bernstein inequality, Audibert et al. (2009)). Let (Uy)r>1 a martingale
difference sequence such that sp(U,) < c a.s., let U, := %ZZ=1 U, the empirical mean and V,, :=
%Zzzl(Uk —U,)? the population variance. Then,

V6>0,¥n>1, P(Z Uy > y/2nV, log(2) + 3clog(§)) <5.

k=1

Lemma I.27 (Bennett’s inequality, Audibert et al. (2009)). Let (U,);>o a martingale difference
sequence such that |U,| < ¢ a.s., and denote its conditional variance V, := E[Utzlﬁ’t_l]. Then,

V&6 >0,¥Yn>1, (EIk<nZU \ZZVIOg 1+l clog(%)) 5.
=1

Lemma I.28 (Lemma 3 of Zhang and Xie (2023)). Let (U,) be a sequence of random variables
such that 0 < U, <c a.s., and let 0, := O'(UO, Ui,...,U,_1). Then:

T—1
V6 >0, ( BZE[UtIﬁt_1]+clog(§))§5

t=0
T—1
V5 >0, (HTZO, E[U,|6,1]> 3 U, +clog(% ))35.

t=0 t=0

T |||‘\4H

Lemma 1.29 (Tails of Geometric Random Variables). Let (X;) a sequence of i.i.d. random variable
of distribution G(p), and let S,, := X, + ...+ X,, their sum. Then, forallc > 2 and t > 0,

P(S, > c(E[S,]+ 1)) < (1—p)‘ exp(—252),

Proof. This proof is standard and was found on math.stackexchange.com'. We rely on
Chernoff’s method as usual by using the Laplace transform E[e**i]. We have:

P(S, = c(E[S,] + 1)) < e==te=/p [ [E[e™].

. sXi1 — — 1;53 -1 1 —_1 —
We compute the Laplace transform of X;: E[e**i] = (1 > )™". Setting s = —= log(1—p), we
have exp(—sc) = 1— p. In the above formula, we readily obtain:

P(S, > c(E[S, ]+ 1) < (1—p)* exp(n( & —log(1—2)))

where a :=log(1—p) and b = 1 — (1 —p)'/°. We want that exponential to decrease quickly
to 0 with n, i.e., we want a/p —log(1 — b/p) < 0. By Bernoulli’s inequality, we have b =
1—(1—p)/*<p/c<p/2, hence b/p < % Moreover, for z € (0, %], log(1—2) > —z—22, hence

2 —log(l — —) %g log(3) < %(— + %)

clog(1—p) <
— =
7 —log(1— %) < 2(—c + 2). This concludes the proof. O

Finally, since a = log(1 —p) and b < p/c, it follows that § < —c, so we get

1 https://math.stackexchange.com/questions/110691/tail-bound-on-the-sum-of-independent-non-identical-geometric-random-variables
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Part 11

Minimax Optimal Regret in Average
Reward MDPs

This part is dedicated to the minimax setting (see Section 2.3). We start by discussing the
minimax lower bound of the regret in Chapter 4, and show that it scales with the span of the
bias function rather than the diameter, addressing an open question of Fruit et al. (2018). The
remaining chapters explain how this lower bound can be achieved with a tractable algorithm.
Chapter 5 studies by how much the gain of a policy or of a Markov decision process is subject
to change under modification of the reward function and transition kernel. It is a high level
discussion on the technique that such an algorithm should rely on and can be considered as
a friendly introduction to the heavier regret analysis of PMEVI in Chapter 7. Chapter 6 is an
introduction to the famous design principle known as optimism-in-face-of-the-uncertainty, suited
to the design of robust algorithms. We pinpoint a few holes in existing works and explain the
challenges faced by optimistic algorithms regarding regret, motivating the main components of
PMEVTI, the solution provided in Chapter 7.

The main target of this part is to explain the algorithm PMEVTI in Chapter 7 from my paper
Boone and Zhang (2024), written in collaboration with Zihan Zhang, which is a general solution
to the minimax regret problem. Its core component is an improved version of the Extended Value
Iteration (EVI, Auer et al. (2009)) subroutine that we call Projected Mitigated EVI, that can
replace EVI in every existing algorithms in the literature that relies on it, and make it minimax
optimal.

This part is an extended version of a paper written in collaboration with Zihan Zhang.

Boone, V. and Zhang, Z. (2024). Achieving Tractable Minimax Optimal Regret in
Average Reward MDPs. _eprint: 2406.01234

Chapter 7 is directly adapted from my paper Boone and Zhang (2024). Chapters 4 to 6
are an extended introduction to the ideas and the literature behind the algorithm presented in
Chapter 7. Chapter 4 is independent of the three other chapters. Chapter 5 presents a technique
and may be skipped. However, reading Chapter 6 is important to understand Chapter 7 fully.
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Chapter 4

Minimax lower bounds

The story begins with the number of samples required to determine the value of a function
correctly. Say that the system is characterized by an unknown parameter 6 € © C R? that can
only be observed up to noise by collecting independent samples X;,X5, ... drawn from a fixed
distribution v € 2 (R) of first moment 6. In addition to that unknown parameter, we are given
a family of functions f, : © — R indexed by labels ¢ living in a label space £. The very value of
0 is actually of little interest, because the true objective is to find an optimal label £* achieving:

Let us just assume that such a label exists and is unique. If ¥ has a second-order moment, a
natural approach is to estimate 6 by %(Xl +...+X,) and maximize fg(%(Xl +...+X,))forl € £.
If, by any chance, the functions f, are L-Lipschitz, then by the Central Limit Theorem, the proxy
fe(%(Xl +...+X,)) approximates f,(0) with an error of order o L/ +/n where o2 := E[(X; — 6)?]
is the variance on sampled values. A remarkable consequence of this qualitative result is that
if one label £ achieves f;.(0) < f,(6) + 1/+4/n, there are high chances for { to be mistaken for
the optimal label if we have collected less that o2L? samples of v. So, the required amount of
samples increases with L (the sharpness of deviations) and o2 (the noise on observations).

This construction is reminiscent of minimax lower bounds. Minimax lower bounds are
achieved at instances where the function to maximize is subject to sharp deviations and where
there are suboptimal labels with near-optimal values, i.e., suboptimality and optimality are hard
to distinguish. Regarding Markov decision processes, 6 will be the true model M = (%, p, r),
the labels are deterministic policies II, and the function to maximize is the gain g”. Then, a
small difficult problem can serve as a basic brick to construct artificially harder problems, simply
by merging several independent copies of the same basic bricks into a single one. Solving the
larger problem can only be solved by solving the inner sub-problems in parallel. Typically, such
problems are constructed by putting K copies of the same problem next to each other, where
in each, the optimal label is difficult to distinguish from the sub-optimal ones, but one of the
K copies holds an optimal label that is slightly better than all of its copies’. Henceforth, this
copying construction results in an instance with many symmetries, in which finding the optimal
label is like looking for a needle in a haystack.

The three emphasized terms are the three ingredients to make a minimax lower bound: find
a model with many symmetries, where sub-optimal policies are actually close to being optimal,
and where the gain is very sensible to kernel and reward perturbations.

49
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4.1 The variations of the gain function

The main difficulty of minimax lower bounds for Markov decision processes is to estimate how
the gain of a policy is subject to vary. This is usually done in an ad hoc way, i.e., a very specific
model is described and an explicit formula for the deviations of the gain is derived for this model
specifically. In this manuscript, we provide a general result to more generically design lower
bounds. Theorem II.1 below shows that the gain varies according to sp(h™).

Theorem II.1. Let M = (%, p,r) and M = (%, p, ) two Markov decision processes and fix
7 € IR a randomized policy. If sp(g™(M)) = 0, then

18"V = g™ (M)l oo < IF7 =" lloo + 3sp(R*(M)IP™ —p™ 1 (I1.2)

Proof. Let T > 1ands € & aninitial state. For short, let €™ := [|[#"—r"||, and eg =|p"—p"|;.

X T-1
(%) = Ef’M[ZRt]

=0

=E™M [TZ_: f”(St)]

t=

,_'
[y

T—-1
< Ef’M[Z r”(St)] +Ter
t=0
o T—1
V) N m m s
= E, ’M|: (g (S;)+ (eSr _p(St:At))h ) +Te,
t=0
@) .| =
< Tg"(s) +E§’M[Z((esm —B(SL AR + (B(S1,A) — p(S,AR™) | +sp(R™) + Te™
t=0

(§) T T T T Y
= T(g7(s) + €7 + Jsp(h™)eT ) + sp(h™)

where (1) invokes the Poisson equation g"(S,) + h™(S,) = r™(S,) + p™(S,)h™, (&) uses that
g™(S,) = g™(s) for all t > 0 and (§) that, if p,p’ € #(&) and u € R” then |(p’ —p)u| <
%sp(u)ll p’ —pll;. Dividing by T and letting it go to infinity, we obtain the desired upper-bound.
The lower bound is obtained similarly. O

The bound of (I1.2) is tight in general, for instance when p” is of full support, i.e., when
p™(s’|s) > 0 for all s,s" € . For simplicity, assume that 7 is deterministic, let s;, and s, two
states respectively minimizing and maximizing h"(s). Let a € {—1,+1}. Given €,,€, > 0, set

r"(s):=r"(s)+ae, and p"(—ls):=p"(—|s)+ a%ep(esmax — esmm). (I1.3)

Because p” is of full support, p is indeed a probability distribution provided that €, is small
enough. By following the computations of the proof Theorem II.1, we see that every inequality
becomes an equality, leading to §"(s) = g™ (s) + a(e, + %sp(h“’)ep).

Therefore, for all reward function r and all kernel p (up to uniform infinitesimal perturbation
to make if fully supported), the bound of (II.2) is the best possible bound for the £;-norm. It can
(and it will) be improved by using other distances or divergences. To design a tight minimax
lower bound however, the bound of (II.2) will be enough.
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4.2 Diameter, mixing time or bias span?

The historical minimax lower bound of Auer et al. (2009), +/DSAT, depends on the diameter,
while our gain deviation result (Theorem II.1) indicates that the gain varies with the span of
the bias function, hence suggesting that the dependency may be off. It is known, since (Bartlett
and Tewari, 2009, Theorem 4) at least, that a dependency in sp(h*) is more accurate than a
dependency in D because sp(h*) < D, see Proposition I1.2 below. Moreover, by looking at how
Auer et al. (2009) prove their lower bound, Fruit et al. (2018) makes the observation that the
“hard instance” that they provide satisfies sp(h*) = D, still leaving the possibility to replace D by
sp(h*). After all, a few algorithms have regret bounds depending on sp(h*) rather than D; but
either these have a priori information on sp(h*) or their regret depends on extra parameters,
or have sub-optimal dependency in sp(h*). Also, the diameter and the bias span are not the
only contenders at minimax regret lower bounds and many works provide bounds based on the
mixing time.

So, should it be the diameter, the bias span or the mixing time?

In Proposition 11.2, we show that the bias function is the best possible reference we can hope
for, because it is always smaller than the diameter and the mixing time.

We recall the definition of the mixing time below.

Definition II.1 (Levin and Peres (2017)). The mixing time t ;. of an ergodic Markov chain with
kernel P and invariant measure y is

tmix(@) :=inf{t >0:Vs € 7, |le;- P —pll; < 3a} (I.4)

for a= },r. The mixing time of a Markov decision process is the largest mixing time t,;,(7t) over all
deterministic policies 1 € TI.

Remark that it is finite only when all policies are aperiodic. The following result is a
combination of different sources Bartlett and Tewari (2009); Wang et al. (2022).

Proposition I1.2 (Bartlett and Tewari (2009); Wang et al. (2022)). The span of the optimal
bias function is upper-bounded by the diameter and the mixing time. More specifically:

(1) If M = (%, p,r) is communicating, then sp(h*(M)) < sp(r)D(M);

(2) If M =(Z,p,r) is ergodic, then sp(h*(M)) < 2||h*(M)||oo < 22Dt . (a; ) for all
bias optimal policy m*.

Proof. The proof of (1) below is simplified from the original source Bartlett and Tewari (2009).
Fix two states s;,5, € & and let 7 such that ES’T1 [75,] < 00. We have:

75,1 ) To,—1
0<ET| > a'(Z) | DET| D (8780 =2+ (es, — p(ZO)H)
t=0

t=0

#)
< sp(r)Eg [7,,]+h*(s1) —h*(s2)

where () follows from the Bellman equation and (&) from sp(g* —r) = sp(r). Accordingly,

h*(sy) —h*(s;) < sp(r)ES”1 [7s,]. Conclude by picking the optimal policy to travel from s; to s,.
For (2), refer to Wang et al. (2022). O
Wang et al. (2022) also points out that the bias span is strictly smaller than the diameter

and the mixing time in general, by remaining bounded while the other two explode to infinity,
see Figure 4.1.



52 Chapter 4. Minimax lower bounds

T, @
M@ we

Sp(h*) =D Emix SP(h*) = Cmix <D Sp(h*) 1LKDx= mix

Figure 4.1: Markov reward processes with various relationships between sp(h*), D and t ;.

Following Proposition I1.2, a bound depending on the bias span is far superior to a bound
depending on the diameter or the mixing time. But then, isn’t the v DSAT lower bound of
Auer et al. (2009) already showing that the lower bound is +/sp(h*)SAT? Yes, it does. Yet, this
answer is missing a big part of the story that can be summarized with the questions below.

Is the minimax lower bound +/sp(h*)SAT because it is ¥ DSAT for some instance
where it happens that the diameter and the bias span are of the same order? Or; is the
minimax lower bound +/sp(h*)SAT independently of the diameter? Is the diameter of
a Markov decision process really what makes it hard to learn?

This nuance is of utmost importance because the purpose of a lower bound is to describe what
makes a problem difficult. Claiming that the lower bound depends on the diameter, hence that
the lower bound depends on the bias, would mean what makes the learning problem difficult is
the diameter, which is by the way lower bounded by the bias span. What we show downstream
is the opposite. What truly makes the learning task difficult is the bias, and by the way, a few
models happen to have the diameter of the same order than the bias span, hence the regret
bounds for those depends on the diameter as well. A tangible example of such a model is the
hard instance provided in Auer et al. (2009).

It is worth pointing out that in the parallel world of probably approximately correct re-
inforcement learning (PAC settings), where the goal is to collect observations to output an
approximately optimal policy as fast as possible, the understanding of the dependency of the
lower bounds with respect to the bias function has seen recent enlightening advances. In PAC
learning, an algorithm is said (€, 6)-PAC if it outputs an e-gain optimal policy with probability
at least 1 — 6, and its sample complexity is the expected number of samples that the algorithm
requires. It is known since Wang et al. (2022) that the minimax lower bound on the complexity is
D|Z|e? log(%), and this sample complexity is achieved by Tuynman et al. (2024). An algorithm
with sample complexity t ;. |%|e™> log(%) is given by Wang et al. (2024). Wang et al. (2024) also
provides the lower bound sp(h*)|%|e ™2 log(%) on the sample complexity and this lower bound
is achieved by Zurek and Chen (2024) but there is a twist: sp(h*) must be fed as input to the
algorithm. Interestingly, Tuynman et al. (2024) shows that the lower bound sp(h*)|%|e 2 log(%)
cannot be achieved unless sp(h*) is known by the planner.

Even more interestingly, in opposition to PAC learning, no knowledge on the span of the
bias function is required to achieve minimax optimal regret.

These parallel works show that the optimal bias function and the diameter are objects of a
different nature and that the simple relation sp(h*) < sp(r)D is, if useful, actually misleading.
The bias function is more than a refinement of the diameter: It is a quantity that cannot be
estimated under noise (see Tuynman et al. (2024)). And yet, the true achievable minimax
lower bound depends on the bias function rather than the diameter.
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4.3 The bias span minimax lower bound

The most precise, “non-asymptotic”’, minimax lower bound that provided in this manuscript is
the following.

Theorem II.3. Let S € 3N, A> 3 and let & be the induced tabular structure. Let 2 < c¢ < d
and let T > %(%d +c+35—1)%+ ch(A&— 1). For all every planner (rt,) € MR(%),
there exists a model M" € (%) with sp(h*(M")) < ¢ and D(M") > d such that:

ECOM [Reg(T)] > 123 /3¢S(A—1)T —c. (IL.5)

In particular, if 4 (c,d) denotes the set of models such that sp(h*) < ¢ and D < d, we have
K(AM(c,00)\ A (c,d)) =Q(+/c) forall d > 0.

This makes the minimax regret Q(+/cSAT) independently of the diameter. If we refines the
notation .# (c, d) a little bit, Theorem II.3 shows that the minimax complexity (Definition 1.20)
of #([0,c],[d,+00]), the space of tabular models with bias span sp(h*) € [0, c] and diameter
De[d,+oo]is

K(4([0,c],[d,+00])) = Q(VcSA) (IL.6)

In comparison, Auer et al. (2009) shows that K(.#([0,d],[0,d])) = Q(+¥dSA). Our bound

(I1.6) strictly generalizes their because .#([0,d],[0,d]) € .#([0,d],[0,+0c0o]) and establishes

the claims upstream: The minimax complexity scales with the bias regardless of the diameter.
This whole section is dedicated to a proof of Theorem II.3.

4.3.1 Construction of a hard instance

The critical model M of Theorem I1.3 is found near a “hard instance” M. This “hard instance”
is obtained as a model where all pairs are weakly optimal, so that the first order regret is null
whatever the planner does. This model is full of symmetries and is designed so that the gain
deviation bound (I1.2) is tight. We consider an adequate state-action pair z that the learner
visits more rarely than others in expectation, then consider a small modification of M denoted
M? where z is slightly improved. Because M and M? are hard to distinguish, the planner will
behave similarly on both model with significant probability, hence has significant chances to
miss the optimal nature of z in MZ, hence have high regret in M?. The proof consists in making
all this precise.

We begin by describing the hard instance.

This hard instance is obtained by merging several “core” hard instances together. The core is
a three state Markov reward process described in Figure 4.2 which diameter and bias span are
of the right order of magnitude.

The perturbed core model introduced by Figure 4.3 is such that g, ~ % + %ec = % +sp(h)e
when € — 0, making the deviation gain bound of Theorem II.1 tight as motivated. To construct
the hard instance, the actions of the core instance of Figure 4.2 are first duplicated to form the
cluster instance, by multiplying the action (x) A—1 times from every state, resulting in a Markov
decision process M’ with 3 states and A— 1 actions per state. From the cluster instance, the hard
instance is obtained by duplicating the cluster into S individual copies M"®, ..., M/S/371),
later arranged in a torus using the reserved action (), as depicted in Figure 4.3. Formally, we
write s the state s € {0,1,2} of the cluster M'®. This last action (1) is a copy of (x) that,
instead of leaving the cluster M’ stable, goes to the next cluster M’(*1. Visually,

p(—Is@, ) := p(—Is"*, %), (IL7)
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@@1+e %e@_j@
1—%—6 1_%

Figure 4.2:  (To the left) The core of the hard instance parameterized by 0 < ¢ < d. It

is a three state Markov reward process with diameter 2d + ¢ and bias span %c. Its gain is

g= (%, %, %), bias h = (—%C,0,0) + Ae and invariant measure is u = (%, %, %). (To the right)
. s e _ 3 14+ec 3 1+ec 3 l+ec .

The e-perturbed core of the hard instance. Its gain is g. = (53752, 3379> 5 352 ) and bias

h, = (—=2_,0,— L) 4+ Ae.

6+4ec’ V> 6+4ec

On Figure 4.3, we see that playing () from state 1 in cluster i behaves similarly to playing ()
from state 1 in cluster i + 1. The resulting model has bias and diameter of the desired orders.

Figure 4.3: The hard instance is obtained by arranging multiple cluster instances (Figure 4.2)
in a torus. Its per-state optimal gain is g = % Whatever the cluster i, the optimal bias vector is
h; = (—%c, 0,0) + Ae, where A doesn’t depend on i.

4.3.2 A few properties of the hard instance
The constructed hard instance has bias span and diameter of the required orders.
Lemma II.4. Consider the hard instance M as given by Figure 4.3 with parameters c,d > 0. Then:

(1) Every policy is bias optimal on M;
(2) sp(h* (M) = 3¢;
(3) 2d+c<D(M)<2d+c+35—1

These assertions follow immediately from the construction of M and the numerical properties
of the core instance as described in Figure 4.2. The minimax lower bound is established by
looking at the regret of planners on small perturbations of the hard instance M. Given a
perturbation € > 0 and a pair z = (09, a) € % with a # (1), the (e, z)-perturbed model is
the modification M? of M obtained by changing p(09 a) to the e-perturbed version of the
core instance as described by Figure 4.2, i.e., pi(—lO(i),a) = p(—|09D, @) + e(e;) — egw). The
perturbed model has the following properties.
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Lemma II.5. Given a perturbation € > 0 and a pair z = (09, a) € % with a # (1), the (e, 2)-
perturbed hard model satisfies:

(1) sp(h*(M?)) < sp(h*(M)) <10(2d +c + %S —1)c - € provided that € < (2d + ¢ + %S -1k
(2) D(M?)=d.

Proof. Fix 7 a bias optimal policy of MZ. We see that 7 can be chosen unichain, playing z from
09, playing any (x) action from 19,2 and (1) from every other. In M, this policy is bias
optimal, with bias h*(M). Invoking Lemma I11.43, we have:

IR*(MZ) =R (M)l oo < (2D7(MZ)sp(h™(M)) + 3sp(hT(M)))lIpZ —pl; (11.8)

where D™ is the policy diameter of 7 (see Definition I11.8) and hT is the first order bias (see
Definition 1.10). By definition, ||[pZ —p||; = 2¢. Using Lemma II1.43, we have D"(M?) < 2D™(M)
provided that 2e < W. Using Lemma II1.38, we have sp(h7(M)) < 2sp(h™(M))D™(M).
Moreover, expanding the definition of D™(M), we find D™(M) < 2d + ¢ + %S — 1. All together,
we get

IR*(MZ) —h*(M)lloo <5(2d +c+3S—1)c- € (1.9)

provided that € < (2d + ¢ + %S —1)7!. This proves (1). Assertion (2) is immediate. O

In particular, the diameter of M? is of the right order and its bias span is h*(M) + O(e) =
%c + O(€e) when € — 0, hence is of the desired order as well. For € < %r -(10(2d + C%S —-1)),
we obtain sp(h*(M?)) < %c.

4.3.3 Proving the minimax lower bound: Proof of Theorem II.3

Consider an arbitrary planner (7t,) and consider the model M described in Figure 4.3. By
construction, M is a concatenation of £ cluster instances M"©, ..., M"/371) and the states of
M can be split into three categories %, &, % with

& ={i":je{0,1,...,1S}}. (11.10)

That is, & is the collection of states 0 of the clusters, etc. Given %’ C &, we denote N (&) :=
Zsey/ Ny (S)

The idea of the proof is to improve a pair that the planner visits poorly. By symmetry, there
must be a cluster i and an action a € ./ \ {1} such that E")M[N,(09), a)] = O(%L\), see (STEP 1)
with (I1.11). This poorly visited pair is denoted z and we consider all (€, z)-perturbed models for
some € > 0 to be tuned later on, where z is made better than every over pair in the model. So,
in M?, a good planner must play z as often as possible. Indeed, with (STEP 2) and (11.13), the
regret of the planner is shown to be directly linked to the number of times z is pulled. However,
if € is small enough then M? and M are pretty much indistinguishable, and the planner will
behave very similarly under M and M?. This is formalized with a change of measure argument
in (STEP 3) with (11.15), relating E")M:[N,.(2)] to E")M[N,(z)]. By choice of z, we argue
that for e = ©(y/SA/(cT)), we have EFOM[N,.(2)] < %T that, combined with the regret lower
bound of (STEP 2), is enough to conclude that E*)"M:[Reg(T)] = Q(+/cSAT) for this choice of
€, see (I1.18).

(STEP 1) We have E"OM[N,. ()] = %T + O(1) and there exists s € Sy as well as a € ./ (s) \ {1}

such that:
T 3D(M)

S(A—-1) SA-1)

ECOMINL(s,a)] < (I1.11)
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Proof. By construction, the invariant measure of every policy satisfies u(%) = u(#) = u(H).
Consider the reward function f (s, a) := 1(s € %) tracking the visits of . Let g/, h/, A/ the
optimal gain, bias and gap functions of the Markov decision process obtained by changing the
reward function to f; The associated optimal policy 7/ is maximizing its number of visit counts
on . We see that g/ = %e and Af > 0." Let C := sp(h), that satisfies C < D(M) from
Proposition II.2. We have:

EUOMING ()] = E(“f)’M[T 1f(Zt)]
—
- E(“t)’M[ (&7(8) +(es, —p(zI)H — Al (2,))
t=0 -
< %T+C—E|:2Af(zt)] <lric (IL.12)
t=0

Similarly, by considering the Markov decision process obtained by changing the reward function
to —f and mimicking the above rationale, we show that EF)M[N.(%)] > %T — C’ for some
C’ < oo, that we can assume smaller than C up to increasing C. This proves the first half of the
claim. For the second half, we continue from (II.12). Because || = %S and EFOMNL ()] =

Zse % E(FM [N7(s)], we deduce that the state s € %, which is the least visited in expectation is
such that EFM[N,(s)] < % + % From this state s = 0, there are A— 1 copies of of action (x)
and since E"OM[N,.(s)] = D e (s) EOMN..(s,a)], the least played (x) action from s satisfies
the claim. O

(STEP 2) Denote z the pair (s,a) introduced by (STEP 1), see (11.11). Modify M to M? by
changing p(09, a) to the e-perturbed version as represented in Figure 4.2, i.e., pZ(—lO(i), a):=
p(—109 a) + e(eyw — egw ). We have:

€c
4ec+3

EC M [Reg(T)] > (T — (3 +2ec)E™ M [N..(2)]) —c. (I1.13)
Proof. This modification introduced in M? improves the pair z = (09, ), making action a strictly

better than any other from 01). We see that g*(M?) = 25 Let i’ the policy picking the

action T from every state. Since M and M? are identical on £ \ {z}, we find g“T(Mez) = g”Ai‘(M )

and k™ (M?) = K™ (M). Moreover, we know that 7" has null gaps on M, hence it has null gaps
on M? excepted at z, where a straight forward computation shows that

A"T(z;M:)z—%ec. (I1.14)
Following this, we find

(—) := E") M [Reg(T)]

T—1
= EmMe [Tg*(Mi) - ZRt]

t=0

T—1

= (M |:Tg*(M§) = > (87 (S0 M)+ (es, = p2(ZI)R™ (M) — A™ (Z,; M)
t=0

® T-ec

>

m,.),M? 1 mf
> 4ec+6_E( WE[Np(2)] - zec —sp(h™ (M)

Actually, we can show that A/ = 0 by using the many symmetries of M.
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where (§) unfolds the deﬁnition of both gain values and invokes (I1.14) . Rearrange terms and
conclude using that sp(h™ (M)) = sp(h*(M)) = %c <c. O

(STEP 3) Forall e > 0and T > 0, we have:

EM:[Np(2)] < EM[Np(2)]+ 2T -EY[Np(2)IKI(L, L + €) + EM [Ny (2)]4/2TKI(2, L +€) (11.15)
where we have removed the dependency on the planner (7,) to lighten up notations.

Proof. By Lemma 1.18, we have:

KI(FEM [Ny (2)], $EV[N7(2)]) < D EM[Ny(s,a)] KL(M(s, a)||MZ(s, )

(s,a)eZ
= EM[N;(2)] KL(p(z)IIpi(z))
=EM[Np(2)] kI(, L +¢).

c’c

Using the numerical inequality kl(p,p + €) > #ie) that holds for p > 0 and € > 0, from the
above follows that if EM<[N;(z)] > EM[N,(z)], then

(LEM [Ny (2)]— 2EM[N;(2)])" < 2E™[N;(2)]- EM[Np(2)IKI(L, L + €).

c’c
This is an equation of the form (x — a)? < Bx, that solves as x < a+ 5 + v/ af3. ]

We have everything we need in order to conclude. In view of (I1.13), the regret on M: is
large if T — (3 + 2ec)E™ M [N, (2)] is large. Given A > 0, we look for a sufficient condition on
e (possibly asymptotic with respect to T) such that E®M[N.(2)] < (1—A)T. Invoking (11.15),
a sufficient condition is:

(3+ 26C)(EM[NT(2)] +2T -EM[N;(2)IKI(2, 2 + €) + EM[N7(2)]4/2TKI(2, L + € ) <(1-MT.

The informational terms kl( = + e) are simplified to polynomial terms by using that Ve <

$,kI(3, 1 +€) < 3ce?? Invok1ng (11.11) to further upper bound EM[N;(2)] < S(A—l) + S(A 5y and
changmg 3+ 2ec to 4 (holding for € < c, we obtain the sufficient condition
24T (T +3D)c - €2+ 4v6(T +3D)VTc - e < S(A—1)(1— )T (I1.16)

which is quadratic in € € (0, % A %c). With a bit of algebra that is not very interesting, and using
S(A—1) =6, for T > 3D, it is natural to choose A = %, and the condition (II.16) is simplified to
the sufficient condition:

S(A—1)

1
eE< = \| —=. I1.17
6 cT ( )

Following (I1.17), we set € := %\/ S(f_l), and we have T — (3 + 2ec)E"MN,(2)] > %T.
Injecting in (II.13), we obtain:

. 1 ®1
ECOM: [Reg(T)] > — T —¢ > s V/eS(A=1)T —c (IL.18)

4ec+33

where (§) holds for T > cS (A—1). We finally change the dependency on ¢ by a dependency
on sp(h*(M?)). By Lemma 1.5 ife < 1 -(10(2d +c+ S 1))7!, then sp(h*)(M?) < c This
condition on € corresponds to T > %(Zd +c+ 3S —1)?, concluding the proof. [ |

2t is shown using the integral formula kl(p,p + €) = foe o +x)x2 dx.

(1—p—x)



Chapter 5

Interlude: A story about the
deviations of the gain

Is the minimax complexity truly +/sp(h*)SAT? This manuscript is unfortunately short of an
answer. What will be shown nonetheless, is that a regret of order +/sp(h*)SAT log(T) can be
achieved. Whether the logarithmic factor is mild or not remains an open question that has
actually never been approached to begin with in the literature on Markov decision processes.

In this chapter, we display a technique and explain why this technique is mandatory.

This technique is usually referred to as the “variance reduction method” in the literature
Azar et al. (2017); Kakade et al. (2020); Lattimore and Hutter (2012); Munos and Moore (1999),
first introduced in the discounted reward setting where the objective function is E[Zf:o Y'R,]
instead. It has become an inevitable tools since in broader settings, including our own. Its
adaptation to undiscounted infinite reinforcement learning goes back to Fruit et al. (2020);
Maillard et al. (2014); Talebi and Maillard (2018) and the manuscript of Fruit (2019) provides
interesting insight on the technique. The nearly minimax optimal planner that we describe in
Chapter 7, PMEVI, is inspired from EBF of Zhang and Ji (2019), that also relies on the variance
reduction method to obtain nearly optimal regret bounds. In essence, the technique is used to
control by how much an additive function of a Markov chain drifts away from its expectation,
and is applicable to our reinforcement learning setting, but also in PAC learning for undiscounted
infinite horizon problems Zhang and Xie (2023); Zurek and Chen (2024), finite horizon minimax
regret problems Azar et al. (2017); Efroni et al. (2019); Li et al. (2020); Zanette and Brunskill
(2019); Zhang et al. (2021, 2020), discounted PAC learning Li et al. (2021) and more.

5.1 Deviations of the gain of a fixed policy

If an algorithm has regret guarantees of order 4/sp(h*)SAT, the algorithm must gather enough
information to estimate optimal policies on the fly. Although regret minimization do not require
the algorithm to certify that the deployed policy is optimal, the algorithm cannot successfully
deploy optimal policies without having some hidden driving mechanism that guarantees that
these policies have high gain. In a dreamed world, we may assume that the algorithm has T
samples for every state-action pair. Given this unreasonable amount of information, to which
precision is the algorithm capable of recovering the gain of a policy?

For simplicity, assume that the reward function is known and that only the kernel are to
be learned. If the algorithm has n samples for every state-action pair, then by denoting p,, the
empirically observed kernel,’ Weissman’s inequality Weissman et al. (2003) (see Lemma 1.23)

Yi.e., p,(s’ls,a) is proportional to the number of times the transition (s, a,s’) has been observed.

58
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states that |[p,(z) —p(2)|l; S v/S/n. So, following the gain deviation inequality in £;-norm

(Theorem II.1), we have:
N hm)2
&™)~ g™ (Ml 5 \| 2ELE (L

and the bound is optimal. There are at least two problems with this bound. First, the dependency
in sp(h™) is off. Second, there is an extra S. The take-home conclusion of (II.1) is that if one
estimates the error of the gain with a ¢,-norm bound, it shouldn’t be possible to obtain better
regret than 4/sp(h*)2S2AT; This is the regret guarantees of UCRL2 Auer et al. (2009) and REGAL
Bartlett and Tewari (2009) that indeed relies on Weissman’s inequality to estimate the error on
the estimated kernel.

From this example, we see that we can trace back the gain deviation inequality (of the type
of (I1.1)) used by a method by looking at its regret bound, with the following principle:

If a method achieves a regret of order 4/ f (M )SAT, then it must indirectly prove an
inequality of the form [|g*(M,) — g*(M)lleo S v/F(M)/n.

This also works in the other direction, and an inequality of the form ||g*(M,) — g (M)|loo S
v f(M)/n will definitely help to show a regret bound of order +/f(M)SAT. To start with,
we focus on the estimation of the gain of a single policy, or, equivalently, that the Markov
decision process is a Markov reward process. In this section, we will first focus on how to get
optimal dependency on sp(h*). The dependency in S is another matter which is related to the
construction of confidence regions rather than to the deviation of the gain function.

Important remark. In the remaining of the paragraph, we consider Markov reward
processes rather than Markov decision processes. The reward vector r is fixed and we
focus on the sensibility of the gain function g on the kernel p. Therefore, we write g(p)
rather than g(r, p).

5.1.1 The Azuma-Hoeffding bound

Denote p the kernel of the policy and assume that p, is the empirical estimate of p obtained
by collecting n independent samples of every p(s), s € &. The gain under p, p,, for the same
reward vector r are denoted g(p) and g(p,,) respectively. To relate g(p,) to g(p), the inequality
that powers methods like UCRL2 Auer et al. (2009), REGAL Bartlett and Tewari (2009) or
KLUCRL Filippi et al. (2010) in the background is Azuma-Hoeffding’s inequality Azuma (1967)
(Lemma 1.19), stating that, for all vector u € R”, we have:

2
Vse#,Vn=>1,Yx >0, P((p,(s)—p(s)u>x)< eXp(_SiTE;C)z)' (11.2)

In other words, Azuma-Hoeffding’s inequality states that (p,,(s) —p(s))u is %sp(u)z—sub—Gaussian
(see Boucheron et al. (2013)). Written in terms of error range, we find that (p,,(s) —p(s))u <

sp(u)4/ % log(%) with probability at least 1 — 6. Motivated by the Azuma-Hoeffding’s style
inequality (I1.2), we have the following proposition.

| Proposition I1.6. Consider two policy kernels p (empirical estimate) and p (true kernel).
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Assuming that (p(s) — p(s))h satisfies the single-sided Azuma-Hoeffding’s style inequality:

sp(h)?¢
2n

(p(s) —p(s))h < (I1.3)

where n,{ > 0 are constants and h = h(p). If g(p) € Re then the gain under dynamics p is

upper-bounding as:
A sp(h)2¢
gB) < g(p)+ \ —pz (IL.4)
n
sp(h)*¢

In particular, if n = =55—, then g(p) < g(p) +e.

Proof. The expectations under p, p are respectively denoted E[—] and E[—]. We expand the
regard with h(s) = r(s) — g(s) + p(s)h, where g and h are the gain and the bias vectors under
the dynamics p. We have:

T—1 T—-1
E[Z r(St)] = ﬁ[Z(g +h(st)—p(st>h)]
t=0 t=0 -
=Tg+ E[Z(esm —p(St))h]
t=0

T-1
= Tg +E[h(Sp) —h(Sy)]+ E[Z(p(st) —p(st))h]

t=0
Q 1g +B[A(S)) —h(S)]+ T\ Sp(zhn)ze

where (%) is obtained by (II.3). Divide by T and let it go to infinity. O

We immediately see that the dependency in sp(h*) is sub-optimal. This is because the
Azuma-Hoeffding bound of (p,, — p)u looses information on higher moments of (p,, — p)u that
help to carry information from a state to another, that appear crucial in this setting. We need
something that is more refined. This is where the variance reduction method kicks in.

5.1.2 The variance reduction method and the Berstein bound

The insufficient (II.2) is replaced by a variance-aware inequality. Freedman’s inequality Freedman
(1975) (Lemma 1.20) states that, for all vector u € R”, we have

2

Vse #,Yn=>1,Vx >0, P((p,(s)—p(s)u>x)< eXp(_Zn(xsp(u))C+V(p u)))' (I1.5)

This means that the tails of (p,(s) — p(s))u are sub-exponential for large x and %V(p, u)-sub-
Gaussian for x in neighborhood of 0. This bound can equivalently be written as (p,, —p)u <
\/ %V(p, u) log(%) + %sp(u) log(%) with probability at least 1 —6, and is more commonly referred
to as Bernstein’s inequality Bernstein (1924). When n is large in front of log(%), this bound is

much sharper than Azuma-Hoeffding’s inequality.” By using this inequality, Proposition I1.6 is
improved.

2This is only true if n > log(%), otherwise Azuma-Hoeffding’s inequality is preferable.
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Proposition II.7. Consider two policy kernels p (empirical estimate) and p (true kernel).
Assuming that (p(s) — p(s))h satisfies the single-sided Bernstein-style inequality:

(b(z)—pE)h <\ Ve ;h)e + Sp(:)e, (IL6)

where n,{ > 0 are constants and h = h(p). If g(p) € Re then the optimal gain under p is

upper-bounded as:
sp(h)¢ 2sp(h)¢
8(5) < g(p)+ T 4\ 2RI @)

In particular; if n > (52_2 + %)sp(h*)é, then g(p) < g(p) + 2e.

Proof. The strategy starts similarly as in Proposition 11.6. The expectations under p,p are
respectively denoted E[—] and E[—]. We expand the aggregate rewards with h(s) = r(s) —g(s) +
p(s)h, where g and h are the gain and the bias vectors under the dynamics p. We have:

T—1 T—1
E[Z r(st)] = E[Z(g +h(s,) —p(st)m}
t=0

t=0
T—1

=Tg+ E[Z(esm p(S, ))h}

t=0
—1

= Tg +E[h(So) —h(S7)]+ (B(S)—p(S, ))h]

T: 1
< Tg+ BIA(S;) —h(s)] + [ | R ] + T2

t=0

Tsp(h)t

D T—
< Tg +E[h(Sp) —h(Sp)] +E \JT— ZV(p(S Lh) |+
no=o

Qg + BIA(S,) — h(sT)]+JT7£ E[ZV(P(S ) h)] Tsprfh)g

where (x) follows by (I1.6), (1) invokes Cauchy-Schwartz’ inequality, and () 1nvokes Jensen’s
inequality. We now have to deal with the expected sum of variances E[Zt 0 V(p(S ),h)].

Using Bellman’s equation again: V(p(s),h) = p(s)h? — h%(s) + 2h(s)(r(s) — g(s)). Using that
sp(h?) < sp(h)? and sp(r — g) < 1, we get:

T-1
E[Z V(p(S,), h)] < sp(h)? +2Tsp(h).

t=0
Plug it in the previous equation, divide by T and let it go to infinity. O

We obtain an optimal dependency in sp(h). If the support of p is moreover the same as p, or
more generally if the recurrent states under p are a subset of those of under p, we change sp(h)
for the span of the bias truncated to the recurrent states of the policy, leading to improved bounds
for unichain policies. Proposition II.6 and Proposition I1.7 are both given as upper bounds, but
lower bounds can similarly be established. In the end, the bound based on Bersntein’s inequality
(Proposition I1.7) provides deviations of the gain of a policy of the range of 4/sp(h™)/n.
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5.2 Deviations of the optimal gain of a Markov decision pro-
cess

If the bound of Proposition II.7 is tight and the gain of a policy truly varies with 4/sp(h™) then

we are in trouble, because the gain of the policy with the highest bias span is then difficult to

estimate. Then minimax lower bound requires to make everything depend on sp(h*), hence
the variations of the gain of every policy must inevitably be controlled with respect to 4/sp(h*)

rather than 4/sp(h™). Thankfully, there is the following remarkable result.

Proposition I1.8. Consider a communicating Markov decision process M = (%, p,r) and
let p another kernel. Under the assumption that (p(z) — p(2))h* satisfies the single-sided
Bernstein-style inequality:

((2) — p())h*(M) < \ Ve (23’ e, Sp(:*)g (IL8)

where n,{ > 0 are constants, then the optimal gain under p is upper-bounded as:

(1 B) < g (M) + 3SP(f2f;(M)) +,' ZSp(h’;(M ))13_ (11.9)

In particular, if n > (62—2 + %)sp(h*)ﬂ, then g*(r,p) < g*(M) + 2e.

I have claimed earlier that a method achieving a regret of order 4/sp(h*)SAT must indirectly

prove an inequality of the form ||g*(M,)—g*(M)lleo S +/sp(h*)/n. The proof of Proposition I1.8
was actually extracted from the regret analysis of EBF of Zhang and Ji (2019), which was then
the only algorithm achieving minimax optimal regret, and can be thought as a heavily simplified
regret analysis. Also, this proof is a good entry to the ideas behind the regret analysis of PMEVI.

Proof. We expand the reward again via the Poisson equation h*(s) = r(s,a) — g*(s) + p(s,a)h* +
A(s, a). Using this, we obtain:

T-1 T—1
E[Z r(zt)} B Eﬁ{z(g*(sr) +h(S) —p(ZOh" —A*(zt))]
t=0

t=0

T-1
=Tg" + ﬁﬁ[Z(h*(Sf) —p(zt)h*)}

t=0
T—1 T—1
- ﬁﬁ[Z(ﬁ(zg —p(zt))h*] — E[Z A*(zt)]
= ) T—1 7 ) T—1
< Tg" +sp(h") + ﬁ"[Z(fa(zt) —p(zf))h*] — ﬁ“[z A*(zt)].
t=0 t=0

This is quite important not to throw again the negative term ﬁ‘.“[zttol A*(Z,)] that will cancel
out an important term shortly. We expand (p(Z,) — p(Z,))h* using the assumed Bernstein-style
inequality (p(Z,) — p(Z,))h* < v/V(p(Z,),h*)¢/n + sp(h*){/n, leading to:

. T—1 h* . T—1 h* )¢
g ;O(ﬁ(z[)—p(zt))h*]ﬁp( Rl +En[;%wp(z’?, ) J
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% T—1 %
n =0 n

n n

% T—1
© sp(h)T¢ +\l T¢ ﬁﬁ[ZV(p(Zt), h*)]
t=0

where () follows from Cauchy-Schwartz’ inequality and () from Jensen’s inequality. We again
have to control the term ﬁ”[zttol V(p(Z,),h*)]. Using the Poisson equation again, we have:

V(p(s,a),h*) = p(s,a)h*? —h*(s)? + 2h*(s)(A*(s,a) + r(s,a) — g*(s)).

Therefore, and using sp(h*?) < sp(h*)?, we get:

-1 1
E* [Z V(p(Z,), h*)] < sp(h*)* + 2Tsp(h*) + Zsp(h*)ﬁﬁ[z A*(Zt)],

t=0 t=0

All together, we have:

Tg*-f- sp(h;)TZ +T /ZSp(nh*)l

T—1
Eﬁ[z r(Zt)] < VT IS A ][50 @) (1.10)
- /T 202 4 p(r)

Denoting x := ﬁ“[ZtT:_Ol A*(Z,)], we get an equation of the form ﬁ“[zttol r(Z)]<Ta(T)+
B(T)VTx — x where the values of a(T) and 8(T) should be readily obvious. Straight forward
analysis shows that B(T)vTx —x < %ﬁz(T)T, therefore, by dividing by T in the above and
letting it go to infinity, we get:

. 3 * *
gt < gt sp(h*)¢ L1 2sp(h )E'
2n n

To conclude the proof, observe that 3sp(h*){/(2n) < € is equivalent to n > 2?’—Esp(h*)€, while
v/ 2sp(h*){/n < € is equivalent to n > e%sp(h*)ﬁ. So, if n > (% + 2%)sp(h*)é, both are satisfied.
This concludes the proof. O

This result is remarkable for the following reason: Whatever the policy, under kernel
perturbation, its gain cannot move to much beyond the optimal gain with respect to 4/sp(h*)
rather than 4/sp(h™). In opposition to the single policy results Propositions I1.6 and 11.7, the
proof technique of Proposition II.8 cannot be used to show that g"(p) = g™(p) — O(+/sp(h*)/n)
and this is actually wrong. However, if policy is a bias optimal policy and if (p(z) — p(z))h* >
—+/V(p(2),h*)/n—sp(h*)¢/n, Proposition 1I.7 can be adapted to show that g"(p) = g™(p) —
O(4/sp(h*)/n). In other words, all bias optimal policies of M are nearly optimal in (7, p).

The technique used in the proof of Proposition I1.2 is, to some extent, a prototype version
of the regret analysis of PMEVI. In (II.10), we observe the presence of x = Zth_Ol A*(Z,) with
is nothing less than the first order regret induced by iterating that policy, and we already see
appear an equation mixing x and /x where we show that the term 4/x is negligible and can be
ignored. This kind of argument will come back in the analysis of PMEVT.

Corollary I1.9. Consider a communicating Markov decision process M = (%, p,r) and let p another
kernel. Under the assumption that (p(z) — p(z))h* satisfies the two-sided Bernstein-style inequality:

(5(2)— pNhr )] < \| (i} Rt SP(Z*V win
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where n,{ > 0 are constants, then the optimal gain under p satisfies

I8"(r 5~ g (WD)l oo < ZEE I, 5y ZoPUTGLE (1L12)

Also, if n > (62—2 + 2%)sp(h”‘)ﬂ, then ||g*(r,p) — g*(M)|| oo < 4€ and all bias optimal policies of M
are 4e-gain optimal in M = (r, p).

5.3 A few comments on the optimality of these bounds

Corollary I1.9 convey the main message and illustrate the technique behind the heavier proof
of PMEVI in Chapter 7. However, much more could be said about gain deviation bounds. For
instance, sp(h*) could actually be changed to the span of the bias function truncated to the
recurrent states of the optimal policy. Actually, the dependence of all these bounds in +/sp(h)T

can be improved to \/ T > u(s)V(p(s), h) by avoiding to expand the sum of variances. The
displayed technique can also be adapted to bound the deviations of Zth_ol R, in high probability
and leads to similar bounds. In this direction, Freedman’s inequality (Lemma 1.20) together
from ideas of the original works of Freedman (1975) lead to an iterated logarithm law for
aggregate rewards and central limit theorems. Concerning the way h*(M) may be used to
bound the gain deviations of all policies, it is likely that a few interesting points are still to
be understood. However, the fixed policy setting is morally dealt with, because it is about
the asymptotic behavior of additive functionals on Markov chains and this problem has been
intensively investigated. As an entry point to this literature, one can go through the works of
Maxwell and Woodroofe (2000); Peligrad (2020) about central limit theorems on ZtT:_Ol R, and
explore the neighborhood literature.




Chapter 6

Optimism in the face of uncertainty

The nearly minimax optimal algorithm presented in this chapter belongs to a large family of
algorithms that follow the optimism-in-the-face-of-uncertainty principle (OFU), stating that
whenever one lacks clear evidence to determine the value of something, this value should be
estimated as high as statistically plausible; In other words, be optimistic about the so-called
value. The term value is purposely vague as there are multiple way to implement optimism,
the kind of objects that are attached a value, or the very nature of this value. To give an idea
of why optimism is a natural approach to regret minimization, let me provide a variant of the
motivation of Lattimore and Szepesvari (2020) that people that know me will recognize.

Say that you wander in a city, looking for the best place to drink a coffee. Although Google
Maps provides prior information on the coffee that you will get, it is only by going at a coffee
shop that you may know if the place suits you. And yet, your experience is subject to stochasticity,
as the music can be trapped in the worst part of the playlist, the current coffee brew may not be
to your taste, today’s sweets may not be to your liking or a bunch of children may have decided
to investigate the place. Nonetheless, some coffee shops are better than others, depending on
how much the baristas are coffee nerds, the skills of the cake baker, the location or whatnot. By
being optimistic, you will try most of the places downtown several times, and progressively have
a better and better idea of the place that suits the best, so that you can progressively be less and
less optimistic and spend most of your time in your favorite coffee shops. By being pessimistic,
you will try a few places until you find one that meets your basic requirements, and are very
likely to completely miss the place that would have been the best. You may even flag as bad a
place that is actually great, just because the only time you tried it, you had a worse experience
than what the place usually offers.

How much should you be optimistic depends on how much you are sensitive to the coffee’s
quality (i.e., the cost of a suboptimal action) but also on how much you dislike changing places,
especially during summer (i.e., the cost of switching strategy). The second point is already a
difference with the book of Lattimore and Szepesvari (2020), because it means that we absolutely
want to avoid changing strategies too often.

Important remark. Optimism is not the only way. The main challenger to optimism is
posterior sampling, where in face of several possible strategies, you pick one propor-
tionally to how much you believe this strategy is likely to be optimal. This line originates
from repeatedly rediscovered work of Thompson (1933) which is originally a learning
algorithm for multi-armed bandits. A few variants exist for Markov decision processes,
including PSRL of Osband and Roy (2017); Osband et al. (2013), TSDE of Ouyang et al.
(2017) and Optimistic-PSRL Agrawal and Jia (2023). The ideas of posterior sampling
are very promising and do seem, to my taste, to be largely under explored in undiscounted
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infinite horizon reinforcement learning.

6.1 Confidence regions and policy-wise optimism

Perhaps the first algorithm to implement the idea of optimism in the multi-armed bandit setting
is the seminal paper of Lai and Robbins (1985) and optimism is already present in the paper of
Burnetas and Katehakis (1997) on ergodic Markov decision processes. The algorithm PMEVI
presented downstream relies on a policy-wise optimism that can be given credit to UCRL2 of
Auer et al. (2009), at least in its current form. The idea is that at a given time, the planner will
choose which policy to play based on the maximal plausible gain of that policy. This maximal
plausible gain is will referred to as the optimistic gain of the policy and depends on how the
planner shapes their uncertainty; Namely, on the confidence region built for the hidden model
M. This confidence region .#, is built out of the current observations O, := (Sy,Ag, Ry, - - -, S;)-
The optimistic gain of policy 7 is computed as the largest achievable gain g™ (M) for M € ., .

Definition II.2. For 7t € I}, the optimistic gain of 7 on 4, is the vector g"(.#,) € R”
given by: _
g™ (s; M) := sup g"(s; M). (I.1)

Me.#,

The optimistic gain is max,, g"(,).

These optimistic gains will be later rewritten as optimal gains of well chosen models.

The general architecture of policy-wise optimistic algorithms is given with Algorithm II.1.
Over time, the planner maintain a current policy ©* that is used to pick actions until it is
decided obsolete and is renewed. The time segment {t,..., t;,; — 1} on which this policy is
used is referred to as an episode. The test (on line 3) deciding whether a policy should be
changed or not is the episode rule. When the policy is changed (on line 4), it is picked as a
policy maximizing the optimistic gain from the current state; We say that the planner picks an
optimistic policy. This choice may not be unique, especially when information is lacking in the
early learning phases, and ties are broke according to the tie breaking rule.

Algorithm II.1 The architecture of policy-wise optimistic algorithms.

1: k « 0, initialize 7°;
2: fort=0,1,...do

3:  if current policy 7¥ is obsolete then
k

4: n° « argmax, g"(S,; M,);
5: k—k+1;

6: tp < t;

7. end if

8: T, < TL'k;

9:  Iterate m,, i.e., play A, ~ m,(—|S,), observe reward R, and transition S, ;;
10: end for

As discussed in Bourel et al. (2020); Fruit (2019); Fruit et al. (2018), breaking ties by
randomizing the policy is usually a good choice because ties usually happens in the early phase
where exploration must be prioritized. Apart from tie breaking, policy-wise optimistic algorithms
have two essential elements of design.

(1) (Confidence region) The choice of confidence region .#,; and
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(2) (Episode rule) The way policies are terminated, i.e., episodes ended.

The choice of confidence region has a direct impact on the regret. If too loose, the algorithm will
be over-optimistic and play suboptimal policies for longer times than required; If too narrow, the
algorithm will be under-optimistic and has non-negligible chances to utterly miss the optimal
policy and commit instead to playing a suboptimal policy. The choice of episode rule is also
important, but do not need careful tuning to achieve minimax optimal regret. It plays a different
role that will be discussed in Part IV.

So, how should be the confidence region be chosen?

6.2 Extended MDPs and Extended Value Iteration (EVI)

Behind the choice of the confidence region hides a significant difficulty. How should the optimistic
policy be computed (at line 4)? A few works, such as Bartlett and Tewari (2009); Zhang and
Ji (2019) avoid the question and make use of oracles to extract optimistic policies from their
confidence region. If the confidence region has a specific form however, optimistic policies can
be computed with a variant of Value Iteration (Algorithm I.1) since Nilim and El Ghaoui (2005).

Definition II1.3 (Nilim and El Ghaoui (2005)). A confidence region .#, is said rectangular or
in product form if it can be written as M, = [ |,c,(%,(2) x 2,(2)), where %,(z) € R and
P (2) C P(F) are the respective confidence regions for r(z) and p(z).

In other words, a confidence region is in product form if it is made of a collection of
independent confidence region: one for every reward and kernel. Under this assumption, .,
can be seen a Markov decision process with compact action space that we call an extended
Markov decision process. The proper construction is due to Auer et al. (2009).

Definition II.4 (Auer et al. (2009)). Given a compact confidence region .#, in product
form, the extended formulation of .#, is the Markov decision process similarly denoted
M, = (%,,p, ) with state space & and action space:

,(s) = U {a} x Z.(s,a) x Z.(s,a) (I1.2)
ac.d(s)

called extended actions. It extended pair space is denoted %,. When choosing an extended
action @ = (a,r'(s,a),p’(s,a)), we have 7(s,a) := r'(s,a) and p(—|s,a) := p’(—ls, a).

Remark that policies of .#, are extended policies and consist in tuples & = (7, p’,r’)
consisting in a standard policy 7 as well as a Markov reward process (r’, p’) modeling the
dynamics under this policy. By seeing .#, as a Markov decision process, we can import all
the standard machinery of Markov decision process introduced in Part I: the gain, the bias,
Poisson equations, Bellman equations and algorithms that compute optimal policies such as
Value Iteration (Algorithm I.1).

Yet, there is an obvious issue.

6.2.1 The Pitfall: Compact action spaces and Bellman equations

The extended formulation of ., has compact action space space, and in Part I only gave a
treatment of finite state and action spaces models. As a matter of fact, Bellman equations are not
always guaranteed to have solutions if the action space is infinite (e.g., continuous and compact).
This disproportionate detail is not mild although it is often overlooked in the reinforcement
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learning literature. To my knowledge, only Fruit (2019) mentions the issue. Some works spot
the issue from afar to miraculously dodge it, because .#, can sometimes be reduced to a finite
action space, in particular when ., is a polyhedron, for example in Auer et al. (2009); Bourel
et al. (2020); Fruit et al. (2020, 2018). Some other works fall short of handling the issue and
this is the case of KLUCRL of Filippi et al. (2010); Maillard (2019).

The existence of solutions to the Bellman equations for (weakly communicating) infinite
action spaces Markov decision processes is due to Schweitzer (1985) and requires non trivial as-
sumptions. It the action spaces are compact however, Schweitzer (1987) provides a simpler proof
under the communicating assumption with a proof based on Brouwer’s fixpoint theorem; The
communicating assumption is someway mandatory because beyond the communicating setting,
optimal policies of compact action spaces models are not guaranteed to be time-independent
anymore. Before diving in, randomized policies of models with compact action spaces need a
few words, because the action space may become infinite. When the action space is compact,
a randomized policy  is map 7 : s € & — 7(—|s) € P(.F(s)) where 2 (.o (s)) is the space
of Borel probability measures on .&/(s). By continuity of the reward and kernel functions, a
randomized policy has a well-defined reward vector r™ and kernel p™. Therefore, even though
the compact action space may be infinite and the policy 7w randomized, its gain and bias functions
g™ and h™ are still well-defined by Definition 1.5 and Definition I.7. The space of deterministic
and randomized policies are respectively denoted IT5° and TR,

Proposition I1.10 (Schweitzer (1985)). Let M = (%, p, r) be a weakly-communicating
Markov decision process with finite state space ¥ and compact action spaces .</(s).” Let
g*(s) := sup,.cysx g7 (s) the optimal gain vector and denote IT* := {m € I} : g™ = g*}. If
the condition

M*NI°# % and sup max(h™) < oo (I1.3)

nell*NIISP

is met, then g* € Re and there exists h* € R” satisfying the Bellman equation g* + h* =
maX,c;(r™ + P"h*). Moreover, any greedy response to h* achieves optimal gain g*.

9We assume that r(s,—) and p(s,—) are continuous functions of a € .&/(s).

The first condition “IT* NTIS? # &” states that gain optimal stationary policies must exist. The
second condition “sup,c.qso Max(h™)” means that no gain optimal policies can make a state
arbitrarily good, because h™(s) measures what is scored in addition to the gain from state, hence
the higher h™(s), the greater the advantage to initialize the dynamics at s under 7. Roughly
speaking, the higher is h™(s), the better is s under the policy 7. The result of Schweitzer (1985)
is actually an equivalence and the pair of conditions (I1.3) is also necessary for the existence of
a solution to the Bellman equations. If failing, the Bellman equations have no solution.

Remarkably, if the action space is compact, the communicating assumption is sufficient.

Proposition I1.11 (Schweitzer (1987)). Let M = (%, p,r) a communicating Markov
decision process with finite state space s with compact action space.” Then:

(1) Its Bellman operator L : u € R — max, s (r”™ + P™u) admits a span-fixpoint, i.e.,
JueR”,Lu—u €Re;

(2) If p(sls,a) > 0 for all (s,a) € %, then the iterates of the Bellman operator converge
to a span fixpoint with geometric speed, i.e., there is y < 1 such that whatever the
initialization u € R”, sp(L"'u — L"u) = o(y™) when n — oo.

“We assume that r(s,—) and p(s,—) are continuous functions of a € .4/ (s).



Chapter 6. Optimism in the face of uncertainty 69

The existence of a span fixpoint of the Bellman operator is equivalent to the solution to
the Bellman equations. Indeed, if h* is the span fixpoint, then letting g* := L € Re, we
see that g*(s) + h*(s) > r(s,a) + p(s,a)h* with equality for at least one action a € .&/(s),
showing that Bellman optimal policies exist (see Definition 1.9). Such greedy responses to u (see
Definition [.12) are gain optimal (see Proposition 1.4) and Proposition 1.8 is straightforwardly
generalized to models with compact action spaces: Greedy responses to e-fixpoints of the
Bellman operator are e-gain optimal policies. Moreover, the convergence of the iterates of L is
fast provided that p(s|s,a) > 0 that can always be assumed up to an aperiodic transform, hence
guaranteeing the convergence of Lazy Value Iteration (Algorithm 1.2).

The communicating assumption is not necessary in Proposition II.11, but one enters dan-
gerous territories by dropping it as gain optimal policies may not be stationary anymore, see
Leizarowitz (2002). Thankfully, all the extended Markov decision processes that we will be
considering correspond to communicating compact action space models, hence Proposition I1.11
will be enough to guarantee the well-definition of their gain and computational tractability.

6.2.2 Optimistic models and Extended Value Iteration

With Proposition II.11, we can provide generic properties guaranteeing the well-definition of
the optimistic gain. We can now provide a more complete description of the optimistic gain and
introduce the notion of optimistic model.

Corollary I1.12. Let .#, a rectangular confidence region and let ¥, the Bellman operator
of its extended formulation, called the extended Bellman operator. Assume that, for all
z € %, there exists p’(z) € 2,(2) of full support. Then:

(1) %, has a span fix-point and the optimistic gain satisfies g*(.#,) = max_ g"(M,);

(2) Given m € (%), define M =] ;o Digeis) T(als)(Z,(s,a) x Z,(s,a)) the confi-
dence region for m, and let £ the Bellman operator of its extended formulation. The
optimistic gain of  satisfies g"(M,) = g*(M]);

(3) Running Lazy Value Iteration (Algorithm I.1) with £, or £ converges geometrically
fast to a near span fixpoint of the respective operators.

Every extended greedy response to %, is a triple (7, r’, p”) of a choice of actions, of rewards
and of kernels of these actions. The couple (r’,p’) is called an optimistic model of .

The condition “for all z € %, there exists p'(z) € @,(z) of full support” is always met, but
is worth pointing out. As explained earlier, if the extended ./, is not communicating (e.g.,
multi-chain), then none of the above is guaranteed to hold.

From a computational perspective, the third assertions states that Lazy Value Iteration is
guaranteed to converge. In the literature, most algorithms rely on Value Iteration (Algorithm I.1)
to compute optimistic gains and policies that converges without requiring an aperiodicity
transform, because the extended model ./, is usually aperiodic already. The algorithm consists
in iterating the extended Bellman operator:

Zu(s) := max max r(s,a)+p(s,a)u
( ) ac.d(s) r'(s,a)eR,(s,a) p’(s, a)eg’[(s a { ( ) p ( ) }
(I1.4)
= max {max(%t(s, a))+ max p'(s, a)u}.

ac.d(s) p'(s,a)e,(s,a)
We observe that the computation of the extended Bellman operator (I1.4) can be decoupled as
a maximization problem other rewards (max(Z,(s,a))) which is generally trivial, and as the

maximization of a linear functional (max,(; q)es,(s,a) P’ (s, @)u) which is solved with confidence
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region specific algorithms and oppose no real difficulty in general. Because the extended Bellman
operator is iterated in place of the Bellman operator, this algorithm is referred to as Extended
Value Iteration (EVI), see Auer et al. (2009). Once it has converged to an €,-span fixpoint, the
algorithm extracts a greedy policy to deploy as the current policy.

Algorithm I1.2 EVI-based optimistic method. Algorithm I1.3 Extended Value Iteration (EVI).

1: k « 0, initialize 7°; Parameters: Aregion .#,, a precision € > 0, an
2: fort=0,1,...do (optional) uy, € R7;

3:  if current policy 7t is obsolete then 1: if ug is not initialized then uy < 0-e;

4 uk « EVI(.A4,,€,,07); 2: forn=1,2,...,do

5 nk — any m s.t. £,(uf) = .,%t“(uk); 3 U, — Ly, > Extended B.O.
6 ke—k+1;t; «t. 4.  if sp(u, —u,_,) < € then break;

7. end if 5: end for

8: Set 1, « n¥ and iterate ,. 6: return u,.

9: end for

6.3 EVI-based algorithms in the literature

Many existing algorithms are specific instances of Algorithm II.2 with different confidence
regions, depending on the norm used to measure errors, and variants of the same episode rule.

6.3.1 The eminent doubling trick

Most methods use the doubling trick (DT) or variants thereof to manage episodes. Simply
stated, the doubling trick says that the episode must be terminated once a playable pair has
doubled its visit counts since the beginning of the episode. Recall that the visit counts of a pair

is given by N (z) := Zth_Ol 1(Z, = z). The doubling trick is formally given by:
tiyr = inf{t > t; : Ja € F(S,),N,(S;,a) = 1 V2N, (S;,a)}. (DT)

When 7,_, is deterministic, this condition is equivalent to 7,_;(S;)) = 2N, (S, 7._1(S,)),
i.e., the pair that is about to be played has doubled its number of visits since the beginning
of the episode. This simple rule is easy to implement and will be enough to achieve minimax
optimal regret.

Remarkably, it guarantees that the number of episodes K(T') is logarithmic K(T) = O(log(T)),
see Auer et al. (2009).

6.3.2 Choosing the right confidence region

The minimax lower bound points out that the tedious part of the learning task comes from
learning kernels; Also most of the literature focuses on finding the type of kernel confidence
region that provides the better regret guarantees. Among them, three are dominant.

* (,-confidence regions. The errors on kernels are quantified using the £;-norm. Such
confidence regions are constructed out of Weissman’s inequality (Lemma 1.23) and
take the form of:

2.(2) = {p'(z) e 2(&): lIp'(z) — b ()l < Sx}. (IL.5)
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* KL-confidence regions. The error on kernels are quantified using the Kullback-Leibler
divergence. Such confidence regions are constructed using inequalities on the empirical
likelihood of observation (Lemma 1.25) and take the form of:

Z,(z) = {p'(z) € 2(&) : KL(p'(2)l|p(2)) < Sx}. (I1.6)

* Bernstein confidence regions. The error on kernels are quantified using an empirical
Bernstein inequality (Lemma [.26). Such confidence regions take the form of:

2,(2):={p'(2) € P(#): Vs € . Ip'(s1) — b Gs12)| < /B (5I2) (1 — b (sl +x .
(I1.7)

In (IL.5), (I.6) and (IL.7), p.(z) is the empirically observed transition kernel at z at time
t and x > 0 measures the confidence level of the confidence region and is typically of order
x =< log(t/6)/N,(z) where N,(z) is the number of visits of the pair z prior to time t and 6 > 0
is the desired probability of error. For instance, {,-confidence regions include UCRL Auer and
Ortner (2006), UCRL2 Auer et al. (2009); KL-confidence regions are specific to KLUCRL Filippi
et al. (2010); Talebi and Maillard (2018); Bernstein-confidence regions include UCRL2-B Fruit
et al. (2020), UCRL-V Tossou et al. (2019) and arguably UCRL3 Bourel et al. (2020).

The shape of these confidence regions are displayed on Figure 6.1, that shows clearly that
no confidence region is overwhelmingly better than the others. In practice, when the confidence
level x > 0 is bounded away from 0, they all have pro and cons. The ¢, and Bernstein confidence
regions are simple polyhedral shapes that are algorithmically convenient. The ¢,-confidence
region is completely symmetric while Bernstein’s inequality isn’t, by taking into account transition
specific variances. However, especially for x > 1, Bernstein’s inequality is often worse than
Weissman’s inequality meaning that for rarely visited pairs, Weissman’s inequality is preferable
to Bernstein’s. The KL-confidence region is smoother, but is more computationally expensive to
track. However, it leads to much better regret than the two others in experiments. Also, although
the regions provided by (I1.5), (Il.6) and (II.7) are qualitative, tuning x > O is important in
practice; Every constant matters as it will impact the behavior of the algorithm in the early steps
and influence the tendency of the algorithm to over-explore.

These kernel confidence regions are easily generalized to provide reward confidence regions
as well, although many works don’t bother much about rewards and choose a ¢;-confidence
region based on Azuma-Hoeffind’s inequality (Lemma 1.19).

6.4 Regret analysis and encountered challenges

The regret of Algorithm II.1 is decomposed episodically, as the actually collected rewards are
compared to what the planner is expecting to obtain. At episode k, the current policy is 7% = T s
and we denote (7K, p¥) the optimistic model of 7% under M, (Corollary 11.12). To simplify the
computation, we assume that 7* is deterministic. The optimistic gain and bias vectors of ¥ are

denoted g* := g(7, p*) and A* := h(7#¥, p*). The regret decomposition follows these steps:

1UCRL3 is heavily hand-tuned, making it difficult to fit this simple classification. It relies on finely tuned
confidence bounds, based on Azuma-Hoeffding’s inequality with tuned variance parameters, making them variance-
aware and close in spirit to Bernstein’s inequality. Also, UCRL3 relies on a variant of EVI called EVI-NOSS that
produces near-optimistic policies and tries to stick to optimistic kernels p’(z) € 2,(z) with the same support as the
empirical kernel p,(z).
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3

Figure 6.1:  The big three of confidence regions in reinforcement learning. (From left to
right) £,-confidence region, KL-confidence region and Bernstein confidence region for a three-
dimensional kernel p = %(8, 2,5) and the same confidence level. On every plot, the main
confidence region is displayed with a filled gray region, and the two others are displayed with a
dotted outline for easier comparison.

Main terms in the regret decomposition of Auer et al. (2009):

trn—1 trn—1 ten—1

Tg*—th - Z(g —r(2) ﬂZ D (@7, ))%Z D (es, —PH(SR* — Z > (™ (S~ PSR
t=0

t=t; t=t; t=t;

Definition of Reg(T) Remove reward noise Episodic decompo- Optimistic Poisson Focus on optimistic
sition + optimism equation of 7¢ dynamical error

This decomposition is due to Auer et al. (2009). At every step spawns an error term that is
negligible in front of the optimistic dynamical error >, >/ * tlk_l (p™ I — pk(S,))R* which is
usually the focus of the analysis. To simplify notations a little bit, we write p* for the true
kernel of 7%. The initial technique of Auer et al. (2009) is to bound (p(S,) — p*(S,))h*(S,)
with the improved Hélder’s inequality |(p*(S,) — p*(S,)|R* < %Ilpk(St) — (Sl sp(R). If the
confidence region .#,, doesn't fail, it contains M hence D(.#,,) < D(M), so by Proposition II.2
the optimistic span is bounded by the true diameter sp(flk) < D(M). Intuitively, this means
that optimism doesn’t make some states unreasonably better than others. Hence, provided that
M € M, for all k > 1, the optimistic dynamical error is bounded as:

trp1—1 trp1—1
ZZ (P(S)—B(SO)R* 5 D(M)ZZHpk(S) —B(S)|,- (IL8)

For UCRL2, that uses ¢, -confidence region for kernels, this norm is O( \/ Slog(T)/N,,(S,, 7tk (S,))).
The doubling trick makes sure that N,(Z,) < 2N, (Z,), hence we obtain:

tep1—1 trp1—1
Z Z (p*(S)—p(s))h* ~O(D(M)Z Z W)

t=t} t=ty

NT(Z)
:O(D(M)Z > —Sloim)

2€Z n=1

- O(D(M) > V/SNr(z) log(T)) 2 o(D()y/5 - SAT - log(T))

2EZX

where () uses that ), _, N;(2) = T to conclude with Jensen’s inequality. We obtain a regret
bound of order DS /AT log(T). Depending on the kernel confidence region, the inequality (I1.8)
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is changed for another. Past (I1.8), the computation is tight, i.e., the computations that follow
don’t lose information. Prior to (I1.8), one can check that the error terms are O(+/SAT log(T)),
hence are negligible in front of 4/DSAT log(T). The extra +/DS is therefore due to the bound
(I1.8). Improving the bound on (I1.8) is the main focus of all the literature on optimistic methods.

6.4.1 Shaving one +/D with variance aware confidence regions

In Chapter 5, we have argued that the Holder bound on (p, — p)u is incapable of leading to
tight bounds on the deviation of the gain function; This is no surprise that the computation
following (I1.8) in Section 6.4 is short of getting the right dependency on the diameter. This
is because Holder’s inequality does not take the variance into account. By using variance-
aware concentration inequalities and variance-aware kernel confidence regions (such as the
KL-confidence or the Bernstein confidence region), the right dependency on the diameter can be
obtained. Examples are UCRL2-B Fruit et al. (2020) and UCRL3 Bourel et al. (2020) (Bernstein
confidence regions) and KLUCRL Talebi and Maillard (2018) (KL-confidence region). Despite
addressing the diameter dependency correctly, these methods still suffer from an extra +/S in
their regret guarantees.

This can be explained as follows. At the end of the day, we want to bound (p(z) — p(z))h
and this is done by quantifying the maximum likely error on (p(2) — p,,(2))u, where p,(z) is the
empirically observed transition kernel at z, for u € R” with ||u||; = 1 up to normalizing. With a
bit of information theory, with n samples, the best bound possible is of order:

Ip(2) = pu(2)lu < (11.9)

J 2V(p(z),u)log(%) N O(log(%))
n

n

where the O(%) term is due to the higher order moments of (p(z) — p,(z))u. This is by the way
the idea behind Bernstein’s inequality. However, (11.9) is achievable only if u is fixed. Here, u
models A/||A||; which is unknown in advance, so a union bound is performed for all possible
values of u, and the question becomes:

What is the best possible bound for U, := max,,,j,=1(p(2) — pn(2))u?

When we pick p(z) = (%, e %) as the uniform distribution, we have U, = %Zseymn(slz)— %| SO
E(U,]= %Elf)n(s|z)—%| and it is an amusing exercise to show that E[U, ] % %\/ ninS whenn — oo.
Therefore, one expects that an upper bound in the style of (I1.9) that holds simultaneously for
all u € R” satisfying ||ul|; = 1 to grow as ©(4/Slog(1/5)/n). This is the case for Weissman’s
inequality Weissman et al. (2003) for instance.

The take-home idea is the following.

Important idea. If one wants to bound the error on the co-vector p,(z) —p(z) in every
direction, the bound should scale as 4/Slog(1/8)/n. Because in finite dimension, co-
vectors and vectors are naturally identifiable, it means that any kernel confidence region
must scale with +/S.“ And indeed, all the sub-optimal methods ranging from UCRL2 to
UCRL3 in Table 2.1 suffer from this extra +/S: Because if the kernel confidence region
does not contain +/S by design, then it is too narrow.

9This is the mistake made in the design of UCRL-V Tossou et al. (2019) that tries to escape the v/S-factor
by using sub-modularity; There kernel confidence region ends up being too narrow.
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6.4.2 Shaving one v'S by moving beyond EVI

The previous paragraph motivates the idea that EVI-based algorithm (Algorithm II.2) cannot
get rid of the +/S-factor unless their kernel confidence region is over-aggressive. This means
that something new is needed. Thankfully, there already exists an algorithm achieving minimax
optimality: EBF Zhang and Ji (2019). In this work, the authors identify a collection of properties
that, if always satisfies by the optimistic policy, guarantee minimax optimal regret. Although
this work is short of providing a way to find such a policy in the ocean of all existing policies,
or even of providing a way to verify that a policy satisfies all the requirements, they initiate
an important idea: Only the deviations of p,(z) — p(z) at h* matter, and h* can be estimated
with an external subroutine. So, if h* is estimated by some u € R, we morally want to stick
to optimistic kernels p(z) such that (p(z) — p,(z))u satisfies an inequality in the style of (I1.9)
without that additional +/S. This idea will lead to the mitigation operation of PMEVI.
This will be better discussed in Chapter 7.

6.4.3 Changing D to sp(h*)

A few works Bartlett and Tewari (2009); Fruit et al. (2018); Zhang and Ji (2019) manage to
change D to sp(h*) in their regret guarantees, but all these methods work with prior information
on the bias function, e.g., of the form “sp(h*) < ¢”. Also, only SCAL Fruit et al. (2018) provides
a tractable way of using that prior information. The idea developed in this work is to make
sure, at every step of EVI (Algorithm I1.3), that the ending vector u,, satisfies sp(u,) < ¢ via
an operation that they call truncation, but that we will rather refer to as projection because it
corresponds to projecting u,, onto a convex set. Fruit et al. (2018) make clear that the projection
operation I' must satisfy a few algebraic properties: monotony, non span-expansiveness and
linearity (see Proposition 1.7). These properties guarantee that the result of the modified EVI
algorithm corresponds to an optimistic policy with optimistic bias span at most c. Directly
injecting into (I1.8), this directly changes D(M) and improve the regret bound.

In his manuscript, Fruit (2019) provides an improved version of SCAL, SCAL*, together
with a precious intuition: What matters is not really to be optimistic about the value of policies,
but rather that EVI works with an optimistic Bellman operator <. With PMEVI, we generalize
the projection operation of Fruit et al. (2018) and go further with the idea of optimistic Bellman
operators.



Chapter 7

Projected Mitigated Extended Value
Iteration (PMEVI)

In the previous chapter, we have argued that EVI (Algorithm I1.3) and policy-wise optimism
lack something to achieve minimax optimal regret, because the design of the kernel confidence
region intrinsically produces an extra +/S. With PMEVI, the sub-routine EVI is indeed improved
via a combination of two operations, but this goes even further. It is rather surprising that,
in opposition to this previous line of work, the theoretical analysis of PMEVI suggests that
the choice of the confidence region .#, has little importance. In fact, EVI takes an arbitrary
(well-behaved) confidence region in, infer bias information similarly to EBF Zhang and Ji (2019)
and makes use of it to heavily refine the extended Bellman operator (I1.4) associated to the
input confidence region, and this confidence region can almost be arbitrary (provided that it is
correct) especially on kernels: PMEVI achieves minimax optimal regret guarantees even with
P (t) =P (). The algorithm PMEVTI can further take arbitrary prior information 5, (possibly
none, i.e., 7, = R”) on the bias vector to tighten its bias confidence region. The pseudo-code
given in Algorithm IL.5 is the high level structure of the algorithm PMEVI-DT. In Section 7.1,
we explain how EVT is refined using bias information and in Section 7.1.1, we explain how bias
information is obtained.

Algorithm 1.4 PMEVI-DT(2,T,t — #,) Algorithm I1.5 PMEVI(.#,f3,T,€)
Parameters: Bias prior 5%,, horizon T, a system of Parameters: region ./, mitigation (3, projection I',

confidence region t — ., precision e, initial vector v, (optional)
1: fork=1,2,...do 1: if vy not initialized then set v, < 0O;
2:  Set t; < t, update confidence region ./,; 2: n<0
3: th’ «— BiasEstimation(@,, #,,6): 3: ¥ « extended operator associated to ./ ;
4. A — AN {usp(u) < TN, 4: repeat
5: I, <« BiasProjection(,—); St Vgl — ZPy,;
6: B, < VarianceApprox(#/,0,); 6: Vpr IV
7: by < PMEVI(A,, B, T;/Tog(t)/t) ; 72 nentl
8 g Lbh—by; 8: until sp(v,, —v,_1) <e
9:  Update policy 7 < Greedy(#,, by, B.); 9: return v,.
10:  repeat
11: Play A, < m;(S,), observe R,,S,.1;
12: Increment t «— t +1;
13:  until (DT) N,(S,, (S,)) = 1V 2N, (Z,).
14: end for

75
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7.1 Projected mitigated extended value iteration (PMEVI)

Assume that an external mechanism provides a confidence region #, for the bias function h*.
Provided that .#, is correct (M € #,) and that %, is correct (h* € 5,), we want to find a pair
of policy-model (7, M) that maximize the gain and such that h™(M) € 5,. This is done with an
improved version of (I1.4) combining two ideas.

1. Projection (Section 7.1.1). Whenever it is correct, the bias confidence region ., informs
the learner that the search of an optimistic model can be constrained to those with
bias within s#,. This is done by projecting ,Sff (see mitigation) using an operator I} :
R” — ,, that has to satisfy a few non-trivial regularity conditions that are specified in
Proposition I1.13.

2. Mitigation (Section 7.1.2). When one is aware that h* € #, the dynamical bias update

P(s,a)y; in (I1.4) can be better controlled, by trying to restrict (I.4) to some p(s,a) such
that p(s, a)u; < p.(s,a)u; + (p(s,a) — p.(s,a))u; with the knowledge that u; € .
For a fixed u € R”, the empirical Bernstein inequality (Lemma 1.26) provides a vari-
ance bound of the form (p,(s,a) — p(s,a))u < B,(s,a,u). By computing f,(s,a) :=
max,e (s, a,u), the search makes sure that (p.(s,a)—p(s,a))h* < B,(s, a) even though
h* is unknown. For f8 € Rf , we introduce the f-mitigated extended Bellman operator:

.,%tﬁu(s) := max sup sup {F(s,a)+min{;3(s,a)ui,ﬁt(s,a)ui +/5t(s,a)}}
ac.d/(s) (s,a)EZ, (s,a) p(s,a)eP,(s,a)
(I1.1D)

The proposition below shows how well-behaved the composition £, :=T; o .,%tﬂ is. Its proof
requires to build a complete analysis of projected mitigated Bellman operators. This is deferred
to the appendix.

Proposition I1.13. Fix f € Rf and assume that there exists a projection operator T, : R —
€, which is (01) monotone: u < v = T'u < T'v; (02) non span-expansive: sp(Tu—T'v) <
sp(u —v); (03) linear: T(u+ Ae) = Tu+ Ae and (04) Tu < u. Then, the projected
mitigated extended Bellman operator £, :=T, o ,Sftﬁ has the following properties:

(1) There exists a unique g, € Re such that 3y, € 4., L., = b, + g,

(2) If M € M, h* € 7, and (p,(s,a) —p(s,a))h” < B,(s,a), then g, = g"(M);

(3) If M, is convex, then for all u € R, the policy © picking the actions achieving .Ztﬁ u
satisfies £,u = ™ + P™u for #"(s) < sup Z,(s, 7(s)) and P™(s) € Z.(s, n(s));

(4) ForallueR” and n >0, sp((£,)""u—(£,)"u) < sp((ZL)"u— (L) ).

The property (1) guarantees that £, has a fix-point while (2) states that this fix-point
corresponds to an optimistic gain g, if the model and the bias confidence region are correct
and the mitigation isn’t too aggressive. Combined with (3), the Poisson equation of a policy
corresponds to this fix-point, i.e., ¥ +P"h, = b, +g,, so that g, is the gain and b, € # is a legal
bias for 7 under the model (77, P™). Lastly, the property (4) guarantees that the iterates Llu
converge to a fix-point of £ at least as quickly as £,"u goes to a fix-point of Z,; the convergence
of £'u is already guaranteed by existing studies and is discussed in the appendix.

Provided that the bias confidence region is constructed, Proposition I1.13 foreshadows how
powerful is the construction: The algorithm PMEVI, obtained by iterating £, instead of %, in
EVI, can replace the well-known EVI within any algorithm of the literature that relies on it
(UCRL2 Auer et al. (2009), UCRL2B Fruit et al. (2020) or KL-UCRL Filippi et al. (2010)) for an
immediate improvement of its theoretical guarantees.
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7.1.1 Building the bias confidence region and its projection operator

The bias confidence region used by PMEVI-DT is obtained as a collection of constraints of the
form:

Vs #5s', b(s)—h(s)—c(s,s’) <d(s,s). (11.2)

Such constraints include (1) prior bias constraints (if any) of the form of h(s) — b(s’) < c,(s,s");
(2) span constraints of the form h(s) — h(s") < ¢, := T'/> spawning the span semi-ball {u :
sp(u) < T'/5}; and (3) pair-wise constraints obtained by estimating bias differences in the style
of Zhang and Ji (2019); Zhang and Xie (2023) that we further improve. We start by defining a
bias difference estimator.

Definition IL.5 (Bias difference estimator). Given a pair of states s # s’, their sequence

seos’ seos’ seos’

of commute/times (T‘;Hs/)izo is defined by 7; = inf{t > 737} : S, =s} and T3 =
inf{t > ©57° : S, = 5"} with the convention that ©°* = —00. The number of commutations

. . o efs . _sess A — . . .
up to time t is Ny(s <= s") :=inf{i : 707 < t}, and §(t) := %ZEZO R; is the empirical gain.
The bias difference estimator at time T is any quantity cy(s,s’) € R such that:

Ny (seos')—1 |
N(s o s)er(s,s)= Do (=17 > (&(T)—R,). (IL3)
t=0 =75

Lemma I1.14. With probability 1 — 26, for all T" < T and all § > g*, the quantity
(*) := Ny (s <> s")|h*(s) —h*(s’) — cq.(s,s")| satisfies

T'—1

() < 3sp(h*) + (1 +sp(h*))4/8T log(2) +2 > (Z —R,). (IL4)
t=0

Lemma I1.14 says that the quality of the estimator c;(s,s’) is directly linked to the number
of observed commutes between s and s” as well as the regret. The idea is that if the algorithm
makes many commutes between s and s” and if its regret is small, then the algorithm mostly takes
optimal paths from s to s’. The bound provided by Lemma I1.14 is not accessible to the learner
however, because sp(h*) is unknown in general. To overcome this issue, sp(h*) is upper-bounded
by ¢ := T'/°. Overall, this leads to the design of the algorithm estimating the bias confidence
region as specified in Algorithm II.6.

Algorithm I1.6 BiasEstimation(&,, #,,0) Algorithm II.7 BiasProjection(s,u)
Parameters: History 0, model region .#,, confi- Parameters: %, a collection of linear constraints

dence 6 >0 (I1.2), u € R” to project
1: Estimate bias differences c, via (I1.3); 1: v« 07
2: Estimate optimistic gain § < mingg(.) gx; 2: fors € & do
3: Inner regret estimation By « t§ — >_o R;; 3:  Using linear programming, compute:
) | Py— Ry 1 4:  v(s)—sup{w(s):w<uand we 4};
& €<_. 8Tlog($), Cf)(_TS’ 5: end for
5: Estimate the bias difference errors as:
6: return v.

3co+(1+¢o)(1+£)+2B,
N(s e 5)

d,(s,s") = error(c,,s,s’) :=

6: return (c,,error(c,,— —)), (I1.2) defines 3‘4/.
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Coupled with prior information and span constraints, the obtained bias confidence region
#, is a polyhedron of the same kind as the one encountered in Zhang and Xie (2023) generated
by constraints of the form (II.2), and similarly to their Proposition 3, one can project onto J,
in polynomial time with Algorithm II.7. Moreover, the resulting projection operator satisfies
the prerequisites (01-4) of Proposition II.13, making sure that PMEVI (Algorithm IL.5) is well-
behaved. This is proved in the appendix Section 7.B.2.

Lemma I1.15. Assume that ¢ is a set of h € R” satisfying a system of equations of the
form of (11.2). If S is non empty, then the operator Tu := BiasProjection(s2,u)
(see Algorithm I1.7) is a projection on # and satisfies the properties (01-4) defined in
Proposition I1.13.

7.1.2 Mitigation using finer bias dynamical error

The fact that h* € 5, with high probability is used in PMEVI-DT to restrict the search of EVI by
reducing the dynamical bias error. This reduction is based on a empirical Bernstein inequality
(see Lemma 1.26) applied to (p(s,a) — p(s,a))u. Here, it gives that with probability 1 — &, we
have:

5 3T 31
(ﬁf(s,a)—p(s,a))usdzv(p e awlog(F) | dspWloss) _ o s

max{1,N,(s,a)} max{1,N,(s,a)}

where V(p,(s, a),u) is the variance of u under the probability vector p,(s,a). More specifically, if
q is a probability on & and ¢ € R, we set V(q,u) := > q(s)(u(s) —q-u)* In (IL5),u € R7,
(s,a) e Z and T > 1 are fixed. One is tempted to use (II.5) directly to mitigate the extended
Bellman operator, but the resulting operator is ill-behaved because it looses monotony. This
issue is avoided by changing f3,(s,a,u) to max,c, (s, a,u) in (I.3). We obtain a variance
maximization problem, which is a convex maximization problem with linear constraints. Even
in very simple settings, such optimization problems are NP-hard Pardalos and Schnitger (1988)
hence computing max,c », B,(s, a,u) is not reasonable in general. Thankfully, this value can
be upper-bounded by a tractable quantity that is enough to guarantee regret efficiency. The
mitigation 3, used by PMEVI-DT is provided with Algorithm II.8.

Algorithm I1.8 VarianceApproximation(#/,d,)

Parameters: Bias region ¢, history &,
1: Extract constraints (c, error(c, —,—)) « #/;
Set ¢y «— Té;
Pick a reference point h, < BiasProjection(s4, c(—,s0));
for (s,a) € Z do
P« log(%)/max{l,NI(s,a)};
var(s,a) « V(p.(s,a),ho) + 8¢y D De(s'ls, a)c(s’,);
B:(s,a) « +/2var(s,a)p + 3cyp or +00 if N,(s,a) = 0;
end for
return f,.

R AR U R 2
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7.2 Elements of regret analysis of PMEVI

7.2.1 Regret guarantees of PMEVI

Theorem I1.16 below shows that PMEVI has minimax optimal regret under regularity assumptions
on the used confidence region .#,. Assumption 1 asserts that the confidence region holds
uniformly with high probability. Assumption 2 asserts that the reward confidence region is
sub-Weissman (see Lemma [.23) and Assumption 3 assumes that the model confidence region
makes sure that EVI (I1.4) converges in the first place. Assumption 4 asserts that the prior bias
region is correct.

Assumption 1. With probability 1 — 8, we have M € ﬂllfg) M,

Assumption 2. There exists a constant C > 0 such that for all (s,a) € &, for all t < T, we have:
R,(s,a) € {F(s,a) € R(s,a) : Ni(s, )| (5, 0) — (s, )||? < C log( BN )y
Assumption 3. For t > 0, ./, is a convex region in product form and %£;'u converges a fix-point.

Assumption 4. The prior bias region #, contains h*(M) and is generated by constraints of the
form:

Vs#s', B(s)—h(s") < c.(s,s")
with c,(s,s’) € [—00, 00 ] (possibly infinite).

Refer to Section 7.A.2 for the feasibility of Assumption 1, Section 7.A.2.3 for Assumption 2,
and Section 7.A.3 for Assumption 3.

Theorem I1.16 (Main result). Let ¢ > 0. Assume that PMEVI-DT runs with a confidence
region system t — _#, that guarantees Assumptions 1-3. If T > c>, then for every weakly
communicating model with sp(h*) < ¢ and such that Assumption 4 is satisfied (h* € 5£,),
PMEVI-DT achieves regret:

O(\/CSAT log(S%T)) +0(cS5ATTH log?(S4))

with probability 1—266, and in expectation if & <+/1/T. Moreover; if PMEVI-DT runs with
the same confidence regions that UCRL2 Auer et al. (2009), then it enjoys a time complexity
O(DS3AT).

To have a completely prior-less algorithm, pick ., = R”. The proof of Theorem I1.16 is
tedious and is deferred to the appendix. We will focus here on the main ideas.

7.2.2 Main line of the regret analysis of PMEVI

We start by recalling a few notations. At episode k, the played policy is denoted m,. As
a greedy response to by, by Proposition I1.13 (3), there exists 7 (s) < sup %, (s, mi(s)) and
P(s) € P, (s, (x)) such that b, + g, = 7 + P.hr. The reward-kernel pair M, = (¥, P;)
is referred to as the optimistic model of ;. We write P, := P, (M) the true kernel and
P, = Pnk(Mtk) the empirical kernel. Likewise, we define the reward functions r;, and 7. The
optimistic gain and bias satisfy g, = g(y, M) and b, = h(m;, My). We further denote ¢, = Ts.

The regret is first decomposed episodically with Reg(T) = >, Zik:*;k_l(g* —R,). The first
step goes back to the analysis of UCRL2 Auer et al. (2009), and consists in upper-bounding the
regret over episode k with optimistic quantities that are exclusive to that episode.
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| Model 7\: /: Regret Reg(T) f Navigation error (Lemma 1118) | (in expectation)
' region ., “> 3 S Z::tlk—l(g* —R,) \ 1 2 (p(Z) —es, )bi /‘4) O(colog(SAT))
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reg]?;isif AR (Lemma I1.17) o
R g mEen R e L] S?Acolog(T )/ Reg(T)
h £ L e B | e (B (5= B (S |
N .2 J ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, /
R R o) R R e ofas T og)

Figure 7.1: An overview of PMEVI-DT and its regret analysis. In the above, g, and b, are the
optimistic gain and bias functions produced by PMEVT (see Algorithm 2) at episode k, and p,,
and p,, are respectively the empirical and optimistic kernel models at episode k.

Lemma II.17 (Reward optimism). With probability 1 — 66, we have:

tk+1_1 L1~

Reg(T)<Z > (- R)<Z Z(gk 7 (2, ))+o(,/5ATlog(§)). (IL6)

t=ty t=ty

We introduce the optimistic regrets B(T) := >, Zt"“_l(gk —R,)and B(T) =3, Zik:*;k_l(gk—
#(Z,)). Rewriting the summand g, — #.(Z,) using the Poisson equation b + g, = 7 + Pby, we
get:

trp1—1

B(T)—Z > (B0 —es, )b

t=ty

The analysis proceed by decomposing the above expression of B(T) in the style of Zhang and Ji
(2019). We write Z ke 1(pk(St) —eg, )by as:

trp1—1

D (Pr6) = e, )i+ (BilS) = PlS " + (Bi(S) — BilS Dby + (Be(S) — P(S )by — ")
|

t:tk

v Vv Vv
navigation error (1k) empirical bias error (2k) optimistic overshoot (3k) second order error (4k)

Each error term is bounded separately. Below, we denote V(q,u) := > q(s)(u(s) —q - u)*.

Lemma II.18 (Navigation error). With probability 1 — 76, the navigation error is bounded by:

tep1—1 T-1
Z > (pe(S) —es )by < \lZZV(p(Zt),h*)log(g)+25A%,/33(T)1og(§)+6(T%).
t=t; t=0

Lemma II.19 (Empirical bias error). With probability 1 — &, the empirical bias error is bounded
by:

trp1—1

>0 (s —pilse ))h*<4¢ SAZV(p(Z) h*)log(#4%) + O(log*(T)).

k t=ty
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Lemma II.20 (Optimism overshoot). With probability 1 — 60, the optimism overshoot is bounded

by:
trp1—1 T—1
&S 4/25A% 2 V(p(Z,), k) log($4L)
; t:Ztk(pk(st) pk(st))hks{+8(1+CO)S%AIOg%(%) B+ 6(r1)]

Lemma II.21 (Second order error). With probability 1 —606, the second order error is bounded by:

trp1—1

ST (BilS) — pe(S))bi —h*) < 165%A(1 + o) log#(£21) /2B(T) + 6(T+).

k t:fk

We see that the empirical bias error (Lemma I1.19) and the optimism overshoot (Lemma I1.20)
both involve the sum of variances Zth_Ol V(p(Z,),h*), which is shown in Lemma II.40 to be of

order sp(h*)sp(r)T + ZtT:_Ol A*(Z,). The pseudo-regret term ZtT:_Ol A*(Z,) is bounded with the
regret using Corollary I1.42, then by B(T). With high probability, we obtain an equation of the
form:

B(T) < C/(1 +sp(h*))SAT log( L) + CS?A(1 + c) log?(T)y/B(T) + o(1%)

where C is a constant. Setting a := CS?A(1+c,)log*(T)and B := C+/(1 + sp(h*))SAT log(T/5)+
O(T'/*), the above equation is of the form B(T) < f8 + a+/B(T). Solving in B(T), we find
B(T) < 3 +2+/af + a?. The dominant term is 3, hence we readily obtain:

B(T) < C4/(1 +sp(h*))sp(r)SAT log(L) + O(sp(h*)sp(r)SiAT (1 +¢)T#).  (L7)

Since ¢, = o(T%), we conclude that B(T) = O(\/ sp(h*)SAT log(T /6 )), ending the proof.

Important remark. The result of Theorem I1.16 is in probability. A result in expectation
could be obtained by setting a time-adaptive confidence level 6 = 6(t) := %

7.3 Experimental illustrations

To get a grasp of how PMEVI-DT behaves in practice, we provide in Figure 7.2 of few illustrative
experiments. In both experiments, the environment is a river-swim which is a model known to
be hard to learn despite its size, with high diameter and bias span. Its description is found in
Bourel et al. (2020) and is reported in the appendix for self-containedness.

We observe on the first experiment that PMEVI behaves almost identically to its EVI coun-
terparts when no prior on the bias region is given. This is because most of the regret is due to
the earlier learning phase, when bias information is impossible to get (the regret is still growing
linearly and the bias estimator is off). Accordingly, the bias confidence region is too large and
all projections onto it are trivial during the iterations of PMEVI. Thankfully, this also makes the
calls to PMEVT not substantially heavier than calls to EVI from a computational perspective. On
the second experiment, we measure the influence of prior bias information on the behavior of
PMEVI-DT. We observe that PMEVI-DT is very efficient at using adequate bias prior information
to strikingly reduce the burn-in cost of the learning process on this 3-state riverswim.

7.4 Future directions

Figure 7.2 is two-sided. On the one hand, the left-side experiments indicates that PMEVI does
not improve the regret in practice. I only had the time to get a superficial understanding of
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Figure 7.2: (To the left) Running a few algorithms of the literature on 5-state river-swim
and comparing their average regret against their PMEVI variants, obtained by changing calls
to the EVI sub-routine to calls to PMEVI. (To the right) Running UCRL2 and PMEVI-DT with
the same confidence region that UCRL2 on a 3-state river-swim. PMEVI-DT is run with prior
knowledge h*(s;) < h*(sy) —c < h*(s3) — 2c for c € {0,0.5,1, 1.5, 2}.

the phenomenon. On the left part of Figure 7.2, we indeed observe that there is hardly any
difference between the expected regret of EVI and PMEVI-based algorithms, while PMEVI have
better minimax regret guarantees. I don’t think that the lack of difference is completely explained
by the large second order term in the regret analysis (see Theorem I1.16). Figure 7.2 displays
model-dependent regret curves because the regret is averaged over multiple run on the same
environment, while the regret analysis is minimax. To this end, Figure 7.2 should not be seen
as any attempt at validating or invalidating the theoretical results of Theorem I1.16 and to some
extent, the two are perhaps incomparable. Figure 7.2 should be seen as experimental insights;
nothing less, nothing more.

One may argue that a model-dependent regret analysis of PMEVI would be more appropriate
— There I would like to put disclaimers. Regarding the lower bound of Part III, I believe that
policy-based optimism is not suited to reach model-dependent optimal regret, because any such
optimal algorithm should see exploration as a form of optimization problem under information
constraints. This optimization aspect is absent from EVI and PMEVI-based algorithms alike;
Such methods are suited to robust regret guarantees but not for asymptotically optimal regret
dependent guarantees. This being said, it is still possible to do a model-dependent analysis of
PMEVI-based algorithms. Auer et al. (2009); Filippi et al. (2010) provide O(log(T)) bounds
for their algorithms UCRL2 and KL-UCRL with an analysis that it is probably a good starter for
PMEVI-based methods. Such an analysis would only be asymptotic and would fail to address
the short-horizon concerns on the estimation of the bias that I have talked about. In fact,
in Part IV, we argue that both EVI and PMEVI-based algorithms have O(log(T)loglog(T))
model dependent regret guarantees through a general argument. The analysis is too general
to distinguish between the specificities between EVI and PMEVI however. I conjecture that
PMEVI-based algorithms would improve on the bound of UCRL2 Auer et al. (2009) by changing
a few diameter dependent quantities to bias span dependent ones, although the diameter would
still be present as the switching cost induced by the logarithmic number of episodes.

This being said, PMEVI-based methods are tractable and can be analyzed experimentally. By
looking at when projection and mitigation operations trigger, it seems that the bias confidence
region is simply too large. I made my best to optimize Lemma I1.14 by using as much data
from the history as possible, yet I did not try to optimize the numerical constants. Moreover, by
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taking into account the whole history of play, the bias estimator is therefore polluted by the early
learning data where the algorithm’s average quality of play is very poor. On the other hand, the
right-side experiments of Figure 7.2 indicate that with the adequate bias information, PMEVI
has much better performance than without. Hence, improving the bias estimation sub-routine is
crucial to make PMEVT superior to EVI in experiments.

Tuning PMEVT foreshadows a intensive experimental campaign on EVI and PMEVI. From
experiments I drove locally, it seems difficult to understand what makes h*(.#,) and h*(M)
are far away from each other. It seems pretty common for h*(.#,), which is obtained without
the projection-mitigation correction, to be close to h*(M) so that there is no point in using
PMEVI. However, such experiments would definitively driven by a model-dependent view which
is different from the model independent approach of the regret analysis that PMEVI has been
tuned for. Taking a bit of distance from optimistic methods might be necessary. As said above,
policy based optimism alone may not be able to reach the model dependent regret lower bound
of Part III. The question of whether optimism can be reformulated to address that issue is an
interesting research direction.



Appendix of Chapter 7

7.A Construction of PMEVI-DT

This section provides the technical details required to understand the design of PMEVI-DT in
Chapter 7. We further discuss the assumptions 1-4 appearing in Theorem I1.16 and provide
sufficient conditions so that they are met.

7.A.1 Proof of Lemma II.14, estimation of the bias error

Fix s,s’ € &. We denote a := Ny (s «> s")(h*(s)—h*(s") —c;(s,s’)). We will start by considering
the better estimator c;.(s,s") that satisfies the same equation (I1.3) than c;(s,s’) but with (T)
changed to h*, readily:

Np(seos')—1 T -1
NG s)h(ss)= > (1) > (g"—R.).
t=0 t= TS<—>S’

seos’

To avoid a typographlcal clutter, we write 7; instead of 7{™° in the remaining of the proof and
we write a7, := Np(s <= s")(h*(s) —h*(s") —c7(s,s).
(STEP 1) We start by relating the two estimators. Intuitively, (T) is a good estimator for g*

when the regret is small. Recall that g(T) := %thol R,, hence:

T-1 T-1
D11 —g| = —g")| = Reg(T)I.
t=0 t=0
Therefore,
T—1
lar| < !a’T| + |aT—a’T| < |a’T| +Z|§(T)—g*| < |a'T| + |Reg(T)|.
t=0

We are left with upper-bounding |a’T|

(STEP 2) If i is even, then S, and §. =s'; otherwise S, =s"and S; =s. In both cases,
we have h*(S; )—h*(S;) = (—1)!(h*(s") — h*(s)). Therefore, using Bellman’s equation, the
quantity A := Z o 1(g* —R,) satisfies:

Tit1—1 Tit1—1 Tit1—1
A= > (p(Z)—es )h* + Z(r(Z) —R)+ Z AY(Z,)
Ti+1_11 Ti+1_1 1+1_1 Tir1—1
= > (es,, —es )"+ Z (p(Z)—es  h* + Z (r(Z)—R)+ Z AX(Z,)

84
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Tip1—1 Tiy1—1 Tir1—1
= (DR 6D+ D (p(Z)—es h+ D (((Z)—R)+ Y, AY(Z,).
t=1; t=1; t=1;
Multiplying by (—1)" and rearranging, h*(s’) —h*(s) + (—1)"* 3.
equal to:

Tir1—1
t=1;

(g* —R,) appears to be

Tiy1—1 Tirv1—1
(—1)‘“( > ((p(z)—es, * +7(Z)—R)+ D, A*(zt)).
t="; t=1;
Proceed by summing over i. By triangular inequality, we obtain:

Np(seos') =1 74,1
DI I AL
i=0 t=1;

Because all Bellman gaps A* are non-negative, the second term is upper-bounded by the pseudo-
regret Zth_Ol A*(Z,). The first term is a martingale, and the martingale difference sequence
(D" ((p(2,) — es,,. Ji* +r(Z,) —R, has span at most sp(h*) + 1 since rewards are supported
in [0, 1]. Although the number of involved is random, it is upper-bounded by T, hence by the
maximal version of Azuma-Hoeffding’s inequality (Lemma 1.19), we have that with probability
at least 1 — &, uniformly for T’ < T,

Np(seos') =1 73411

> > DY ((pz) —es,, B +1(Z)—R,)
i=0

t="1;

/
|O‘T| <

Np/(seos') =1 1,1

> >0 ((pz) —es, i +1(Z)—R,)
i=0 t=1;
(STEP 3) We conclude that with probability 1 — 6, forall T’ < T,

T'—1
ar < (1+sp(h*))y/3Tlog(2) + D A*(Z,)+ |Reg(T")].
t=0

T'gl(g —R,). Using the Bellman

t=

< (1+sp(h*)) %Tlog(%).

We are left with relating both ZtT:Ol A*(Z,) and |Reg(T")| to D’
equation again, we find that:

T'—1 T'—1
D (" =R —A%(Z))| < Ih*(So) = (Sl + | D ((p(Z) —es,, ) + (r(2)—R,))
t=0 t=0

< sp(h*) + (1 +sp(h*))4/ 2T log(2)
where the last inequality holds with probability 1—6 uniformly over T’ < T by Azuma-Hoeffding’s
inequality again (Lemma 1.19). Remark that if y —z < x < y + 2, then |x| < |y| + |2/, hence we
conclude that with probability 1—6, for all T' < T:
T'—1 T'—1
DL AZ) + [Reg(T)| £2 D A*(Z)) + (1 +sp(h*))y/ 3T log(2) + sp(h)
t=0 t=0
T'—1
<2 Z (g"—R,)+3(1+sp(h*)) %T log(é) + 3sp(h*)
t=0
/-1
<2 > (§—R,)+3(1+sp(h*))y/ 3T log(2) + 3sp(h*)
t=0
where the last inequality invokes § > g*. We conclude that, with probability 1 — 20, for all
T’ < T, we have:

T'—1
Np.(s = s)(h*(s) —h*(s) —cp.(5,5')) < 3sp(R*) + (1 +sp(h*))4/8T log(2) + > (Z —R,).
t=0

This concludes the proof. O
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7.A.2 The confidence region of PMEVI-DT

The algorithm PMEVI-DT can be instantiated with a large panel of possibilities, depending on
the type of confidence region one is willing to use for rewards and kernels. In this work, we
allow for four types of confidence regions, described below. For conciseness, g € {r,p} is a
symbolic letter that can be a reward or a kernel and denote £,(s,a) the confidence region for
q(s,a) at time t. If ¢ = r, then dim(q) = 2 (Bernoulli rewards) with £(s,a) = [0,1]; and if
q = p, then dim(q) = S with £(s,a) = 2 ().

(C1) Azuma-Hoeffding or Weissman type confidence regions, with £,(s, a) taken as:

{d(s,0) € 2(s5,0) : N, (5, )lIg (5,0) = G5, @)II} < dim(q) log( ZAHFLD |

(C2) Empirical Bernstein type confidence regions, with £,(s,a) taken as:

(3 1 0 log ZAL ) 3 0q( 2AMUSAT )

G(s,a) € 2(s,a) : Vi,1q,(ils,a) — q(ils,a)| < J N,5,@) + N,G,a)

with the convention that x /0 = +oc0 for x > 0.

(C3) Empirical likelihood type confidence regions, with £2,(s,a) taken as:

{d(s,0) € 2(s,a) : N(s5, )KL(G, (5, )45, @) < log(E2) + (dim(q) — 1) log(e( 1+ 2252 ).

(C4) Trivial confidence region with 2,(s,a) = 2(s, a).

A few remarks are in order. When rewards are not Bernoulli, only the confidence regions
(C1) and (C4) are elligible among the above. Then, Weissman’s inequality must be changed to
Azuma’s inequality for o-sub-Gaussian random variables, see Lemma [.22. Since rewards are
supported in [0, 1], Hoeffding’s Lemma guarantees that reward distributions are o-sub-Gaussian

with o = %

7.A.2.1 Correctness of the model confidence region ./, and Assumption 1

The confidence regions 2,(s,a) described with (C1-4) are tuned so that the following result
holds:

Lemma II.22. Assume that, for all q € {r,p} and (s,a) € %, we choose 2,(s,a) among (C1-4).

Then Assumption 1 holds. More specifically, the region of models #, := ]_[s’a(%t(s, a) x Z.(s,a))

satisfies P(At < T : M & M,) < 5.

Proof. We show that, for all q € {r,q} and (s,a) € &, if 2,(s, a) is chosen amoung (C1-4), then
P(At <T:q(s,a) ¢ 2,(s,a)) <9o.

If 2,(s,a) is chosen with (C1), this is a direct application of Lemma 1.23; with (C2), this is
Lemma I.24; with (C3), this is Lemma [.25; and with (C4) this is by definition. O
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7.A.2.2 Simultaneous correctness of bias confidence region ¢, mitigation 3, and opti-
mism

In this section, we show that if Assumption 1 holds, then the bias confidence region constructed
by PMEVI-DT is correct with high probability, and that the mitigation is not too strong. Recall
that (g, by ) are the optimistic gain and bias of the policy deployed in episode k (see Algorithm 1).
In particular, we have g; = £, by —b; with b € 5, . We start by a result on the deviation of the
variance, which is what the variance approximation Algorithm 5 is based on. Recall that the
bias confidence region ¢, is obtained as the collection of constraints:

(1) prior constraints (if any) h(s) —h(s") < c,(s,s’);

(2) span constraints h(s) — h(s") < ¢y := T>;

(3) dynamically infered constraints |h(s) —h(s’) —c,(s’,s)| < error(c,,s’,s) (see Algorithm 3).
We have the following result.

Lemma I1.23. Let u,v € 5, and fix p a probability distribution on &. Then for all s € &,

V(p,u) < V(p,v) + 8¢, Z p(s’) error(c,,s’,s).
s'es

Proof. We start by establishing the following result: If p is a probability distribution on % and
u,v € R, we have:

V(p,u) <V(p,v)+2(p - lu—v|)max(u + v) (11.8)

where - is the dot product, u? the Hadamard product uu and |u| the vector whose entry s is |u(s)|.
(I1.8) is obtained with a straight forward computation:

V(p,u)=V(p,v)=p - —v)+(p-v)*—(p-u)
=p-((u=—v)u+v))+(@-(w—v)(p-(u+v))
<p-(u—vlu+v)+@-lu—vDp-lutv|)
<2(p-:|lu—v|)max(u+v).

Observe that v can be changed to v + Ae, where e is the vector full of ones, without changing the
result. The same goes for u. We now move to the proof of the main statement. First, translate u
and v such that u(s) = v(s) = 0. Then, we have:

p-w—v)= > p()uls) —uls) = c(s',5) + v(s) = v(s) + ¢ (s',9)|

s'ed
< ST pE(|ul) 1) — (59| + [ = v — < (55)))
s'eS
<2 Z p(s") error(c,,s’,s).
s'ed

Conclude using that max(u + v) < max(u) + max(v) + 2¢, for u,v € # such that u(s) = v(s) =
0. ]

Lemma I1.24. Assume that Assumption 1 holds and that ¢y = sp(h*). Then, with probability 1—45,
for all k < K(T), (1) gy = g* and (2) h* € 5, and (3) for all (s,a), (P, (s,a) —p(s,a))h* <
Be, (s, a).
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Proof. Let E; the event (Yk < K(T),M € 4, ). Let E, the event stating that, forall T' < T,

T'—1

h*(s)—h*(s") — cp.(5,5")| < 3sp(R*) + (1 +sp(h*))y/8T log(2) +2 > (& —R,),
t=0

Np(s <> s)

and let E; the event stating that, for all T’ < T and for all (s, a) € %, we have:

(pr/(s,a)—p(s,a))h* < \/ ZV(ﬁT'(sI’VaT )/’(h;il)og(%) + SSP(ZT)}(Z?(S)%)

By Lemma I1.14, we have P(E,) > 1 —26 and by Lemma 1.24, we have P(E;) > 1—§, so
P(E, NE,NE3)>1—46. We prove by induction on k < K(T) that, on E; N E,, (1) g, = g%, (2)
h* € s, (3) and for all (s,a), (p,(s,a) —p(s,a))h* < B, (s,a), where g, is the optimistic gain
of the policy deployed at episode k. For k = 0, this is obvious. Indeed, Ny(s «— s’) = 0 for all
s,s’ hence cy(s,s") = ¢, = sp(h*). Therefore,

# 2 {heR” :sp(h) < co} 2 {h €R” :sp(h) < sp(h*)}

so contains h*, proving (2). Moreover, since Ny(s,a) = 0, we have f,(s,a) = + 00, proving (3).
Finally, since M € _#,, on E;, by the statement (2) of Proposition 1I.13, we have g, > g*, hence
proving (1).

Now assume that k > 1. By induction g, > g* for all £ < k, so on E, we have:

k=1 ty41—1

h*(s) —h*(s") — ¢, (5,5")| < 3sp(h*) + (1 +sp(h*))y/8T log(2)+2 > > (g, —R,).

(=1 t=t,

Ntk(s —s')

By design of 7, (see Algorithm 3), we deduce that (2) h* € - Denote hy € 7, the reference
point used by Algorithm 5. We have, for all (s,a) € &, on E; N E, N E5, we have:

. 2V(p,, (s,a),h")log(%45L)  3sp(h*)log( 4L
(Ptk(s,a)—P(s,a))h*S\/ £ N, ) 22+ Ntk(s’(f)ﬁ)

Z(V(ﬁt (s,a),ho)log(¥)+8c0 Dives D, (s'ls,a) error(c, ,s’,s))log(%) 3¢, log( $4T
(h* e 76, + Lemma I1.23) < q L N[k(y;’a)k k + %fk(g,as) )

= ﬁtk(sa a)

by construction of Algorithm 5. Accordingly, (3) is satisfied. Finally, M € .#, on E; so by
Proposition 11.13, we have (1) g, = g*. O

Corollary I1.25. Assume that, for all q € {r,p} and (s,a) € Z, we choose £,(s,a) among (C1-4).
Then, with probability 1— 36, for all k € K(T), we have g > g* and (2) h* € 5, and (3) for all
(S, Cl), (ﬁtk(sa Cl) _p(s: a))h* < ﬂtk(s: a)'

Proof. By Lemma I1.22, Assumption 1 is satisfied. Apply Lemma I1.24. ([

7.A.2.3 Sub-Weissman reward confidence region and Assumption 2
Although the kernel confidence region can even chosen to be trivial with (C4), in order to work,

PMEVI-DT needs the reward confidence region to be sub-Weissman in the following sense:

Assumption 2. There exists a constant C > 0 such that for all (s,a) € &, forall t < T, we
have:

R(s,0) € {7(5,0) € R(s,) : N, (5, DIl (5, @) — (s, )|I2 < C log(ZALNL |

This is indeed the case if %,(s, a) is chosen among (C1-3).
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7.A.3 Convergence of EVI and Assumption 3

We start with a preliminary lemma on the speed of convergence of EVI. The Lemma II.26 is
thought to be applied to extended MDPs. Below, when we claim that the action space is compact,
we further claim that a € ./(s) — p(s,a) is a continuous map, so that the Bellman operator is
continuous and that g* and h* are well-defined, see Puterman (1994).

Lemma I1.26. Let M a weakly-communicating MDP with finite state space R and compact action
space, and let L its Bellman operator. Assume that there exists y > 0 such that, Yu € R7,

Vs€ &,dae (s), Lu(s)=r(s,a)+p(s,a)u=r(s,a)+ymax(u)+(1—y)qu (%)
with g € (). Then, forallu € R” and all € > 0, if sp(L" 'u— L"u) > €, then:

n 4sp(wy) n % log( 25P(W0)).
Y€ Y €

n<2

Proof. Since M is weakly communicating, has finitely many states and compact action space, it
has well-defined gain g* and bias h* functions. Denote u,,; := L"u.

w, = Tgﬁ({ re+Pu,_1}—ng*—h*
= mgr)[({rn — g+ (P, —Dh*+ P (u,_; —h*—(n—1)g")} =: mgr)li{r;r +P w1}

Observe that the policy achieving the maximum is the one achieving u,, = r, + P,u,_;. Remark
that r/ (s) = —A*(s, m(s)) < 0 is the Bellman gap of the pair (s, (s)), that we more simply write
A. For all n, there exists 7, € IT such that w,,; =—A, + P, w,. Moreover, by assumption,
we have P, =7y - eSTe + (1—7v)Q,, where Q,, is a stochastic matrix. Moreover,

(min(—Ann) + ywn(sn))e +(1—7y)Qw, <w,,; < (max(—Ann) + ywn(sn))e +(1—7)Q,w,.

Hence, sp(w,41) < (1 —y)sp(w,) + sp(A, ). In addition, w, = L"u — L"h*, so by non-
expansiveness of L in span semi-norm, sp(w,,;) < sp(w,). Overall,

sP(Wp41) < min((1—7)sp(wy,) +5p(Ay, ), sp(wy))- (I.9)

Fix € > 0, and let n, :=inf{n : sp(w,,) < €}.
Let 7t* an optimal policy. We have w,,; > P,.w, so by induction, w,;; = P"'wq > min(w)e.
Meanwhile, we see that ||w,||; > ZZ;(I)”ARRHI + Smin(w,), so ZZ;éHAm ||1 < sp(wy). Since
-1
A, <0 forall k, we have sp(A, ) < ||A, ||, s0 Do sP(Ar,) < sp(wp).

By (I1.9), either sp(w,,1) < (1—3y) max(e, sp(w,,)) or sp(A, )= 1ye, but because ZZSS sp(Ag,) <

2sp(wq)

e times. We deduce that, for all n < n,,

sp(w,), the second case can happen at most

2sp(wp)

sp(Wpi1) < (1—27)" ™ sp(wy).

In particular, for n =n,.—1, we get:

2sp(wg)

e<(1— %Y)ne—z—  sp(wg).

We obtain:
n.<2

€ —

2 2
n sp(wo) 4z log(Sp(WO) )
Y€ Y €
To conclude, check that sp(L""'u — L"u) = sp(w,.; —w,,) < 2sp(w,,). O
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Before moving to the application of interest, remark that this result can be greatly improved

if the supremum sup{A*(s,a) : A*(s,a) < 0} is not zero, to change the dominant term %
for a constant independent of €.

Corollary I1.27. Assume that the .#, has non-empty interior, and that its Bellman operator
satisfies the requirement of Lemma I1.26, i.e., there exists y > 0 such that, Yu € R”,V¥s € #,3a €
A(s),3r.(s,a) € Z.(s,a),3p,(s,a) € P,(s,a):

Zou(s) =Ft(s,a) +p,(s,a)u=F.(s,a) + ymax(u) + (1 —y)q;u

for some q!' € (). Then Assumption 3 is satisfied, and span fix-points h, of %, are such that
g (M) = %h,—h,.

Proof. If .#, is has non-empty interior, it means that for all (s,a), #.(s,a) has non-empty
interior. Therefore, for all state-action pair, there exists p,(s,a) € Z,(s, a) that is fully supported.
It follows that .#, is communicating, and it follows from standard results Puterman (1994) that
its span fix-points h do exist and that g, := £h, —h, € Re does not depend on the initial state.
Moreover, if M € #, and ©w € 11 with . = g(m, #,) € Re, letting 7, := r (i) and
P, := P (M), we have:
Fro+Poh < Lk, < gie+h,.

So by induction and since %, is obviously monotone and linear, we show that:

> PR, <nge+(I—PMh,.
k=0
Dividing by n and letting it go to infinity, we obtain g(n, #,) < g,. Observe that we have
equility by taking the policy achieving (g,, h,).
To see that EVI converges indeed, simply observe that Lemma II.26 provides a finite bound

on how much time is required until the sp(zt”“u—.fft"u) < e. Hence sp(zt”+1u—$t”u) vanishes
to O. ]

About Assumption 3. The assumptions made by Corollary I1.27 are met if the kernel confidence
regions are:
* Built out of Weissman’s inequality (C1) (see the next section, also Auer et al. (2009));

* Built out of Bernstein’s inequality (C2) (because the maximization algorithm to compute
D.(s,a)u; in EVI has the same greedy properties than with Weissman’s inequality);

* Trivial (C4) obviously.

For confidence regions build with empirical likelihood estimates (C3), there is no guarantee
of convergence (although we conjecture that one could be established), although the gain is
still well-defined because .#, remains communicating. However, just like the original work of
Filippi et al. (2010), the convergence is always met numerically.

7.A.4 Proof of Theorem I1.16: Complexity of PMEVI with Weissman confi-
dence regions

In this section, we show that when one is using Weissman confidence regions for kernels (C1),
then the iterates of %, converge to an e span-fix-point quickly.
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Proposition I1.28. Assume that PMEVI-DT uses kernel confidence regions of Weissman type (C1)
satisfying Assumption 1. Then with probability 1 — &, the number of iterations of PMEVI (see
Algorithm 2) is O(D\/§AT), hence the algorithm has polynomial per-step amortized complexity.

Proof. With Weissman type confidence regions for kernels, for all t < T and (s,a) € &, we have

ez {ﬁ (5,0 € P(5,0): 55, @) = puls, I, < \l@}

It follows that, for all t < T, the extended Bellman operator %, satisfies the prerequisite () of

Lemma I1.26 with
B w Slog(2SAT/5) _ (1| Slog(T/5)
=3 T - T '

Under Assumption 1, we have M € ., with probability 1 — 6. Under this event, .#, is weakly
communicating and sp(h*(.#,)) < D(M), we can apply Lemma I1.26 and conclude that every
calls to PMEVI (Algorithm 2) takes

o sp(wo)vV'T :O( DT )

e/ 51og(TT/5) vSlog(T)

where we use that € = 4/ w, that sp(wy) = O(sp(h*(.#,))) = O(D(M)) and that 6 > %
Since the number of episodes under the doubling trick (DT) is O(SAlog(T)), we conclude
accordingly. O

Every call to the projection operator solves a linear program. Although in theory, this time is
polynomial (relying on recent work on the complexity of LP such as Cohen et al. (2020), it is
the current matrix multiplication time O(S%38)), in practice, reducing the number of calls to the
projection operator is key to run PMEVI-DT in reasonable time.

7.B Analysis of the projected mitigated Bellman operator

In this section, we fix the model region ./, the bias region ## and the mitigation vector f3,
dropping the sub-script t for conciseness. We denote 7, p the respective empirical reward and
kernel. Further assume that 7 = 54, + Re with s, a compact convex set. The associated
projection operation (see Section 7.B.2) is denoted I'. The (vanilla) extended Bellman operator £
associated to ./ is given by Zu(s) := max,¢ ,){sup Z(s, a) + sup 2 (s,a)u}. The B-mitigated
extended Bellman operator associated to . is:

£Pu(s) := max sup sup {F(s, a) + min{p(s, a)u;, p(s, a)u; + B(s, a)}}. (I1.10)
ac.d(s) 7(s,a)eR(s,a) p(s,a)eP (s,a)

The function Greedy(.#,u, 3) returns a stationary deterministic policy that picks its actions
among the one reaching the maximum above. The projection of £” to # is

g=ePh% =ToLh. (I1.11)
The goal of this section is to establish Proposition I1.13 and
* Proposition II.13 statement (1) is a consequence of Lemma I1.33;

* Proposition I1.13 statement (2) follows from Theorem I1.36;
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* Proposition I1.13 statement (3) follows from Corollary II1.38;
* Proposition I1.13 statement (4) follows from Corollary 11.32;

* Proposition I1.13 prerequisites on the projection operator and Lemma II.15 follows from
Lemma II.30

7.B.1 Finding an optimistic policy under bias constraints

The main goal is to find and optimistic policy under bias constraints (projection) and bias error
constraints (mitigation). The bias constraints imply that we search for a policy 7 together with
a model M such that h(r, M) € 5. The bias error means that, for h = h(rr, M), we want in
addition p(s, (s))h < p(s, (s))h + B(s, m(s)) where p is the transition kernel of M. In the end,
our goal is to track the solution of the following optimization problem:

nell,Me 4,
g (A, B, M) :=sups g(n,M): Vse€F, p(s, n(s)h < p(s, n(s))h + B(s, m(s)), (I.12)
h=h(rn,M) € #, sp(g(m,M))=0

where the supremum is taken with respect to the product order R”. In particular, if % C 27,
check that u* = sup % is obtained as u*(s) := sup{v(s) : v € %}. The constraint sp(g(n, ]\7[)) =0
is suggested by the work of Fruit (2019); Fruit et al. (2018) and is key for the problem to be
solvable.

The bias and the f3-constraints make the problem to handle with a “pure” extended MDP
solution, which is why the extended Bellman operators are mitigated (with 3) then projected
(with T'). The mitigation operation guarantees that the f3-constraint is satisfied, while the
projection on # makes sure that the bias constraint is satisfied. It is important for both
operations to be compatible, i.e., that the B-constraint that £# forces is not lost when applying
I'. As a matter of fact, projecting then mitigating would not work.

We now explain why £ can be used to solve (I.12).

7.B.2 Projection operation and definition of £

We start by discussing why £ is well-defined at all. The well-definition of £” is obvious. The
point is to explain why the projection onto s is possible while preserving mandatory structural
properties such as monotony, non-expansivity, linearity and more. For general 2, such properties
are impossible to meet. But the bias confidence region constructed with Algorithm 3 has a
specific shape that makes the projection possible. The central property is the one below:

(A1) The downward closure {v <u:v € #} of every u € R” has a maximum in .

The only order that we will be considering is the product order on R”. Recall that a set
% C R” has a maximum if there exists u € % such that v < u for all u € %. A supremum of %
is a minimal upper-bound of %, i.e., u such that (1) v < u for all v € % and (2) no w satisfying
(1) can be smaller than u. For the product order, the supremum of a subset %/ is unique and of
the form u(s) = sup{v(s) : v e «}.

Define the projection I' : R” — # as such:

Tu:=max{v<u:ve s} (I1.13)

In general, Assumption (A1) is satisfied when # admits a join, i.e., is stable by finite supremum:
u,v e = sup(u,v) e .

Lemma I1.29. If 5¢ is generated by constraints of the form h(s) —b(s’) —c(s,s’) < d(s,s’), then it
has a join and (A1) is satisfied. Moreover; T is then correctly computed with Algorithm 4.
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Proof. The first half of the result is well-known, see Zhang and Xie (2023), but we recall
a proof for self-containedness. Let v;,v, € 5 and define vy := sup(v;,Vv,). Observe that
V3(s) — v3(s") < max(v,(s) — v1(s"), vo(s) — vo(s")) < c(s,s’) + d(s,s’). So v5 € .

We continue by showing that if # has a join, then (I1.13) is well-defined. For s € &,
take a sequence v} such that v)(s) — a(s) := sup{v(s) : v < u,v € 5¢}. Because the span of
every element of . is upper-bounded by ¢ := sup{sp(v) : v € s}, it follows that v} evolves
in the compact region {v <u:ve #}Nn{v:|lv—ase|,, =1+c}. We can therefore extract
a convergent sequence of v, converging v; that belongs to 5 since the latter is closed. By

construction, v(s) = a(s). Because ¢ has a join, v, := sup{vfk 1S € 5”} € . O

Lemma II1.30. Under assumption (A1), the operator Tu := max{v < u:v € 5} is well-defined,
and is:

(1) monotone: u<v=Tu<Tv;

(2) non span-expansive: sp(T'u—T'v) < sp(u—v);
(3) linear: T(u+ Ae) =Tu+ Ae;

4) Tu<u.

Proof. The well-definition of T is obvious from (A1). For (2), ifu < vthenw <u=w < v.
Hence Tu := max{w <u:we€ #} <max{w <v:we #}=:Tv. For (3), check that it follows
from s = # + Re. For (4), we obviously have I'u := max{v <u:v e #} <u.

The more difficult point is (2) span non-expansivity. Pick u, v € R”. By linearity, it suffices to
show the result for >} u(s) = D>, v(s). In that case, we have sp(v —u) = max(v—u)+max(u—v).
Observe that for all w < u, we have w + min(v —u)e < v. Since 5 = 5 + Re, it follows that:

max{w <u:ue€#} <max{w <v:we #}+max(u—v)e.

Similarly, we have max{w <u : w € #} > max{w < v : w € #}+min(v—u)e. Using them both
at once, we find sp(Tu—TI'v) < sp(v —u). O

The properties (1), (3) and (4) are essential for £ to properly address the optimization
problem (I1.12). The property (2) is just as important, because it plays a central part in the
convergence of value iteration. The next result shows similar properties for the -mitigated
extended Bellman operator %P . From now on, we will assume (A1), because it is almost-surely
satisfied by the bias confidence region generated by Algorithm 3.

Lemma I1.31. The 3-mitigated extended Bellman operator <P is (1) monotone, (2) non-span-
expansive and (3) linear.

Proof. The properties (1) and (3) directly follow from the definition. We focus on (2). Fix
u,u’ € R”. By Lemma I1.37, we can write £Pu = #_+ P u and £Pu’' = 7, + P,u’. In the
following, we write f.(s) := B (s, (s)). Check that:

LPu— 2P =7+ Pou—(Fr+ Pot) < 7+ Pou— (7 + min{ P/, Pou’ + B, }).
If the minimum is reached with P u’, then:
LPu— 2Py’ <B_(u—u).
If the minimum is reached with P_u’ + B, then upper-bound P_u by P_u + B, to obtain:
LPu— 2Py <P (u—u).

Overall, we find that there exists Q,, € 2, such that £Pu— ¥Pu’ < Q,(u—u’). Similarly, we
find Q. € @, such that £Pu— 2Pu’ > Q,.(u—u’). We conclude that:

sp(LPu—£Pu’) < sp((Q, — Q) (u—u")) < splu—u').
This concludes the proof. O
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By composition, we obtain the following result.

Corollary I1.32. £ is (1) monotone, (2) non-span-expansive and (3) linear. Moreover, sp(Lu —
£v) < sp(Lu—%v) forall u,v €R7.

7.B.3 Fix-points of £ and (weak) optimism
Lemma I1.33. £ has a fix-point in span semi-norm, i.e., Ju € #,sp(Lu—u) = 0.

Proof. The idea is to apply Brouwer’s fix-point theorem in R” quotiented by the equivalence
relation u ~ v & sp(u — v) = 0, where sp(—) becomes a norm. By linearity (Corollary 11.32), £
is well-defined in this quotient space, and if £ is shown continuous on R”, so will it be on the
quotient.

We show that £ is sequentially continuous on .##. Consider a sequence u,, € 7" converging
to u € # and fix € > 0. Provided that n > N, for N, large enough, we have ||lu, —u||., < €,
i.e., u, —ee < u, < u+ ee. Therefore, in the one hand, for all v < u,, we have v —ee < u
so max{v <u,:ve s} < max{v <u:v e} + ee; And on the other hand, for all v < u,
v+ee<u,somax{v<u:ve#}<max{v<u,:ve#}+ee. Hence:

|lmax{v <u:ve#}—max{v<u,:ve}|<e.

It shows that I' is continuous. The operator £* is obviously continuous as well, so £ =T o £F
is continuous by composition. Since # = 54, + Re with 54, compact and ocnvex, the quotient
J¢ [~ is compact and convex, and is preserved by £/~. By Brouwer’s fix-point theorem, £/~
has a fix-point in #/~. So £ has a span fix-point in . O

We write Fix(£) the span fix-points of £.
Lemma II.34. £ has well-defined growth. Specifically, if £u = u + ge, then:

(1) There exists ¢ > 0, s.t., forallv e 7, (ng—cle+u < £ < (ng+cle+u;
(2) Ifu’ €Fix(L), then Lu’ —u’ = ge.

Proof. Setting ¢ := maX,cy, ||[v —ullooc < 00, one can check that u—ce < v < u+ ce for all
v € #,. this proves (1) for n = 0 and we then proceed by induction on n > 0. By induction,
£"v < u+ (ng+ c)e and by Corollary 11.32, £ is monotone, so we have:

gtly < 20y < 8u+(ng+c)e)=u+((n+1)g+ce

where the last inequality use the linearity of £ together with £u = u + ge. The lower bound of
£"v is shown similarly, establishing (1).

For (2), pick u’ € Fix(£) with £u’ = u’+g’e. Up to translating u’, we can assume that u’ € %,
and apply (1). We get:

(ng—cle+u<nge+u <(ng+cle+u.
Divided by n and let it go to infinity. We conclude that g =g’. O
We finally have everything in hand to claim that £ solves (I1.12).
Corollary I1.35. The growth of £ given by g = Lu —u for u € Fix(£) is well-defined, and:

n 21‘[

£
Yue #, ge=Iliminf g limsup .

n—oo n n— 00 n

Moreover, g = g*(5, B, M).
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Proof. The growth property is a direct consequence of Lemma I1.34. We show g > g*(¢, 8, 4 )
which is defined in (11.12). Pick € II, M € .# its model with A = h(m, M) and P.h < P_h+ 3,
where B,,(s) := (s, n(s)). Up to translation, we can assume that h € 7.

We have g(m, M) = ge for § €R, so

h+ge=7 +P h<gh

by definition. By monotony of £, see Corollary I1.32, nge + h < £"h follows by induction on
n > 0. By Lemma I1.34, we further have £"h < n(g + c)e + u where u € Fix(£). In tandem,

. cet+u—h
ge<ge+ —.
n
Letting n — oo, we deduce that § < g. Conclude by taking the best 7 and M. O

The next theorem follows directly with the same proof technique, and guarantees optimism.

Theorem I1.36. Assume that g* + h* < £h*. Then g > g*.

[{P=3

The condition “g* + h* < £h*” can be referred to as a weak form of optimism. We qualify
this version of optimism as weak because it is much weaker than optimism property suggested
by Fruit (2019) & > L where L is the Bellman operator of the true MDP. Here, we only ask for
Lh* > Lh*, i.e., optimism at the fix-point of L. This condition is met as soon as M € .#, h* € A
and f is large enough, but is in fact much more general.

7.B.4 Modelization of the projected mitigated Bellman operator £

The aim of this paragraph is to establish Corollary I1.38, stating that £u can be viewed as a
policy produced by Greedy(.#,u, ).

Lemma I1.37 (Modelization). For m € I, denote f3,(s) := B (s, n(s)), Z, := ]_[s R (s, m(s)) and
@ =[], 2, n(s). FixueR” and let m := Greedy(4,u, f3).

(1) If @ is convex, then there exists (7,,P,) € #, x #_ such that Lpu="F,+ P_u.
(2) Assume that Lyu = F, + P u. There exists r’. < F,, such that Lu=r. + P u.

The convexity requirement of (1) is always true if the kernel confidence region is chosen via
(C1-4).

Proof. For (1), fix a state s € &, let a := n(s) and p := min(sup (s, a)u, p(s,a)u + B(s,a)). If
p =sup Z(s,a)u, then there is nothing to say because & is compact, hence the sup is a max
and p is of the form p(s,a)u. Otherwise, let p(s,a)u > p(s,a)u + B(s,a) with p(s,a) € (s, a).
Introduce, for A € [0,1],
Di(s,a) ;= Ap(s,a) + (1 —A)p(s,a).
By continuity, there exists A € (0, 1) such that p,(s,a)u = p(s,a)u + (s, a) and by convexity of
P(s,a), p(s,a) € P(s,a). This proves (1).
For (2), recall that £u = I'£Pu=T(#, + P,u). Since I'v < v, for v € R¥, we have:

T(f, +Pou) < ¥, +Pu.
Set r/ :=T(F, + P,u) — P u. Check that r/ satisfies r/ <, and €u=r/ + P u. O
The last corollary bellow is crucial to claim that greedy policies are good choices in PMEVI-DT.

Corollary I1.38 (Greedy modelization). Let u € R” and fix © := Greedy(.#,u,). If @ is
convex, then with the notations of Lemma I1.37, there exists ¥, < sup &, and P, € #_ such that
Lu="F,.+Pu
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7.C Proof of Theorem I1.16: Regret analysis of PMEVI-DT

We recall a few notations. At episode k, the played policy is denoted ;. As a greedy response to
bk, by Proposition 11.13 (3), there exists 7 (s) < sup %, (s, mx(s)) and P(s) e 2, (s, (x)) such
that b +g; = F+P.h,. The reward-kernel pair M, = (7, P,) is referred to as the optimistic model
of 1t;.. We write Py := P, (M) the true kernel and P = P, (Mtk) the empirical kernel. Likewise,
we define the reward functions r, and #,. The optimistic gain and bias satisfy g, = g(m;, M)
and b, = h(m,, M). We further denote ¢, = Ts.

Important remark. To slightely simplify the analysis, we assume that PMEVI is run with
perfect precision € = 0, i.e., that h, = PMEVI(.#,, 3, T}, ,0) hence is a span fix-point of £, .
This assumption is mild and can be dropped by adding an extra error term that has to be carried
out in the calculations.

7.C.1 Number of episodes under doubling trick (DT)

Lemma I1.39 (Number of episodes, Auer et al. (2009)). The number of episodes up to time
T > SAis upper-bounded by:
K(T) < SAlog,(%%).

7.C.2 Sum of bias variances

The Lemma I1.40 below shows that ZtT:_Ol V(p(Z,),h*) scales as Tsp(h*)sp(r) + sp(h*)Reg(T) in
probability.

Lemma I1.40. With probability at least 1 — 6, we have:

-1 T—1
ZV(P(ZJ, h*) < 2sp(h*)sp(r)T + sp(h*)zw/ %T log(%) + 2sp(h*) Z A*(Z,) +sp(h*)%.
t=0 t=0

Proof. Using the Bellman equation h*(s) + g*(s) = r(s,a) + p(s, a)h* + A*(s, a), we have:
V(p(Z,),h*) = (p(Z,) —es )™ + 20" (S A (Z,) + r(Z,) — §*(S))-

Since sp(h*?) < sp(h*)?, we get:

T—1 T—1 T—1
D> V(). h) < D (p(Z) —es )2 + 2sp(h*)(sp(r)T +>) A*(zt))
t=0 t=0

t

Il
o

T

T-1
= > (p(Z) —es,, > + 2sp(h*)(§sp(h*>sp(r)T £y A*(za)
t=0

|
-

t=0

T—1
(Lemma 1.19) < 2sp(h*)sp(r)T + sp(h*)? %T log(%) + 2sp(h*) Z A*(Z,) +sp(h*)?
t=0

where the last inequality holds with probability 1 — 6. This concludes the proof. O

7.C.3 Regret and pseudo-regret: A tight relation

In this paragraph, we bound the regret with respect to the pseudo-regret (and conversely) up to
a factor of order (sp(h*)sp(r) log(%))l/ 2, Hence, in proofs, the pseudo-regret can be changed to
the regret with ease.
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Lemma II.41. With probability 1 — 40, the regret and the pseudo-regret and linked as follows:
Tz_f(g* R )_Tz_f A*(z)| < {2\/(25p(h*)sp(r) + £ )T log(% +\/25p(h*)log( )Z L Ax(Z, )}

t t — .
t=0 t=0 +sp(h*)(% ) log? ( ) + 4sp(h*) log( ) + 2sp(h*)

Proof. We rely again on the Poisson equation g*(S,) —r(Z,) —A*(Z,) = (p(Z,) — es,)h*, so

T—1 T—1
= R, — A (Z)| < D (p(Z) —es 0| + | D R, — (2,)
t=0 =
T—1
<sp(h*)+ | > (p(Z) —es., )n*| + Z(R —r(2)].
t=0

Up to the constant sp(h*), the two error terms are respectively a navigation and a reward error.
The second is bounded using Azuma’s inequality (Lemma 1.19), showing that with probability
1—26, we have:

%Tlog(%).

T—1
D> R —r(2))| <
t=0

We continue by using Freedman’s inequality, instantiated in the form of Lemma 1.21. With
probability 1 — &, we have:

T-1
< \J ZZV(p(Zt), h*)log( L) + 4sp(h*)log(L).

t=0

T-1
> (pz)—es, )0
t=0

The quantity Zth_Ol V(p(Z,),h*) is a classical one that appears at several places throughout
the analysis. Using Lemma I1.40, we bount it explicitely. Further simplifying the bound with
va+b < a+ vb, we get that with probability 1 — 45, we have:

{\/Zsp(h*)sp(r)Tlog( \/ZTlog )+ \/ZSp(h*)log( )Z A*(Z, )}

+sp(h*)( ) log# ( )+4sp(h*)log(3) + 2sp(h*)

Bound log(%) by log(g) and use va+ v'b < 2va + b to merge the terms in VT log(§) under a

single square-root. O

Overall, Lemma I1.41 states that the regret Z =0 (g —R,) and the pseudo-regret Z A*(Z )
differ by about (sp(h*)T log(5 £1)1/2 in probability (up to asymptotically negligible add1t1onal
terms). In general, the precise form of Lemma I1.41 is not convenient to use because it is of
form form x < y + a,/y + 8 that is not linear in y. Corollary I1.42 factorizes the result into one
which will be more convenient in proofs.

Corollary I1.42. Denote x := ZtT:_Ol(g* —R)and y := ZtT:_Ol A*(Z,). Further introduce:

Zsp(h*)log(g)
= 2\/(25p(h*)sp(r) + %)T log(%) + sp(h*)(%T)‘11 log%(g) + Zsp(h*)(ZIOg(g) + 1).

Then, with probability 1 —46, we have vX < /¥ +3a+ /B and ¥ < vx +a+ +/B.

Proof. This is straight forward algebra from the result of Lemma I1.41. O
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7.C.4 Proof of Lemma II.17, reward optimism

We start by getting rid of the reward noise. We have:

T—1 T—1 T—1
Reg(T):= » (g*—R) =Y .(g"—r(Z))+ > (r(Z)—R,)
t=0 t=0 t=0

T—1
<> (g"—r(Z))+4/3Tlog(})
t=0

with probability 1 — 6 by Azuma’s inequality (Lemma [.19). We are left with Z =0 (g —r(Z,)).
We continue by splitting the regret episodically and invoking optimism. By Lemma II.24, with
probability 1 — 46, we have Zttol(g —r(Z) <D, Zt“l_l(gk r(Z,)). Introduce

tei1—1

Bo(T) := Z D (o —r(2)). (1.14)

t=ty

We focus on bounding B(T). By Assumption 2, 7,.(s, a) is of the form (s, a)+ \/C log(2SAT /6) /N, (s,a)—
i (s, a) with 1, (s, a) € R. By the statement (3) of Proposition I1.13, n(s,a) = 0. Therefore,

trp1—1 trp1—1
BO(T)—Z Z (0x — (2, ))+Z Z (7(Z) = (Z,)
trp1—1 trr1—1 Clog(zs%)

<Z > (o= A2, ))+SA+Z > W, (z)= 1) 2D = r(Z) +\

t=t; t=ty

N, (Z,)

! S 210g(50) [ Clog(Z)
<Z > (o — 2, ))+SA+Z >N, (Z)=1) \J NG + N 6.0

t=t} t=ty

where () holds with probability 1 — 6 following Lemma 1.23. By the doubling trick rule (DT),
we have N,(Z,) < 2N, (Z,) for t < t;4, so, with probability 1 —0,

trp1—1 tr1—1 2+ C)log(zsﬂ)
Bo(T)S D D (g —F(Z)) +SA+2) > 1N, (Z) 2 1)J °
kK t=t; Kk t=t Ntk(s; a)
trp1—1 Ng(s,a)—1
< Z ST (-2 +5a+2,/2+ Olog(Z) ST N /1
t=t s,a n=1
tey1—1
< Z D (o= (Z)) + SA+ 44/ (2 + C) log(E2L) Z VN7 (s, @)
t=t,
tk+1_1
(Jensen) < > > (g — F(Z.)) + SA+ 44/(2+ C)SAT log(Z2L).
k t:tk
We conclude that with probability 1 — 66, we have:
try1—1
Reg(T)< D O (ax—F4(Z.)) +44/(2+ C)SAT log( L) + /1T log(BAL) +5A.  (IL15)
k t:fk

This concludes the proof. O
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7.C.5 Proof of Lemma II.18, navigation error

We have:
trp1—1 trp1—1
Z Z (Pr(Se) —es )b < Z Z (Pr(Se) —es,,, )b +ZSP(hk)
trp1—1 trp1—1
<D0 (S —es, M=)+ > > (p(S)—es, Jh*+ > sp(by).
k t=ty k t=t; k

The last term is O(c,SAlog(T)) by Lemma 11.39, hence is O(T'/°log(T)).

(STEP 1) We start by bounding A;. By Lemma I1.24, with probability 1 — 46, we have
h* € 4, for all k < K(T). So sp(h; —h*) < sp(hi) + sp(h*) < 2¢,. By Freedman’s inequality
invoked in the form of Lemma I.21, we have with probability 1 —56,

trp1—1

Av< 42D, D) V(p(Z), b —h*)log(F) + 8co log(5)

k t:tk

It suffices to bound the first term. Recall that e is the vector full of ones. We have:

thzlt_]lwp(z ), by —h*) = Ztilwp(z ), b —h* = (0(S) —h*(S)) - €)
<Zt§2yp(s 1Z)(0e(s) = B*(s") — (0 (S) — h*(S,)))

<3 Zif Zyp(s 1Z)(b(s") —h*(s") — (0 (S ) — h*(S)))” }+16eolog()
= 3; tgl(bk(sm) — R (See1) — (0(S:) —h*(S)))* + 16¢3 log( 5 )-

Here the inequality (*) holds with probability 1 — & following Lemma 1.28. We will bound the
summand with the bias estimation error error(cy,s,s’) that spawns the inner regret estimation
By(ty) = 2:; Zt“l_l(gg —R,). This inner estimation is linked to B(T) := Zk,t(gk —R,) the

overall optimistic regret by:

K(T) tg4q—1 K(T) tg4—1
Bo(t) < D D (@—R)— . D (@—R,)
(=1 t=ty =k t=t,
(*) K(T)ty1—1 K(T)tg,—1
<D 2 @—R)=D, D (&R
(=1 t=t, {=k t=t,
K(T) tp1—1 K(T) T-1
D (G—R)— ZZ A(Z)+(p(Z) —es )* +7(Z)—R,)
(=1 t= tz =k t=t;
K(T K(T) T-1

IA

Z(gk R)+sp(h)— > > ((p(z)—es,., )W +1(Z)—R,)

(=1 t=t; =k t=t;
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tpp1—1

. K(T)
(1)
< >0 > (G—R)+sp(h*) + (1 +sp(h*))y/ 3T log(%)
(=1 t=t,
=: B(T) +sp(h*)+ (1 + sp(h*)) %T log(%).
In the above, (x) holds with probability 1 —4¢6 uniformly on k following Lemma I1.24 and ()
holds, also uniformly on k, with probability 1 — 6 by applying Azuma-Hoeffding’s inequality

(Lemma [.19). Continuing, still on the event specified by Lemma II.24, we have with probability
1-60:

Al a3 3¢, + (1 8t log(2) + 2B
S @) —r <33 S 20t +co)y/8tc10g(Z) + 2Bo(t)
k

t=ty k =ty Ntk(5t+1 — St)

fki:‘l 4c+(1+¢)y/32T log(2) +2B(T)

+ 16c§ log(%)

=3 +16c2log(3
k t=t; Ntk(SI’AtJ St+1) 0 (5)
(DT) < 12¢;S*A+ 3(460 +(14co)y/32T log(2) + ZB(T))SzAlog(T)
+ 16c§ log(%).

(STEP 2) For A,, by Freedman’s inequality invoked in the form of Lemma 1.21 again, we
have with probability 1 —6,

tp1—1

Ay < \ 2> > V(pi(S), h)log( L) + 8¢, log (L)
k

f:fk

T—1

< \ 2> V(p(Z,),h*)log(%) +8colog(3).

t=0

We recognize the sum of variance ZtT:_OI V(p(Z,),h*) that we leave as is.

(STEP 3) As a result, with probability 1 — 76, we have:

trp1—1 T—1
D (S —es by < \l 2> V(p(Z,),h*)log(%) + 254 /3B(T)log(F) + O(SA* T log+ (L))

Kk t=tg t=0
1
when ¢y =T5. O

7.C.6 Proof of Lemma II.19, empirical bias error

Because h* is a fixed vector, Bennett’s inequality (see Lemma 1.27) guarantees that (p(S,) —
Pi(S,)h* is small as follows. By doing a union bound over Lemma 1.27 with confidence s% over
all pairs (s,a) and visits counts N(s,a) < T, we see that with probability 1 — &, for all k, we
have:

st st V(p(Z,),h*) log(P4L) sp(h*)log(%)
A * * t)
D (Br(S) — PSR < sp(R)SA+ Y 1N, (Z)=1) \/ e D

f:fk f:tk

te—1 SAT
. . 2V(p(Z,),h")log( 4L ) SP(h*)IOg( 5 )
(by doubling trick) < sp(h*)SA+ 2 E 1(N,(Z) = 1)(\/ N LR TR )
t=t

Summing this over k and factorizing over state-action pairs, we get that with probability 1 — 6,

Ni(s,a) Ny (s,a) SAT

2V(p(s,a).1") log(S2L sp()log( 4T

E:(Zk)SSp(h*)SA+2§:( STy Aeome(E) S (5 )
k s,a n=1

n=1
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< sp(h*)SA+ 42 \/ Ny (s, a)V(p(s, a), h*) log(24L ) + 2sp(h*)SAlog( 4L ) log(T)

(Jensen) < sp(h*)SA+ 4\ SAZ V(p(s,a), h*) log(%) + Zsp(h*)SAlog(%) log(T)

T—1
=sp(h*)SA+ 4\ ZV(p(Z ), h*) log( SAT) + Zsp(h*)SAlog( )log(T)

t=0

We recognize the sum of variances Z V(p(Z ), h*), that is left to be upper-bounded later
on. ]

7.C.7 Proof of Lemma II.20, optimism overshoot

Because of the 3-mitigation generated by Algorithm 5, the quantity (p,(S;) —DPi(S:))by is shown
to be directly related to V(p(Z,),h*) up to a provably negligible error. Denote h; the reference
point BiasProjection(s%, ,c, (—,s)) used in Algorithm 5 (denoted hy in the algorithm). By
Lemma [1.24, with probability 1 — 46, we have h* € 5, for all k. To lighten up notations, we
write d, (s’,s) instead of error(c, ,s’,s).

(STEP 1) Denote A := (pi(S;) — p(S;))bk. By construction of p, we have A <, (Z,), so:

A< B, (Z,)

| 2(V(i(S), ) + 8o Die o Pic(s'1S)d,, (57,5 ) Tog(*5T)) N 3¢, log(%5")
N, (Z)) N, (Z))

< 2V(py(S,), h;{) + 16¢, Zs/ey ﬁk(3/|5t)dtk(5/: St)IOg(SA%) +360 log(SAT)
- N (Z,) N (Z,) N, (Z)

~~

Vv
Ay Ay

The rightmost term of A is of order O(log?(T)) hence is negligible. We focus on the other
two. The analysis of A; will spawn a term similar to A,, hence we start by the second. Recall

that d,, is the bias error provided by Algorithm 3 and that the inner regret estimation is

By(t) = ;:i Zie:*il_l(gf —R,). Now, remark that:

K(T) tg1—1 K(T) tg1—1
Bo(tk)<Z D (- R)—Z > (@—R)
=1 t=t, =k t=t,
% K(T) tpp1—1 K(T) tep—1
sZ > (@ —R)- Z D> (g —R)
(=1 t=t, {=k t=t,
K( tps1—1 K(T)T-1
Z (Ge—R)— D D> (8" 2) + (p(Z) —es J* +1(Z)—R,)
(= t= tl {=k t=t;
K(T)t K(T) T—1
< (gk R)+sp(h)— > > ((p(Z)—es,, )W +1(Z)—R,)
(=1 t=t, =k t=t;
(.:r) K(T) t€+1_1
< >0 > (ae—R)+sp(r*) + (1 +sp(h*))y/ 3T log(3)
(=1 t=t,

: B(T) +sp(h*) + (1 +sp(h*))4/ 2 T log( 3 ).
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In the above, (*) holds with probability 1 —46 uniformly on k following Lemma I1.24 and ()
holds, also uniformly on k, with probability 1 — é by applying Azuma-Hoeffding’s inequality
(Lemma 1.19). Therefore, with probability 1 — 56, for all k and t € {ty,..., t;4; — 1}, we have:

\J 16¢q Zs/eyﬁk(sllst)dtk(slast)IOg(%) < \/16C0 108(%)25/6? N, (S.,A;,s")d,, (s, S,)

N, (Z,) B N (Z,)

- \/16c0 log(34L)> o, N, (S, < s)d, (s,S,)

B N (Z)
\ 16c010g(%)5(3c0+(1+c0)(1+\/8T10g(%))+230(tk))

= A
\16c010g(%)5((1+c0)(3+2 8Tlog(%))+ZB(T))

< N, 20
\16c010g(%)5((1+c0)(3+2 8Tlog(%)+2B(T)))

= N, 70 :

This bound will be enough. We move on to A;. We have:

< 3/ [VBR(S), 1) = V(pi(2.), 1) |y IV(Bi (S ), k) — V(p(2,), )] + V/V(p(2,), ")

N D B(s15)di(s', S.) + sp(h) Y [18:(S) — pe(S Il + v/V(p(Z), h*)
s'ed
T Slog($4)\?
< \ 8co Y Pr(s'IS)di(s,8,) + sp(h*)(%} + V(p(Z.), ")
s'ed te \“t
A, [ Slog(S41)\} :
< NIATA) +sp(h )(—Ntk 2y )t VV(p(Z),h*)

where (x) is obtained by applying Lemma 11.23 and () holds with probability 1 — & by applying
Weissman’s inequality, see Lemma [.23. All together, with probability 1—606, A is upper-bounded
by:

2V(p(2). ) log ) | 2108(57) /51055 30, log(S47)
A< + 2A, + sp(h*) + .
N, (Z,) N, (Z)\/N,(Z,) N, (Z)

As(k,t)

(STEP 2) The number of visits N;(Z,) is lower-bounded by iN,(Z,) when N,(Z,) > 1 by
doubling trick (DT). By summing over t and k, we find that with probability 1 — 69,

& 2V(p(Z,),h)10g(%5") &
’ o
SR <SAp+ Y. thk(Zt)21\l A D7 1y 212k, 1) + Ag(k, 1))
X k  t=t t At k t=ty
£l 2V(p(Z),h")10g(%5") "
(DT) < SAcy + 22 Z lek(Z[)21\J tN Z) ° 4+ Z Z 1y, (2)21(282(k, t) + Az (k, 1))
k t=tg t\=t k t=ty
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ty1— 1
<SAcO+4\J ZSAZV(p(Z) h9)log(348)+ > > 1y, (z)21(2A5(k, £) + Ag(k, £))
t=0 k t=ty

where the last inequality is obtained with computations that are similar to those detailed in the
proof of Lemma I1.19. We recognize the variance that we will leave as is. We finish the proof by
bounding the lower order terms A, and A;.

(STEP 3) We start with A,. We have:

teer—1 tesn—1 \ 166, 1og(‘%%)s((1+co)(3+z,/8T10g(§)+2B(T)D
Z Z Iy, @ y2182(k, t) —Z Z N, (Z)21 N, (Z)

t=ty t=t

(DT) < 2\/16c05 1og(%)((1 + co)(B +24/8Tlog(2) + 2B(T))) SAlog(T)
< 8(1+¢o)S3Alog? (248 )(2+ 4T 7 log+ (41) + v/2B(T)).
(STEP 4) We are left with A;. We have:

teay—1 trag—1 210g SAT /STo og AT 3c log SAT
Z Z 1Ntk(zt)21A3(k,t)3:Z Z thk(zt)zl Sp(h*)\l ) 2

ko t=ty P N, (Z.)4/N, (Z ka(Z)

t=ty Ntk(Z )\/N (Z ka(Zf)

fen= 1 2log(%4%) Slog SAT 3¢ log(24L)
(DT) < Z Z 1N (Zr)>1 Sp( h* J + 0
+ COSAlog SAT

< Csp(h*)SZAT‘ltlo 3
= 0((sp(h*)STAT 7 log

(%5%)
(%))

This concludes the proof. O

7.C.8 Proof of Lemma I1.21, second order error

Recall that by Lemma I1.24, with probability 1 —406, h* € 5, for all k, hence sp(h; —h*) < 2c,
for all k on the same event. Therefore, with probability 1 —45,

tr1—1
D (4k) = 2608A+ D D Iy (221 (Bi(S) — pi(S)) (b — R
k k t=ty
1 —1
—2coSA+Z D> 1y e (Bil'15) — Pl 1SN (0 — B (7))
t=t; s’'es
fk+1_1
<2cOSA+2Z D D Iy e (Be(518) — Pis1S0)d,, ,5,)
t=t, s’'es
! 2p(s'1S ) log( 5" ) log(*£")
<2c SA+2 d.(s’,S,) +3d,.(s'|S,) ——=
oS4+, Z 2 e | S N, () N, (2)
Ztkf S 2pi(s'1S)di(s', 5, ) log( 4L ) 3¢, log( 4L )
< 2¢hSA+2 o +
0 & o N, (Z2)=1 0 Ntk(Zt) Ntk(Zt)
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£ 2
< 2e.SA44 tin =1 2p1(5'1S)di (s, S ) log(£AL ) 3¢olog(£4L)
< + E z: E: N
) & e Ve N.(Z,) N(Z))

where () uses that h* € s, , and () is obtained by applying the empirical Bernstein’s inequality,
see Lemma .24, to p,(s’|S,;) — px(s’|S,), and holds with probability 1 — 6. The rightmost term’s
sum is upper-bounded by:

tkn—1 3¢, log(s AT)

DIDIDIe v

t=t, '€

< 1252Alog(T)log(Sz%).

For the other term, follow the line of the proof of Lemma I1.20 (term A,). We have with
probability 1 —56 (46 of which is by invoking Lemma 11.24):

No, (S A0 s)((1+co)(1+ /8t log(2) ) + 2Bo(1,))

pk(s |St)dk(s :St) = Ntk(st <—>S’)N (Z )

3 ((1+¢o)(3+24/8Tlog(2) + ZB(T))).

B N, (Z,)

Therefore,

26,(5'1S)d (57, 5. ) log £
o N.(Z,)

A) 41+ c0)y/(3+24/8Tlog(Z) +2B(T)) log (221

N.(Z,)

Summing over k, t, s’, with probability 1 — 668, we have:

) < {1652A(1+c0)1og (SAT)(,/zB(T)+2(8Tlog(§))%)}
k

+3252A(10g(T)108(%) +(1+ Co)log%(%))

This concludes the proof. O

7.D Details on experiments

7.D.1 River swim

Experiments are run on n-states river-swim. Such MDPs are, despite their size, known to be hard
to learn. They consists in n states aligned in a straight line with two playable actions RIGHT and
LEFT whose dynamics are given in the figure below. Rewards are Bernoulli and null everywhere
excepted for r(s,, RIGHT) = 0.95 and r(sy, LEFT) = 0.05.

3-state river-swim. The gain is g* ~ 0.82 and h* ~ (—4.28,—2.24,0.4).

5-state river-swim. The gain is g* ~ 0.82 and h* ~ (—9.62,—7.58,—4.96,—2.27,0.45).
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0.95
0.35

0.05

Figure 7.D.1: The kernel of a n-state river-swim.
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Part 111

Instance Optimal Regret in Average
Reward MDPs

This part is dedicated to the first model dependent regret lower bound for communicating
Markov decision processes, which appears to be much more challenging than in the recurrent
setting. We start with the lower bound in Chapter 8. In Chapter 9, we show that the lower
bound is intractable, hence that any asymptotically optimal algorithmic solution should, morally,
avoid computing it. Regardless of these computational difficulties, Chapter 10 provides an
algorithmic scheme named ECoE that manages to approach the lower bound arbitrarily close.
This shows that the lower bound of Chapter 8 is optimal, or roughly speaking, that it is the “true”
lower bound for communicating Markov decision processes. In its current form, ECoE is not
reasonably implementable because it solves NP-hard problems at every time step. The question
of tractable solutions are left for future works.
This part is the conclusion of works done in collaboration with Odalric-Ambrym Maillard.
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Chapter 8

The instance dependent lower
bound

8.1 A preliminary example

We begin by taking a look at a generic example and try to address a few essential questions. How
should an efficient planner behave? How can the way they navigate the model be described?

Figure 8.1.1: In the above model, there are two deterministic policies that are determined by
the choice of action at state 1, identified by the vectors (x, ,%) and (8§, T, ). The optimal pairs
Z* ={(1,8),(2,1)} are represented in red and the optimal policy is (§, T, £).

In the reference model M given in Figure 8.1.1, the unique optimal policy is (8, T, ¥) whose
recurrent pairs are Z** = {(1, §), (2, )}, and the Bellman gaps satisfy A(z) =0 with A(z) >0
only for z = (1,*). Any planner with sublinear regret on M will therefore mostly play pairs
among (1,8),(2,7) and (3,#) and avoid playing (1,x*). The structure of M enforces such a
planner to spend most of its time playing pairs of Z**, looping around between states 1 and 2.
Although the planner mostly plays (1,§) and (2, 1), a consistent learner will also make sure
that the plausibility that * is a better action than § from state 1 vanishes, meeting an old idea
from Thompson (1933). Otherwise, at least from a Bayesian viewpoint, the planner is subjected
to mistake (1, *) for a suboptimal pair in alternative models where it actually is optimal. This
will be made formal later on; A consistent planner must play (1, %) at least infinitely often. Of
course, an efficient planner will limit the number of tries to (1, *) to the bare minimum, that
shall therefore be visited a negligible amount in front of (1, §) and (2, T).

Overall, we see that any consistent planner will explore M in an unbalanced way, spending
most of its time alternating between (1,8§) and (2, 1), only rarely trying (1, *) and taking (3, %)

109
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to come back to playing optimal pairs. Formally, we see that we should have:
N;(2)=0(T)if z € ™ and N;(z) = o(T) if z ¢ Z*. (I11.1)

The way the environment may be explored is determined by the environment, and an efficient
learner shall control this environment in order to gather as much information as possible with
the smallest cost possible. We are therefore interested in the structure imposed on the vector of
visits counts N by the environment. Say that N;(z) ~ a(z)f (T) when z ¢ Z** and for some
dimensionless function f (T) = o(T), that will happen to be f(T) =log(T). Then, this a is what
one is really interested in, because the first order regret is given by what happens outside of
Z**. This provides a solid motivation to look for a way to erase what happens on Z** during
play. Not only are pairs of Z** zero-cost, but we additionally see that in M of Figure 8.1.1, any
state of & (Z*") is reachable from another state of & (Z**) using only pairs of Z**. Hence, at
any point in time, one does not really mind whether the planner is currently in state 1 or in
state 2, because zero-cost pairs can be played to reach one state from the other; And so does a
planner that has correctly identified the optimal pairs. Intuitively, optimal pairs can be used to
take “shortcuts” in the environment and every state of & (%**) accounts for the same.

From a high level viewpoint, Ny is a quasi-flow and more precisely, it satisfies >, Ny(z;s") =
Dwea)Nr(s',a)E1 foralls’ € &, where Np(z;5") := Zth_ol 1(Z, =2,S,41 =) is the observed
number of transitions to s’ upon playing z. Informally, the number of visits counts exiting a
state is equal to the number of visits that entered that state, up to an error due to the first and
last visited states. We are not interested in what happens on Z**(M), which is likely to hold
the dominant mass of N; seen as a flow. So we artificially remove the mass on Z**(M), see
Figure 8.1.2. The obtained object is not a quasi-flow of M and is instead a quasi-flow of the
Markov decision process obtained by merging the states 1 and 2.

@ 121

Figure 8.1.2: A quasi-flow of visit counts (to the left) and the object obtained by removing the
mass on Z**(M).

So, the states of &(%**) are merged into a single quotient state. The kernel of M is
reworked to fit the new state-space, as pictured in Figure 8.1.3.

The resulting quotient model is called a minor of M, in reference to graph theory, and is
denoted M /Z**. Because the visit counts on M /Z** truncated to &\ Z**(M) are a quasi-flow, it
happens that the vector a introduced upstream must be an invariant measure of M /Z**. It means
that an efficient consistent planner will explore & \ Z** following (1) an invariant measure a of
M /%** that is (2) informative enough so that when used to dictate exploration, all sub-optimal
pairs are visited enough to eliminate the plausibility that they are optimal; and (3) makes
the regret as small as possible. Indeed, the first order regret is given by Zzgéfz’** N7 (2)A*(z) ~
Z%%* a(z)A*(z) - f(T) grows with the dot product between a and A*. Hence the smaller

is D o a(2)A*(2), the smaller the regret. The best possible behavior that a planner may



Chapter 8. The instance dependent lower bound 111

6

©) D)

\.@{ *1\6‘/

Figure 8.1.3: The contraction of M (see Figure 8.1.1) by &**, written M / Z**.

follow is therefore described as the optimization problem given by (1-3). In this optimization
problem, (1) is reminiscent of what is called the navigation constraint in the literature, (2) the
information constraint and (3) is the objective function.

In the sequel, we first investigate information constraints in Section 8.2, then focus on
navigation constraints and the role of minors Section 8.3, and finally state the regret lower
bound in Section 8.4.

8.2 Confusing models and information constraints

In Section 8.1, we have introduced the idea that a consistent planner must collect enough
information to reject the plausibility that seemingly suboptimal pairs are indeed suboptimal.
This idea goes back to Lai and Robbins (1985) although our proof machinery is more modern
and borrows the formalism of Kaufmann et al. (2016). The core of the argument is a change of
measure (Lemma [.18). For all measurable function f : &; — [0, 1] of observations, we have

> ECOMING () KL(M(2)|[M(2)) = KI(ECOM £ (0,)L EFM £ (0)])  (IL2)
2€EZX

where KL(M (2)||M7(2)) := KL(r(2)||r"(2)) + KL(p(2)||p"(2)). In (I11.2), the LHS is the expected
log-likelihood ration between M and M", and the RHS can be interpreted as a log-likelihood
ratio for the value of a test function. This inequality was used to establish the minimax regret
lower bound in Part II. Here, it is used to establish the information constraints of the model
dependent lower bound. The idea is that if M and M " have different optimal policies, then
a consistent planner should behave differently on M and M'. Therefore, with the right test
function f, we may show ETM[ £(0;)] ~ 1 while E")M'[£(0,)] < 1, to conclude that:

D EEOMING (2)KL(M (2)[ M (2)) > 1.
2€Z

Obviously, all this needs to be precisely quantified. We start by introducing alternative sets.

Definition III.1. For .4 € 9(%) a model space and M € #, we introduce:

(1) The alternative models of M, denoted Alt(M; . #) as all the M' € _# such that
M <M and (M) NIT*(MT) = &;

(2) The confusing models of M, denoted Cnf(M; .#), as all the alternative M' € .«
such that M = M on &*(M).
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When  is clear in the context, we write Alt(M) and Cnf(M) instead.

In the sequel of the section, we show that if an algorithm is consistent, then it must explore
the suboptimal part of the model sufficiently enough to statistically reject confusing models." We
conjecture that the result below can be generalized to M T € Alt(M). Although this generalization
is not necessary to obtain the regret lower bound, it may be of interest for more general purposes,
for e.g., the identification of gain optimal policies. Our proof technique is simpler by using
structure that confusing models have over mere alternative models and rely on strong consistency
(Definition 1.22). Recall that a planner is strongly consistent on ./ if, foralle >0and M € .,
E")M[Reg(T)] = o(T®).

The result is the following.

Proposition III.1 (Information constraint). Let M € .# and let M" € Cnf(M). Then, every
strongly consistent learner satisfies:

25 B[N ()KL, (MIM")

liminf
%"rggal log(T)

This result is established using the notion of pair covering, or covering. This notion is
related to closed state-action spaces in a dynamical sense. A subspace %, C % is forward closed
if p(—|x) is supported in (%) for all z € %,. If ¥ (%,) = & and %, is forward closed, then
it is the graph of the randomized policy 7, obtained as 7(—|s) is the uniform distribution on
{a: (s,a) € Z,}; And, conversely, the graph of any randomized policy defines a forward closed
pair space. For instance, %, (M) is forward closed in M.

Definition II1.2 (Covering of a forward closed space). Let %, a forward closed state-action space of
M. A covering of %, is a subset Z. C %, such that, for every policy = whose recurrent pairs belong
to %,, for every invariant probability measure y of 1 seen as an element of R%, supp(u) N &, # .

The idea is that if %, covers %, then provided % is visited a lot, so will %, in probability.

Lemma III.2 (Visits of coverings). Let M € .#. Let %, a closed state-action space of M
and let %, a covering of it. Then, there exists constraints €., D, > 0 such that, whatever the
planner, we have:

2u?
Vu 2 O) PM(Z NT+1(Z) S ecT _u_DC Z NT+1(Z)) S exp(—ﬁ),
©

XEZ, X¢%,

Proof of Lemma II1.2. Consider the revised version M, of M with revised reward vector:

@) m {—1 ifze 2,

0 otherwise

Remark that 2,(M) is closed in M;. Therefore, M|y () is well-defined and we can consider
an optimal policy 77:}’ of it which is extended to M; as 7, by setting it to the uniform policy
everywhere it is undefined. Denote g;,h; and Ay its gain, bias and gap functions.

!Alternative sets play a secondary role, but will come in useful later on.
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By optimality of 7ty on M| (y), we have A((z) = 0 for all z € Z,(M) and because %,
is a covering of Z,(M), we also have g(s) < 0 for all s € #(%,(M), hence for s € . Let

€. 1= —max,cy g¢(s) <0, and denote D, := max{sp(h/), max,cq|Af(2)|} < 00. We have:
T
> Npu@) ==Y f(Z)
2€Z, t=1
€] q
2 —> (g7(5) + (es, —p(Z))hs — 2;(2))
t=1
T
>e. T+ Z:(eS[H —p(Zt))hf —Dc(l + Z NT_H(Z))
t=1 Z¢§O

where () invokes the Poisson equation g¢(s) + h¢(s) = f(s,a) + p(s,a)hs + A (s,a). By Azuma-
Hoeffding’s inequality, the MDS term satisfies:

T 2
2u
> M E — <-ul< -
Yu>0, P ( (esr+1 p(Zt))hf < u) < exp( TD?2 )

t=1

This concludes the proof. O
We may henceforth prove the proposition of interest.

Proof of Proposition II1.1. Let M € Alt(M), fix T > 1 and 1 > 0. We from that Lemma .18 that
if & is a Z-measurable event, then

D EMIN(2)IKL, (MIM") = KI(PY(8),PM' (8)). (II1.3)
2€EZX
The goal of the proof is to find an event & that is very likely under M and very unlikely under
M. The RHS of the above equation will be large and the result will follow. The construction of
this event is motivated by the idea that the recurrent states of optimal policies of M and M are
not the same, hence the pairs a consistent algorithm will spend most of its time on will not be
the same on M and M".

(STEP 1) The fact that M is a confusing model of M implies two important things. First,
the structure of %,,(M) is preserved on M and M >> M, hence every © € IT*(M) eventually
converges to %,,(M) on M' and has gain equal to g(7,M") = g*(M). Second, no policy of
I1*(M) is optimal in M" by definition, hence the gain achieved on %, (M) on M' is lower
than g*(M"). Both together, it follows that every policy that converges to %,,(M) in M has
sub-optimal gain. Therefore,

%, =%, M)NZ (M)

is a covering of %,(M)in M and in M, and Lemma II1.2 is applicable. Provided T > (4D,(M)/e.(M))3,
we have:

(I11.4)

N

PM(Z Nryq(2) < %GC(M)T_DC(M)(]' + Z NT+1(Z))) <

2EZ, ze€% (M)

We will be looking at the event & := Zze% Nriq(z) = }‘ec(M )T, showing that it has high

probability in M and small probability in M.
(STEP 2) We start by looking at what happens in M. We have:

< D(ME"[ Y, o 1y N (2) ]
- se(MT

PM(DC(M) > Npa() 2 je V)T

z€% (M)
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| DM Y,y oy A" MY A, MIEY [Ny (2)]
- le(M)T
< DODEYReR(D] _ 1

A (M) - ge (M)T

min

where the last equality follows by consistency. Moreover, if T is large enough, we have D (M) <
%GC(M )T, so all combined with (I11.4), we obtain:

PM(Z Ny, (2)> %ec(M)T) =1—o(T").

2E€EZ,

(STEP 3) Meanwhile, by construction, we have %, C & \ *(M"), so:

PM*(Z Nrii(2) 2 %ec(M)T) < PM“‘( D Nra()= %ec(M)T)

2€Z, 2 M)
< EMT[ZZQE%’*(M*) NT+1(Z)]
a ze.(M)T
. Zzgtfx*(M'f) A*(z, M) A% (2, MDEM [Ny (2)]
B e (M)T
< EM"‘[?elg(T)] _ o(T"_l)
A (MT)ze (M)T

where the last equality follows by consistency again.
(STEP 4) We conclude with the likelihood-ratio inequality:

> EM[Np ()KL (M(IM") > KI(PY(6),PM'(8) )
XEZ

= kl(l — o(T”_l), o(T”_l)) Z (1 —m)log(T).

Divide by log(T) and take the liminf in T. Conclude by making  — 0. [ ]

8.3 Minors and navigation constraints

In this section, we provide a formal descriptions of minors (Definition III.4) behind the notation
M /%** in Figure 8.1.3. They generalize edge contraction on graphs to Markov decision processes
and are close in spirit to the state reduction/aggregation of Ortner (2013). Minors are obtained
by contracting subsets of pairs of the initial model and in opposition to classical graph theory, we
won’t allow for the contraction of arbitrary subsets of pairs. The contracted subset %’ must be
closed (Definition 111.3), meaning that (1) one remains in the states spawned by %’ by playing
pairs of %/, and (2) it does not contain transient states. The first property implies that M can
be restricted to %’ and the states it spawns, and (2) that the obtained model is a union of
communicating models.

Definition II1.3 (Closed set of M). A subset %, C % with corresponding states (%) is a closed
set of M if it is (1) forward closed meaning p(—|z) is supported in (%) for all z € %,, and
(2) backward closed, meaning the model M constrained to %,° is a union of communicating
components (no transient states).

2t is well-defined by forward closeness (1).
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A simple, yet illuminating observation, is that a subset %, is closed if, and only if it is the set
of recurrent pairs under some randomized stationary policy. The most important example of
closed set, in this chapter, is the set of optimal pairs Z**(.# ), which is obtained as the recurrent
pairs of the policy 7* given by 7*(s) as the uniform distribution on {a € ./(s) : (s,a) € Z*(M)}.

Definition III.4 (Minors/Contractions). Up to re-labeling actions, assume that .</(s) N
A(') =@ fors #s'. Let M € M a model and fix %, C % a closed set of M. The
contraction of M by %, is the model M |/ %, obtained by merging every communicating
component of %, into single states. More formally, letting &, ..., % the communicating
components of %,, we have:

(1) The state space is S (M /%) :={H,..., % IU{{s} :s € & and Vi,s ¢ &} and con-
tracted states are denoted [s];

(2) The action space is, for [s] € S (M /%), o (M/%,)[s] := US,E[S] o/ (s’); Because in
M, the choice of an action uniquely determines a state, the state-action space Z(M | %,)
is canonically isomorphic to (M), by associating ([z],a) to (s’,a) where s is the
unique state such that a € .a/(s’).

(3) The kernel is [p)([s: llsoJ, @) = Syers 1 (51 50y @)

(4) The reward is [r]([so], @) := r(sy, ).

We also say that M | %, is a minor of /.

Minors generically provide a descriptive decomposition of how a Markov decision process can
be explored. In Section 8.1, we have claimed that if N;(2) ~ a(z)f (T) when 2z ¢ Z** for some
a € R? and function f(T) = o(T), then a must be an invariant measure of M /%**. This follows
from a much more general principle. The collection of optimal pairs Z** is an example of closed
set (Definition I11.3), that themselves are recurrent pairs of randomized policies. Independently
of the way a planner explores the model, the normalized ratio of visits outside of a closed set
converges to an invariant measure of the minor induced by that closed set, provided that the
outside is visited at least logarithmically often.

Proposition II1.3. Let m a randomized policy and let %, its recurrent pairs. Assume that
E[mezn N7(2)] = Q(log(T)). The vector given by

_ EIN(z)]1(z ¢ %)
ue(z) :=
E[ .0, Ne()]

converges to the space of invariant measures (see Definition 1.23) of M/ %,, i.e., every limit
point of (u,) is an invariant measure of M | %,.

This is result is coupled with a second observation. It can be shown that if the expected visits
counts can be written as E")[N;(2)] = a(2)T + o(T), then Zr,) = {2 1 a(z) > 0} is a closed
set that, if the planner is consistent, is a subset of Z**. Proposition II1.3 supports the previously
motivated idea that the “sublinear” part of visit counts is easier to understand after contracting
the model by &**(M).

It will be used in the following form.
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Corollary II1.4 (Navigation constraints). Consider a strongly consistent algorithm and let
M € # such that Cnf(M) # @. Then the vector given by

EM[N;(2)]1(z ¢ Z,.(M))
B[ 3, oy Ne ()]

converges to Inv(M /%, (M)) NP (%) when T — o0.

ur(z) ==

Proof of Corollary II.4. Since Cnf(M) # @, there exists M € Cnf(M) to which is associated at
least one z ¢ %,,(M) such that KL, (M||M™) € (0, 00). By Proposition I11.1, we have EM[N;(2)] 2
KL,(M||M") ! log(T), and from this follows that EY[Y ¢ o Nr(2)]=Q(log(T)). Moreover,
remark that %,,(M) is closed as the set of recurrent pairs of the policy * such that *(—|s) is
uniformon {a : (s,a) € Z,. (M)} if s € #(%,,(M)) and uniform on .</(s) otherwise. Accordingly,
we can apply Proposition II1.3, to see that

EM[N;(2)]11(z ¢ Z,.(M))
B[ 3,y Nr (@)

converges to Inv(M /%, ,(M)) as T — oo. The fact that it is a probability vector is obvious. [

up(z) ==

We now move on to the proof of Proposition III.3.

Proof of Proposition III.3. Denote f(t) := E[zz,éﬁyﬂ N,(z")] for short. By definition, the states
[M] := M /%, are subsets of states of the original model M and its pair-space is canonically
identical to the one of M. Introduce the Z -truncated visit counts:

N/(z) :=1(z ¢ Z,)N(2)

with the induced state-wise visits N/(s) := Y., N/(s,a), and in the minor N/[s] := ZS,G[S] N/(s").
By definition, we have (s, a) = E[N/(s,a)]1f (t)7". Let p,(s) := Zaeﬂ(s),ut(s,a) = E[N/(s)]
and, for [s] € [ M] a state of the contraction, u[s] := >}, t:(s’) = E[N/[s]]. Regarding N/
as a vector indexed by states of [M ], a remarkable property of N/ is that it satisfies the quasi-flow
property (what goes in is what goes out):

N'[s]= Z:]ZN;(Z;S’) +1(S, €[s])—1(Z, € %,,S, € [s]) = ;} ;/)N;(s’,a) (IIL5)

where N’ (25 s') := 1(z ¢ Z,)N,,1(2;s’). This is established by induction on t > 0. This is
obvious for t =0, and for t > 1, we have:

(B)=>. > N(.a)

s'€[s]ae.d(s)
= N/[s]=N/_,[s]+1(S, € [s].X, ¢ %)
D1(So € [s]) — 1K1 € Zr,Siq €[N+ D D NL(535) +1(S, €[s].X, & %,)

s'els] %
=1SoelsD+ Y. D N/(z:5)

s'els] =

—1X, 1 €Z,, S, €D+ 1S, €[s],X, &€ Z,)—1(S; €[s], X1 ¢ Z,)
where (x) is obtained by induction. We focus on the RHS:

a=-1(X,_, € ZSi1 € [sD+1(S, €[s].X, ¢ ffn)— 1S, €[s], X, 1 ¢ "62;7[)
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© 1z, e x5, e[s]).

The equality (1) is shown by distinguishing cases.

e If X, ; € %, and Z, € %, then because the states of %, are closed by playing pairs
of %, it follows that [S,] = [S,_;] correspond to the same recurrent class of 7. If
[S;]1=1[S;_1]# [s], then we get (1) : 0=0 and if [S,] =[S,_;] =[s], then () : =1 = —1.

e IfX, ;¢ %,and Z, ¢ %, then (1) : 0=0.

e If X, ;€ %, and Z, ¢ %,, then similarly [S,_;] =[S,;]. If equal to [s] then () : 0 =0 and
otherwise (1) : 0 =0.

e IfX, ¢ %, and Z, € %, then [S,] and [S,_; ] can be equal or different. If (1) [S,] =
[S,_1]1=1[s], we have (1) : =1 =—1; If (2) [S,] =[S,_1] # [s], we have () : 0 = 0; If
(3) [S:]1=I[s]#[S;_1], we have () : =1 = —1; And if (4) [S,] # [s]=[S,_;], we have
(H:0=0.

So () is established the quasi-flow property follows immediately.
Introduce 7} the policy of [M ] as any state-wise probability distribution with E[N/[s]]}(a|[s]) =
E[N/([s],a)], which is uniquely defined when E[N/[s]] > 0. For all [s'] € [M], we have:

E N/ /
S (e T S f[sjc](ﬂg(x'[s])p([s’]|x)
z=([s],a)eZx[M] z=([s],a)eZ[M]
E[N.(=)] -,
= p([s']lx)
Z; f(6)
B Z Z E[N.(2)] (Z)] §"1x)
2¢ %, s"€[s’] f(t)
_ Z Z E[N,(2)(p(s”|x) = p.(s”|x))] + E[N,(2)p,(s"|x)]
2¢ %, s"€[s'] f(t)
E[N,1(2;5"))] E[N,(2)]
(Lemma II1.16) = 4ol 14+ ————
; ZH( £ (1+55)
E[N,;1(z;5")]
= +0(1)
-2 (e )
E[Ntﬂ(z s")] )
= +0(1)
(quasi-flow property (I11.5)) = s/g[;](% + 0(1)) = u[s']+o(1).
This concludes the proof. O

8.4 The model dependent lower bound of the regret

We finally have all the material to state and prove the model dependent lower bound.
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Theorem III.5 (Regret lower bound). Let M € #. The regret of every strongly consistent
algorithm on # satisfies liminf;_, ., E¥[Reg(T)]/log(T) > K(M) where K(M) € [0, 00]
is the solution of the optimization problem:

T DA'Z) st YM'eCnf(M), D uGEKLMIM) 21, (L6
- L NG (), 3 uEKL MM > 1. L6)

Proof of Theorem II1.5. Consider a consistent algorithm and pick M € .#.
(STEP 1) If Cnf(M) = @, then there are no information constraints and u := 0% €
Inv(M / %,,(M)) is the optimal exploration measure and the provided lower bound is trivial.
(STEP 2a) Moving on from this special case, assume that Cnf(M) # @. By Corollary 111.4,
the vector
1(z ¢ Z,.(M))EM [Ny (2)]

BV [ g,y Nr (3]

converges to Inv(M /%,,(M))NZ (%) when T — oo. Introduce A(T) := EM[3] ., 1y Nr(z)]-
log~!(T). By consistency of the algorithm, from Proposition I11.1 follows that:

pr(z) =

¥M' e Cnf(M), D A(T)ur(z)KL,(M|IM7) = 1.
ZEX

Meanwhile, the regret satisfies:

EM[Reg(T)] 1 ) *
log(T) _ log(T) Z; EY [Ny (2)]A"(z, M) =;A(T)uT(z)A (2, M).

If the infemum limit of the above quantity is infinite, there is nothing to prove, so assume that it
is finite.

(STEP 2b) We claim the liminf of y)(T) := EM[Reg(T)]log ' (T) = D, coy Aoolboo (2)A%(z, M)
with U, is a limit point of u, hence an element of Inv(M /%, (M))NZ (%) and A, < 00.

Indeed, let (T,,) a sequence of times such that ¢(T,,) — liminf(T). Because Inv(M / %Z,..(M))N
P (%) is compact, we can assume that uy converges to a e, € Inv(M /%, (M))N P (Z) up to
extracting a sub-sequence of (T,). Now, by construction u; = 0 on %,,(M), hence u., =0 on
%..(M) as well and by Lemma III.15, we must have Zzgé%(M) Poo(2) =c >0, i.e., U puts a
positive mass on sub-optimal pairs. We get:

limsup A(T,)cA*. (M) <liminfy(T) < oo

min
n—o00

hence limsup A(T,) < oo. So, up to extracting a sub-sequence of (T,) again, we can assume
that A(T,) converges to some A, < 0O.
(STEP 2c¢) We conclude that v, := Ao oo € InV(M /%, (M)) is such that

EM[Reg(T : ;
liminfM = Z Voo (2)A*(2,M) and VM'e Cnf(M), Z voo(z)KLZ(MllM’) > 1.
T—00 ]og(T) =~ o
This concludes the proof. O

The lower bound of Theorem II1.5 is tight and in Chapter 10, we present a strongly consistent
algorithm with regret scaling as K(M)log(T). We conclude the section by showing that the
contraction can be dropped in the lower bound.



Chapter 8. The instance dependent lower bound 119

Important remark. The quantity K(M ) actually depends on .#. In general, .# is obvious
in the context but whenever it is not, we write K(M; .# ) to make the dependency clear.

8.4.1 From contracted invariant measures to invariant measures

While minors play a central role in the decomposition of the execution of consistent algorithm
(Section 8.3), they can be dropped, slightly simplifying the lower bound and greatly simplifying
the design of optimal planners. In fact, using that A*(z) is null for g € Z**(M), invariant
measures of the minor M /Z**(M) represented by invariant measures of the initial model M,
leading to:

Proposition II1.6 (Removing the contraction). The regret lowerbound K(M) is equal to:

— * . . i
K(M) = 1nf{zegaf,u(z)A (2) : u€Inv(M) and M‘i‘elaff(M)zegy w(z)KL,(M|[M") > 1 }
(I11.7)

This is a direct consequence of the following remarkable result.

Lemma III.7. Denote uy\ -y the truncation of u € R* to pairs of % \ Z**(M) and extend the
notations to subsets of R%. Then InV(M)| g0\ g (o) = INV(M [ Z* (M) 29 26+ (a1)-

Proof. Since Inv(M/%**(M)) 2 Inv(M), one inclusion is obvious and we focus on the other.
Up to iterating the process on the communicating components of Z**(M), we assume that
%, := Z™(M) induces a communicating model M|y, . Pick [u] € Inv(M/%,;). We show that
there u such that [u](z) = u(z) for z ¢ %,. Denote &, := {s : a, (s, a) € %,} the states in which
%, is rooted. In [M] := M /%, we have [p]([#4]|z,) = 1 for all z, € %, so that we can assume
that [u](z,) = 0 without loss of generality. For s, € %, introduce

as):= D, [ulso,a)— D [l(=)p(sol2). (IIL.8)

ac.d/(sg) 2EX

Observe that ZSOG % a(sy) = 0 since [u] is an invariant measure of [M ] = M/ %,. It is enough to
find uo € R% such that

Uo=0 and Vs,e€ HA, Z Wo(20)p(s0l20) = Z u(sg, ap) + alsy); (111.9)

29€Zy a:(s0,a0)EZ,

then u € R? given by u(z) = uo(z) if z € %, and [u](z) if z ¢ %, will be solution. Assume that
(I11.9) has no solution. By Farkas’ Lemma, there exists v, € R” such that:

Z vo(sp)a(sg) <0 and V(sq,a0) € %%, Z vo(so)(p(s(’)lso, ap) —1(sy = so)) > 0. (1I.10)

/
SoES SOE%

Let 1, the policy picking its actions uniformly in %, from %,. The second condition can be
rewritten as p,, (M|, )vo = v, so by induction, p, (M|4,)v, = v,. Because % is communicating,
Dr,(M|g,) has full support and v, € Re. But X o, a(so) = 050 X ., o(s0)a(so) = O,
contradicting (I11.10). O
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8.5 Examples and links to existing results

The statements of the lower bound in its two forms (Theorem III.5 and Proposition II1.6) are a
bit dry. In this section, its consequences are investigated and we discuss links with the existing
literature. We explore how the informational constraints can be decomposed, and how the
structure of the minor M /Z**(M) tells how easy exploration may conceptually be.

8.5.1 Example: Multi-armed bandits

Recall that multi-armed bandits are nothing less than state-less Markov decision processes, with
pair space of the form & = {1} x {1,...,A}. Let .# the space of all Markov decision processes
with Bernoulli rewards and pair space Z and fix M € .

An optimal policy is a choice of optimal action (or arm), and the gain of a policy (1) = a is
equal to r(a) = r(1,a) and the Bellman gap of z € & is A*(z) = g*(M)—r(z). Any contraction
of a multi-armed bandit is a multi-armed bandit hence Inv(M /%&**) = Rf . Moreover, confusing
models M) are precisely models such that 3z ¢ 2** such that r'(z) > max, r(z’) = g*(M).
Combined, Theorem III.5 can be rewritten as:

K(M; M) = inf{z u(z)A (z; M) : p € RZ and YM' € Cnf(M), D p()KI(r(2)Ir () 1}.

2E€EZX 2EX

Now, remark that any M' € Cnf(M) can be changed into a M* € Cnf(M) where M and M* only
differ at one pair (the suboptimal pair of M that is made optimal in M*). Using the continuity of
the function () — kl(r(2)||r"(2)) on (0, 1), we retrieve closed form of the regret lower bound
of Lai and Robbins (1985):

A*(z; M)
KI(r(2)|| max(r))’

K(M; )=

2€Z

(II1.11)

We also retrieve the interior condition “r < 1”. Obviously, we have restricted the analysis
to Bernoulli rewards models, but this result could be generalized to more general reward
distributions because the technique does not really rely on the Bernoulli nature of reward
distributions. For more general lower bounds on multi-armed bandits, see Honda and Takemura
(2015) for example.

Several observations can be made regarding (I11.11).

(1) The regret lower bound has a closed-form expression that can easily be evaluated.

(2) Exploration constraints are trivial in multi-armed bandits (i.e., Inv(M /Z**) = Rf ).

(3) Information constraints are pair-wisely decoupled (indexed) and are equivalent to |%]|
linear constraints on u, all of the form u(z) > (kl(r(z)|| max(r)))*.

The properties (1-3) are not always satisfied. As a matter fact, (1) and (3) can break by
considering K(M; .#") for .#’ S _# (structured bandit problems). Meanwhile, (2) only depends
on M rather than .. All together, these properties are arguably what makes multi-armed bandits
significatively easier to learn than Markov decision processes. However, multi-armed bandits
are not the only classes of model spaces with such properties.

8.5.2 Example: (Optimally) Recurrent models, or navigation-free models

The property (2) above, stating that Inv(M/%**) = RZ, only depend on M and makes it

+ J
navigation-free models, because the minor M /Z** is a bandit. Such models are those such that
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once the planner has correctly identified Z**, navigating the environment causes no trouble
anymore, because any state can be reached from any other with zero cost. This motivates the
definition below.

Definition II1.5. We say that a model M is optimally recurrent if there exists a gain optimal
policy * whose recurrent state is &, or equivalently, if Z**(M) covers all the states of M.

By definition, M is optimally recurrent if, and only if M /%** is state-less. For instance,
ergodic models are optimally recurrent. The navigation and information constraints can be
heavily simplified when the model is optimally recurrent. Given M € . an optimally recurrent
model and (s,a) € (M), denote:

C(M,s,a) := inf {KL(rs’allfsﬂ) + KL(PS,a”f%,a) 1 F(s,a) + p(s,a)h™ > g*(s) + h*(s)} (111.12)
FoasP

s,arPs,a

where g* and h* are respectively the optimal gain and bias vectors of M.

Proposition III.8 (Lower bound for optimally recurrent models). Assume that .# the
space of all models with state-action space %. If M € _# is an optimally recurrent model,

then K(M) is equal to:
A*
KM= > Zos (NES’Q)). (IIL.13)
Gagzn ~ o5 a

In particular, when M € ./ is an optimally recurrent model, then the navigation constraints
become trivial (u € Rf ) and the information constraints are decoupled along sub-optimal pairs.
This bound strictly generalizes the work of Agrawal et al. (1988); Burnetas and Katehakis (1997)
that where specific to ergodic models. It also generalizes (I11.11).

Proof. When M is optimally recurrent, M /%**(M) is a single-state Markov decision process,
hence Inv(M /%**(M)) = Rf meaning that the navigation constraints are trivial. We now
simplify the information constraints using a policy improvement argument which is similar to
Burnetas and Katehakis (1997). Let * € IT*(M) with recurrent class % and pick a confusing
model M7 € Cnf(M). We have (s, 7%(s)) € (M) for all s € &, and because M and M"
coincide on Z**(M), it follows that the gain, bias, reward and kernel of ©* are preserved in
M. Yet * is not gain-optimal in M, hence is not Bellman optimal in M’ (Proposition 1.4).
Accordingly, there must exists (s,a) € & such that:

r(s,a) + p'(s,a)n*(M) > g*(s, M) + h*(s, M).

Meanwhile, all states are recurrent under 7t* which is optimal in M, hence (1) Z**(M) = Z*(M)
and (2) it is a fixpoint of the Bellman operator of M, in particular r(s,a) + p(s,a)h*(M) <
g*(s,M) + h*(s,M). By (1), M and M" coincide on %*(M) so invoking (2), we must have
(s,a) ¢ Z*(M). In the end, we obtain:

K(M)= inf{z uw(z)A*(z):ue Rf and VY(s,a) € (M), u(s,a)C(M,s,a) > 1}
2€Z

of which the solution is obvious. O

We recover a regret lower-bound that is in closed form, navigation free and with pair-wisely
decoupled information constraints. In other words, the regret lower bound of optimally recurrent
models is morally the same than than bandits’. Although the regret lower bound is navigation
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free, the model itself is not navigation free because not every policy is recurrent, and an efficient
planner has to be careful of that fact. If the model is recurrent however, then all states are
visited independently of the chosen actions. This makes recurrent models essentially similar to
bandits, and the design of efficient planners essentially similar in the two model classes.

On a side note, efficient planners for recurrent model are harder to design than those for
bandits, because the Bellman equations is differently complex on the two classes. For bandits, the
optimal bias vector is h* = 0. Although gain and bias optimalities coincide when M is recurrent,
the optimal bias vector is non-trivial and the Bellman gaps depend on the bias. Correctly
estimating the bias requires a careful technique and carelessly trying to estimate h* with few
data can lead to disastrous performance. Therefore, although the planners provided by Burnetas
and Katehakis (1997) and Pesquerel and Maillard (2022) (IMED-RL) are indexed algorithms
that are reminiscent of known planners for stochastic bandits (respectively Lai and Robbins
(1985) and Honda and Takemura (2015) (IMED)), they make use of specialized mechanisms
to estimate the optimal bias function and their analysis is more intricate than their bandit
analogues.

8.5.3 Example: Fixed kernel spaces

In this last paragraph, we detail what insight can the lower bound of Theorem III.5 provide in
the setting investigated by Ortner (2010); Saber et al. (2024); Tranos and Proutiere (2021):
Deterministic transition models and more generally models where the kernel is known.

Definition III.6. Fix a pair space %. A model space # € M(Z) is called a fixed kernel space if
all elements of .# have the same transition kernel, i.e., YM,M’ € #, p = p’. We say that it is
deterministic kernel space if, in addition, p(s’|s,a) € {0, 1} for every transition triplet (s,a,s’).

For deterministic kernel space, (Tranos and Proutiere, 2021, Theorem 1) provided a model
dependent lower bound, that already make apparent the information and navigation constraints
in a form that are similar to Theorem II1.5, although the objective function is written differently.
In our set of notations, their result is the following.

Theorem II1.9 (Tranos and Proutiere (2021)). Let 4 a deterministic kernel space. Then
K(M;. %) is at least:

inf{z uz)(g"—r(z)): pelnv(M)and  inf )éu(z)KL(M(z)nM"‘(z)) > 1}.

=~ M eCnf(M;.4) £
(1I1.14)

This lower bound is a special case of the one provided in Theorem III.5, because

SuEE —r@N 2 > us,a)(a(s,a) + (pls, a) — e )

2EX (s,a)eZ
=D uE@AGE) + D ) D ulsapls,a)— D () D pls,a)
2EX s'es (s,a)eZ ses ac.d(s)
EDNIOINOED WA INTCRIED WO R PINERD
2EX s'es ac.d(s") ses ac.d(s)
=D uEA ()
2EX

where (x) follows from the Poisson equation and () uses that u € Inv(M).
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However, Tranos and Proutiere (2021) is specific to deterministic kernel spaces and do not
provide general tightness guarantees of their lower bound (only on special instances). Still
for deterministic spaces, Ortner (2010) provide a variant of UCRL2, named UCYCLE, with sub-
optimal regret guarantees of order O(log(T)). In the broader setting of fixed kernel spaces, the
recent Saber et al. (2024) tries to go closer to the lower bound with IMED-KD, a strategy based
on IMED, but this work does not aim at quantifying the gap between their regret guarantees
and the regret lower bound; Actually, no lower bound where available for their setting upon
publication. Their algorithm, however, tries indeed to track a lower bound. In an episodic
manner, IMED-KD checks if it lacks information somewhere by considering every policy in a
small pool of policy candidates IT.. For every policy in I, IMED-KD computes an index inspired
from IMED Honda and Takemura (2015) that quantifies the likelihood that this policy is better
than the current empirically optimal policy (up to rescaling), from which an informative policy
is computed. The role of this policy is to gather the estimated missing information quickly. This
policy is iterated until the algorithm considers that enough information has been gathered, then
switches back to exploiting the current empirically optimal policy.

Two ideas are essential in the design of IMED-KD.

(1) The alternative set can always be decomposed policy-wise, by writing:

At = | ) {MTeAl®™): memr M}
meIl*(M)

Hence, one can check that enough information has been gathered on M by checking that
enough information has been gathered for every sub-optimal policy. This decomposition
is not specific to fixed kernel spaces, and in general, to every policy 7, one can associate a
most confusing model that is the harder to reject such that 7 is optimal. Yet, when the
kernel is fixed, finding this most confusing model is much easier, making indexed planners
like IMED-KD computationally affordable.

(2) There are too many policies. Checking that enough information has been gathered for
every sub-optimal policy is difficult a priori, because |II| is exponentially large, hence
the introduction of the policy pool I, of “good” candidate policies. Saber et al. (2024)
discusses how this pool may be chosen.

Overall, the design of IMED-KD takes into account a concern that we so far have dismissed:
The tractability of the lower bound. This is the subject of the next chapter.
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Intractability of the lower bound

In this chapter, we discuss the computational difficulties related to the regret lower bound
K(M; . #) of Theorem III.5. Recall that it is given as the solution of the optimization problem:
inf Z u(z)A*(z; M) such that inf )Z w(z)KL(M(2)||[MT(2)) > 1.
P4 2z

u€lnv(M / Z*) MteCnf(M

While the objective function is linear, the constraints are non-convex in general. In this chapter,
we show that if the model space is discrete, the optimal value is computationally hard.

9.1 CRITICAL-MODEL: A NP-complete problem

A simple question that arises from the regret optimization problem (II1.6) is, given a measure u,
is it easy to check the condition YM" € Cnf(M), > u(z)KL(M (z)||M'(2)) = 1? The answer is no:
The problem is coNP difficult, see the problem CRITICAL-MODEL thereafter. This problem is a
sub-problem that asymptotically optimal planners must indirectly solve, in order to determine
whether they lack information or not. This problem appears in the design of the nearly optimal
algorithm provided in the next chapter.

CRITICAL-MODEL: Given a space of MDPs #, a reference model M € .# and a pair of
scalars a, 3 > 0, is there a M" € _# such that:

Z w(z)KL(M(2)||M'(2)) < a and g*(M") > B, (111.1)

where u is an invariant probability measure of M ?

To be formal, we have to specify how a space of MDPs may be fed to an algorithm. If
M has polynomial number of models, and every element of it has polynomial size, then the
enumeration of ./ is polysized —but in this kind of setting, one can show that CRITICAL-MODEL
is P Therefore, we have to focus on spaces .# that cannot be enumerated in polynomial time.
We assume that ./ is given by its state-action space, as well as a polynomially many linear
constraints on its kernel and rewards. Then, we have the following result:

| Theorem II1.10. CRITICAL-MODEL is NP-complete.

| Notation. In the proof below, we write KLy (2) for KL(M (2)||M’(2)).

124
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Proof. Proving that it is NP is not a problem, because the optimal gain of a MDP is the solution
of a linear program, and so is its invariant measure Puterman (1994).

(STEP 1) To prove that the problem is NP-hard, it is reduced from the Knapsack Problem
(KP). Recall that an instance of KP is given by a collection of n items of integer values {v;,...,v,}
and integer weights {w,,...w,}, as well as a capacity W and a value threshold V, both integers.
The problem is to determine whether there exists ¢ C [n] such that >, _, w, < W and
zhe%vkz‘ﬁ

Fix €, 0,6 > 0 to be tuned later on. Given an instance of KP, consider the MDP .#Z whose
structure is given by n (CHOOSE k) widgets connected in a ring fashion.

¢  PIcK k 20008
N b

CHOOSE

CHOOSE k k+1 modn

ACEDN
3 SKIP k N(0,0)$

Figure 9.1.1:  The (CHOOSE k) widget, where o} := Z-.

From the state (CHOOSE k) are two actions: The top action that is likely to go to (PicK k)
that shall be referred to as action Pick, and the bottom action called Skip. From every over state,
there is a single action that denoted . A (deterministic) policy of .# is analogue to a subset
# € {1,...,n}, written 7, which is given by 7, (PICK|CHOOSE k) := 1(k € #). We get:

g(n 3{)——( ka+z vk+5)) ”Vﬂl ZnZ( ) +5).  (I.2)

kex

(STEP 2) Every policy 7, can equivalently be seen as a single-action Markov decision process
M,,, i.e., the model of a policy over the state-space

& = {(CHOOSE k), (PicK k),(Skip k) : k=1,...,n}.

The choice of an action is equivalently the choice of a kernel distribution. The set of stationary
deterministic policies of .#, denoted ITMP(_#), can therefore be seen as the set of Markov
reward processes #MP := {M,, : # C {1,...,n}}. Provided that the parameters €,0,5 are
polynomial in n, v, w, thls (structured) set of mdps is described in polynomial size in n, v, w.

Consider M € .#MP. Because .#™P is a space of single-action MDPs, we don’t make any
distinction between a state and a pair of M, € .#™MP. Now, we see that g(M) = % and the
invariant measure u of the unique policy of M, is:

u(CHOOSE k) = 5~ and u(PICK k) = u(SKIP k) = ..

Moreover, check that for ¢ C {1,...,n}, the only states such that KLMQHMM(S) # 0 are (CHOOSE
k) states, with:

KLMQ)”M.%(CHOOSE k) = l(k S %)(log(m) + Wk(g)z).

D UKLy, (2) = % 2 (log(zi=) + Wk(g)z)'

kex

Hence:

(STEP 3) We want (1) to be able to retrieve the value of Zke & Vi from g(M,); (2) to be
able to retrieve the value of >, _,, w; from >, w(z)KLy, 1, (2)- For simplicity and because it

will eventually work with it, fix e = %.



126 Chapter 9. Intractability of the lower bound

The condition (1) holds when 6 = ﬁ. Indeed, then:

Ivll4
4n

1
+§Z(vk+45)

kex

1 1
= —| 2|v|l, + + =
8n( vl + > v 4)

kex

g(My) =

where :I:%r denotes an arbitrary quantity in the range of [—%, %]. Rearranging, we get ., ., vy =

8ng(M,,)—2||v||; £ % = [8ng(M,,)—2||v|l;] where [A] denotes the rounding operation (nearest
integer).
The condition (2) is satisfied when
o2 = 52 1
4nlog(m) 1024n3 log(%)

Indeed, then we have

D KLy, ()= 5= - (108 sgi=a ) + Wil £)')

4 kex
52 1 52 1
- 2no? Z (Wk * 4_n) - 2no? (Z Wi E Z)
kex kex

Rearranging, we find ), _,, wy = 2’(;—‘2’2 > p(2)KLyy, i, (2)] where [A] also denotes the round-
ing operation.

(STEP 4) Remark that this choice of €,0,6 is polynomial in the size of n. Following
this remark, it should be clear that .#MP can be encoded in polynomial size.' Finally set
a = 2log(4/3)(W + 1) and 8 = &= (2|[v|| + V). Then, we claim that there is M" € .#™P such
that

D HEKLM )M (2)) < o, and g* (M) > B (1I1.3)

if, and only if the KP instance (v,w,V, W) has a solution.
This is just a commodity to check using the formulas established so far. If the KP instance
has solution ¢, then M, is by construction a solution of (III.3), because

> uE@KLM ()M (2)) = 2:; > (wk + 4%) <2log(H(w+2) <a

kex
and

HUBE 8—2(znvn1 N 4%1)) > Sl + V)= b

kex
Conversely, if M, is a solution of (III.3), then we have

52 1
2 S o2 Z (Wk + 4_n) > 210g(§) Z Wy

a=2log(3)(W +3) =
kex’ kex’

hence Zkegg w,<W+ %, o) Zkex w;, < W; and similarly
1 1 1
B=—CIvI+V)<—|2Ivl+-+ > v
on 8n 4 ke

1
SO D ey Vk =V —2,50 Dy Vi 2 V. m

1f you are not convinced, just check that you can efficiently generate M, on your computer.




Chapter 9. Intractability of the lower bound 127

9.2 REGRET: Checking solutions is co-NP-hard

With the problem CRITICAL-MODEL being NP-complete, it does not sound good for the tractabil-
ity of the regret bound, because computing it is essentially harder than CRITICAL-MODEL.
Remark that the intractability of CRITICAL-MODEL does not prove the intractability of the
regret lower bound. If u, a, 3 are close to the values corresponding to the solution of regret
optimization problem, is the problem still difficult? Yes, and computing the regret is difficult.

REGRET: Given a space of MDPs _#, a reference model M € _# and a scalar p = 0, does
there exists a u € Inv(M /%**(M)) such that

D uEA (M) <pand inf > p(z)KLM()IM(2)) > 12 (111.4)
oy MTGCnf(M;/ﬂ)Zeg,

We have the following result.
| Theorem III.11. Checking a solution of REGRET is co-NP complete.

Proof. We provide a reduction from the co-Knapsack problem (co-KP), which is coNP-complete
because KP is NP-complete. An instance of co-KP is given by a collection of n items of integer
values {vy,...,v,} and integer weights {w,...,w,}, as well as a capacity and a value threshold
V, both integers. The problem is to determine if, for all # C [n], we either have >, _, w, =W
Or Dy ik < V.

The reduction is very similar to CRITICAL-MODEL’s. Fix €, 0, &, 6 to be tuned later on and
consider an instance of co-KP. Consider the MDP .# whose structure is as given by Figure 9.2.1.

CHOOSE
k+1 modn

Figure 9.2.1: Embedding a knapsack problem in a Markov decision process.

The change regarding the reduction of CRITICAL-MODEL is the state (0), in between
(CHOOSE n) and (CHOOSE 1). From (0) you can either loop with the action LOOP scoring
0, or go to (CHOOSE 1) with the action CYCLE scoring O, hence entering the big cycle. The
state (0) is a special state. From the state (CHOOSE k) are two actions: The top action that
is likely to go to (PicK k) that we shall refer to as action Pick, and the bottom action that
we shall call SKip. From every over state, there is a single action that denoted *. The special
policy looping on (0) is denoted * and will model the optimal policy later on. The other
(deterministic) policies of ./ are analogue to a subset -¢” C {1, ..., n}, written 7, and are given
7, (PICK|CHOOSE k) := 1(k € ') with w(CYCLE|0) = 1. We get:

1 1< 1
g(m,)= M(EZVk + Z((% —e)vk + 5)) = 4(|7|1v-|||-11) + 2t D) Z((% —e)vk + 5).

k=1 kex kex
(II1.5)
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Every policy 7, can equivalently be seen as a single-action Markov decision process M, .
The choice of an action is equivalently the choice of a kernel distribution. The set of stationary
deterministic policies of .#, denoted ITMP(_#), can therefore be seen as the set of Markov
reward processes AMP := {M,, : & C {1,...,n}}. Now, we see that g(My) = 4(|:J|111) and the
invariant measure u of the unique policy of M@ is:

1z(0) = 7, Up(CHOOSE k) = 5rigy, and ug(PICK k) = g (SKIP k) = 70,
Moreover, check that:

ZMQ(Z)KLMQHMX( )= 2( +1) Z( og(46(1 f))+wk( )2)

kex
We find the values:

1 1, 52 2|vll, +Vv 1%
) 5 =— 0" = 4\’ = - ,and p = —4
4 16n 4(n+1)log(%) 8(n+1) 16log(2)w

€ =

Consider .#M" the copy of MMP with each element augmented with the action Loop at 0, scoring
N(6,0) and pick the reference model My € .4 MD (In abuse of notations, we write the elements
of #MP and .4 similarly because the two sets are obviously isomorphic, so M contains the
policies 7 and m,). We show that the initial co-KP problem is reduced to the REGRET instance
(AP, Mg, ).

First, remark that 7t* is the optimal policy of M. Then, We show that given u € Inv(My/Z**)
such that ), u(z)A*(z; My) < p, we have

(1) Dex vk <V if, and only if g(M,,) > 0, i.e., M, € Cnf(My; #MP); and
(2) Dpexr Wk = W if, and only if >, pu(2)KLy_j, (2) > 1.

We start with (1). If >}, _, v, <V, then

b, v _
4n+1) 8(n+1)

g(my) >

Conversely, if g(m,,) > 6, then

2yl +V _ 20Vl + 7+ e Vi
8n+1) _ 8(n +1)( ”V”1+Z( )) 8(n+1) ’

kex

SO Y ey Vi =V —32,50 2y Ve 2 V.

For (2), first remark that the only positive Bellman-gap of M, is at the state-action pair
(0,CycLE) with A*((0,CYCLE); M) = %. Moreover, every element of Inv(My/%**) is of the
form cug where ¢ > 0. So, having ), u(z)A*(z; My) < p means that u = cugy with ¢ < 87’) =
(2log(2)W)~!. With this in mind, if >}, _,, w; = W, then

52 1\ _ 2log(3)w
ZAU'(Z)KLM@HM/( )= 2t 1)o? Z(Wk + E) > W > 1.

Wi

[SMIN

Conversely, if D, u(2)KLy v, (2) = 1, then

52 ¥ (Wk+ 1 )s 2108(3)(Sien we +2)

S _ PR
2(n+1)o2 & 4n 210g(§)W
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1
SO D ex Wk =W —132,50 D0, Wi = W.
We readily obtain that: “every % C [n] satisfies either >, _, w, =W or >, _, v < V”is

equivalent to u = (2W log(g))_lu@ satisfying:

VM € Cnf(Mg; AMP), > p(z)KLy, jur, (2) = 1,

and this u is the unique u € Inv(My/%Z**) such that Zz u(z)A*(z; My) = p. O

9.3 Discussion of the result

If we focus on convex model classes, the proof of intractability fails. The previous reduction
doesn’t work anymore, because by taking the convex hull of .Z™P, we obtain a space that is very
close to the space of randomized policies of .Z instead of deterministic ones, which is essential
in the proof. Also, the rational relaxed Knapsack problem is a linear program, so is solvable in
polynomial time — but the optimization problem related to .#Z™® is not exactly the relaxation of
the reduced KP, hence we cannot easily claim that K(M; Conv(.#™P)) is tractable. It is only
natural to raise the following question.

Open problem. If ./ is convex,” does REGRET remain computationally difficult?

%e.g., a polyhedron.

I conjecture that it is even harder, but then the problem must be reduced to smooth compu-
tational problems.

Remark that for many model classes, K(M; .# ) is tractable. This is the case if ./ is a space
of bandit or, more generally, a space of optimally recurrent models (see Definition III.5). If
M is a fixed kernel space, then infyiccnfr. ) Zz u(2)KL(M (2)||M7(2)) is a convex function of
w as the infemum of linear functions. This infemum is then computed with gradient descent,
because Cnf(M; .# ) is a half space and the objective function is convex in M when .# is a fixed
kernel space. However, when optimizing in u, one must minimize a linear function subjected to
concave constraints. Such problems are hard in general, because their dual problems correspond
to convex maximization subjected to linear constraints. However, approximating the solution
may be possible. This is left for future work.



Chapter 10

ECoE: A nearly asymptotically
optimal algorithmic scheme

In Chapter 9, we have shown that the lower bound provided by Theorem IIL.5 is intractable
in general. Disregarding any concern of computability, is the bound even tight? Is there a
consistent algorithm achieving a regret upper bound that matches the lower bound? The answer
is: Yes.

10.1 The Exploration-CoExploration-Exploitation trilemma
and ECoE

The algorithm is inspired from the lower bound. One of the important takeaways of the lower
bound is that exploration must be randomized, or behave like a randomized policy in the long
run at least. One of the noticeable gamble of the lower bound is the assumption that the planner
will be able to have nearly perfect information uniformly on Z**. It is by no means obvious. In
many models, Z** is split into several components and sub-optimal pairs must be played to go
from one component to another. For instance, in the literature on minimax regret (see Part II),
most algorithms reduce their number of episodes to amortize the cost endured by switching
policies. Yet, the lower bound of Theorem II1.5 dismisses this extra navigational difficulty.

Perhaps one of the most important takeaways of what is to come downstream, is that this
switching cost is not due to exploration. Exploration is about visiting sub-optimal pairs to make
sure that optimal pairs are correctly guessed, and is embodied by the exploration measure u
that appears in (II1.7). This exploration measure is generally fully supported, hence corresponds
to an invariant measure of a unique and fully supported randomized policy, that we call the
exploration policy. By being fully supported, this policy is recurrent and induces no “switching
cost” upon playing. Switching costs are due to something else. It cannot be exploitation either,
because exploitation is about iterating the optimal policy, and by definition this never increases
the first order regret (unless the optimal policy is wrongly guessed, but this is another matter).

Switching costs are due to something in between exploration and exploitation, that we
refer to as co-exploration. Co-exploration is about visiting, or traveling to, a recurrent class
of optimal pairs over which information is estimated to be lacking. Actually, the current lower
bound (I11.7) claims that the cost due to co-exploration is sub-logarithmic, hence asymptotically
negligible. Hence co-exploration must be managed by a dedicated mechanism, whose purpose
is to make sure that enough information is gathered (uniformly enough) on Z**. Upon co-
exploring, optimal pairs are played not to score maximally, but rather because of the possibility
that they are wrongly estimated.

130
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This Exploration-CoExploration-Exploitation trichotomy is new and specific to Markov
decision processes. Following this observation, we suggest the algorithmic scheme ECoE to
learn optimally.

Algorithm III.1 The ECoE framework.
1: for episodes k =1,2,... do

2:  Estimate optimal pairs Z;* out of observations;
3:  Update exploitation 7, and exploration 7, policies;
4 if S, is not recurrent under 7t} or lacking information on %\ Z* then
5: Explore with 7 one step; > Vanilla exploration
6:  else if lacking information on Z* then
7: if one component Z; of Z is critically sub-visited and S, ¢ /(%) then
8: Explore with 7t one step; > Exploration triggered by co-exploration
9: else
10: CoExplore with 7] until regeneration; > Exploitation triggered by co-exploration
11: end if
12:  else
13: Exploit with 7] until regeneration; > Vanilla exploitation
14:  end if
15: end for

All the components are intentionally evasive and will be made precise in time. What
Algorithm TII.1 does is the following. First, it estimates the optimal pairs to compute good
exploitation and exploration policies by approximating the solution of (I11.7). Then, it goes
through a few tests to decide whether it should explore, co-explore or exploit. It tests first if
exploration is mandatory, in which case it uses the exploration policy obtained by estimating the
regret lower bound (Theorem II1.5). Otherwise, if co-exploration is mandatory, the algorithm
behaves differently depending on whether information is lacking on the current recurrent class
of optimal pairs or on another. If it is another recurrent class, it tries to travel to it using
the exploration policy; otherwise it exploits using the exploitation policy. Otherwise, enough
information has been gathered and the algorithm uses the exploitation policy. Remark that the
blue block could be removed, because the algorithm does the same thing when it coexplores
and when it exploits. In fact, co-exploration and exploitation are similar from a behavioral
viewpoint, but are motivated by very different reasons. The distinction is crucial to the analysis
of Algorithm III.1.

We now detail the components of Algorithm IIL.1.

10.2 Discontinuity of the lower bound

At the beginning of every episode, ECoE estimates the optimal pairs and the exploration policy
by approximating the lower bound (III.7). But there is a major issue.
The lower bound K(M; .# ) is intrinsically discontinuous in M.

inf 2)A(z) st YM'eCnf(M), DKL MM =1, (111.6)
el 23 A ) (), 3 HEIKL (M)

The first discontinuity comes from the objective function u — Y, u(z)A*(z, M), because the
coefficients A*(z, M) are not everywhere continuous with respect to M. The second and third dis-
continuities come from the discontinuity of Z**(M) with respect to M, making Inv(M /Z**(M))
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and Cnf(M) discontinuous. In other words, the objective function, the navigation and in-
formation constraints are all discontinuous in M. Thankfully, the representation result of
Proposition II1.6, stating that elements Inv(M /%**(M)) can be represented by elements of
Inv(M ) removes the difficulties due to navigation constraints. The other discontinuities cannot
be avoided similarly and are addressed by relaxing the notion of optimality held by Z**(M) to
Z:,(M) (Section 10.3.1), force the uniformization of exploration measures with Inv, (M /Z; (M)
(Section 10.3.2), and adapt the notions of confusing models and Bellman gaps to epsilonized
variants Cnf(M) and AS(M) (Section 10.3.1).

We start by explaining the nature of these discontinuities on an example.

Important notations. In the following, we use the notations:

134"~ M| := max(llr' (=) — r(&)leo + Ip'(2) — (&)1
KL(M||M") := megKL(M(z)IIM’(z)).
ze
We further introduce ||M’' — M||* := ||[M’ — M]|| + 1(M’ # M) - oo and KL*(M||M’) :=

KL(M||M")+1(M’ # M)-co, where M’ ~ M means that M and M’ are mutually absolutely
continuous with respect to each other, i.e., Vz € %, Vq € {r,p}, q(2) < ¢'(2) < q(2).

So, the regret lower bound presented in Theorem III.5 and reported in (II1.6) and (II1.7)
present discontinuities, making the estimation of K(M; . ) difficult if the learner has only access
to a noisy version of M. Although these discontinuities are already present in the multi-armed
bandit setting, they are not much of a big deal in those simpler settings and asymptotically
optimal algorithms such as IMED, KLUCB or TS automatically deal with those discontinuities
without any particular concern. Morally, this is because in bandits and more generally when the
underlying model is recurrent, there isn’t much of a difference between pulling an optimal pair
and pulling a nearly optimal one. Specifically, the Bellman gaps are continuous at such models.
When the underlying model is no more recurrent, the played pairs determine which states
are visited, and discontinuities of 2**(M) induce discontinuities in the navigation constraints,
i.e., of Inv(M/Z**(M)). Even though navigation constraints can be changed to Inv(M) via the
representation result of Lemma III.7, it does not change the fact that an efficient planner is
supposed to use Z**(M) to navigate the model more easily, hence has to tackle the discontinuities
of Z**(M). An example is provided with Figure 10.2.1.

‘.0.1$ 08 9> 0.5%
v G -

Figure 10.2.1: An example of discontinuity of the regret lower bound. The displayed transitions
are deterministic and the labels represent the rewards’ means. Optimal pairs are colored in red.

M/Z*(M)

In Figure 10.2.1, we present two models, M and M,, that are statistically indistinguishable
when € — 0. However, the two models exhibit incompatible navigation constraints. On M, there
is a recurrent optimal policy and M /Z**(M) is single state, hence navigation constraints are
trivial. For M, however, we have M,/ %**(M,) = M, and the navigation constraints are different.
Moreover, the confusing set show discontinuities at M, since M, ¢ Cnf(M) but M € Cnf(M,).
One can show that, for 4 := {M, : a € (—0.5,0.5)} where the reward are Bernoulli, the regret
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lower bounds are:

and K(M,) ~ € L fore>0  amn

KM)= —— - -
(M) 10 Kl(55, 3) -0 kI(0.5—¢€,0.5) 2€

so that K is indeed discontinuous at M = M,,. Because M and M, are indistinguishable, when
the underlying model is M, no learner is capable of claiming that the current model is M with
overwhelming confidence. Yet, when one is doubting about whether the model is M, or M, then
the pairs %, T are nearly optimal, hence can arguably be used to navigate the model more easily
while still scoring near optimally. After all, if the true model is a M, rather than M,, then at some
point x and § will be rejected. From this discussion, we can raise the following observations.

(1) If the optimality of a pair is uncertain, one should consider it optimal; It makes navigation
easier and if the pair is in fact sub-optimal, it will be rejected at some point.

A second observation adds to the list. As mentioned above, on the example provided by
Figure 10.2.1, the space of confusing models displays a discontinuity at € = 0. This slightly
refines observation (2).

(2) If one keeps track of the lower bound to determine which actions are to be played, one must
address the discontinuities of the space of confusing models (information constraints).

Motivated by this example, we introduce a continuous regularized version of (I11.6).

10.3 A continuous regularization of the lower bound

In this section, we overview the construction of the regularized lower bound.

10.3.1 Definitions: near optimal pairs, e-confusing models and near opti-
mal gaps

The set of optimal pairs Z**(M) is not continuous in M hence A*(M), Inv(M /%**(M)) and
Cnf(M) may be ill-behaved in a neighborhood of M. From a learning viewpoint, this is at first
sight an issue because even if M is arbitrarily close to M, one is not guaranteed to be able
to track the solutions of the optimization problem (II1.6) from M alone. To overcome this
problem, we relax (I11.6) by changing Z**(M) for a more stable optimality notion: near-optimal
pairs. A pair is e-optimal (z € Z{, (M)) if it may be played infinitely often by some e-optimal
policy, see (I11.2). Based on %}, (M), we further epsilonize the notion of confusing model, by
changing the role played by Z**(M) with Z¢ (M). Following the idea behind confusing models,
an e-confusing model is M > M such that M and M coincide on & < (M) and the optimal
pairs of M are not all e-optimal in M, see (II1.3). Lastly, we define the e-gaps as follows. Let
h¢(M) the supremum bias vector (for the product order) of all the h (M) for 7 € II satisfying
g™ (M) > g*(M) — €e, see (I1.4). The e-gaps are then defined using the Bellman equation
associated to (g*(M), h{(M)), see (IIL.5).

Z, (M) :={ze€Z:Inell,Juelnv(rm,M): g"(M) > g"(M) —ee,u(z) >0} (IlL.2)

Cnf'(M) :={M">M : M" =M on (M) and g"(M") > g*(M)} (II1.3)
hS(s,M) := max{h,(s,M) : m € Il such that Vs, g"(s; M) > g*(s; M) — €} (I11.4)
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Al(s,a,M) := [g*(s,M) +hS(s,M)—r(s,a,M)—p(s,a, M)h:(M)Ll((s, a) ¢ Z; (M))
(II1.5)

The epsilonized notions Z¢,, Cnf® and A¢ satisfy many interesting properties. Among many
others, they properly address the discontinuity issues that their analogues Z**, Cnf and A* suffer
from, as specified by the result below.

Proposition I11.12. Let M € .# a communicating model. There exists Cy, C,, €, > 0 such
that, for all € € (0,¢€,), if C;||M’' — M||* < €, then

() Z (M) =2Z (M),
2 |ASM) = A*(M)loo < ColIM—M]I*;
(3) Cof' (M) ={M"> M :M"'=M on (M) and g*(M") > g*(M)}.

Remark that in Proposition I1I1.12, a precision 6 > 0 is achieved on a neighborhood of M that
does not depend on €, provided that € < €. This €, is moreover independent of the desired
precision 6 > 0, meaning that the continuity of 2 and A satisfies a cutoff phenomenon and
continuity kicks in independently of € provided that e is not too large. The same property will
hold for the uniformized regret lower bound (see Theorem II1.13).

10.3.2 Uniformized exploration measures

For navigation constraints, we introduce Inv, (M) the space of invariant measure of n-uniform
policies, i.e., policies satisfying nt(als) > n for all (s,a) € %, where 11 > 0 is a constant. That is,

Inv, (M) := U{Inv(rc,M) :mwelland Vs,Va e .g(s), n(als) = n}. (I11.6)

The purpose of this uniformization is to force the optimal exploration u to be fully supported,
and the associated exploration policy to be n-uniform. By communicativity of the underlying
model, any algorithm exploring with n-uniform policies is guaranteed to cover every pair during
exploration, and this prevents Algorithm III.2 to overfit its exploration policy to the empirical
data, that has a non-negligible probability to be off.

10.3.3 Regularized regret lower bound

The regularized regret lower bound combines a relaxation of the degree of optimality of pairs
by dropping Z**(M) to Z;, (M) (Section 10.3.1) with the adapted notions of optimality gaps
and confusing models, to the uniformization of exploration measures (Section 10.3.2) and adds
a strongly convex regularization term to the objective function to make the minimizer unique.

Definition III.7 (Regularized regret lower bound). Fix (¢,m) > 0. The (€, n)-regularized
regret lower bound for M € _# is the solution K;(M ) € [0,00] of the optimization
problem:

inf 2)AS(z, M) + 2 st inf 2)KL,(M|MT)>1. IL.7
il DAl s inf D uKLMIM) > 1. L)
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The regularized optimization problem (I11.7) has (1) a unique solution, (2) is eventually a
good proxy for the real optimization problem (II1.6) and (3) has interesting continuity properties,
see Theorem II1.13 below.

Theorem II1.13 (Properties of the regularized lower bound). Assume that the model space
M is in product form M = [ [,c,[0,1] x P (z). The regularized regret lower bound has
the following properties.

(1) The optimization problem (II1.7) has a unique solution ,uf)(M) € Inv, (M);
2) e— K;(M) is non-decreasing, and Kf](M) — K(M) when €,1n — 0 simultaneously;

(3) Assume that M = (r, p) satisfies 0 < r(z) < 1. There exists €, > 0 such that, for all
(M) € AN and (e,) € (RY)N with €, < e, we have:

K (M/) — KO(M) and pr (M) — p2 (M) when KL*(M|[M) + £ [[M/ — M]|* = 0.

An important take-away of this result is that the level of optimality relaxation given by €,
must be large in front of ||[M, — M||*, meaning that the estimation precision ||[M/ — M||* and the
suboptimality tolerance €, must vanish at different rates, roughly |[M/ — M||* = o(e,,).

Important remark. During the proof of Theorem II1.13, it is shown that Kf) (M; #) < oo
for all communicating M and model space .#, showing on the way that K(M; #) < oo.

10.4 Asymptotic regret guarantees of ECoE

With the regularized lower bound (Definition II1.7) in hand, we can finally provide a complete
description of ECoE. The algorithms works by approximating Z**(M) by %, ;(t)(M .) where M,
is the model of empirical observations' and e(t) is a vanishing sub-optimality tolerance. The
exploitation policy is 7" chosen as the uniform policy on EZ’:*(”(M +), and the exploration policy
7, as the policy induced by the optimal (regularized) exploration measure reaching Kf](t)(M )
(see Theorem II1.13), for some exploration parameter 1) > 0. The exploration and co-exploration
are done by generalized log-likelihood ratio tests (similarly to Marjani et al. (2021); Marjani
and Proutiere (2021)) that are carefully truncated to subsets of Z.

The complete pseudo-code is provided with Algorithm II1.2.

We have made the use of color to better isolate the three main parts of the algorithm. The
first green block is relative to the algorithm’s exploration and eventually corresponds to the
dominant part of the regret. The second blue block corresponds to co-exyploration, at the
interplay of exploration and exploitation, because the algorithm is iterating the empirically
optimal policy for information purposes. The first and last red block corresponds to exploitation.
A skeleton %, is used to truncate information tests, and although it is the same skeleton than in
Burnetas and Katehakis (1997); Pesquerel and Maillard (2022), it plays a very different role in
the analysis.

High level overview of the algorithm. The algorithm works by phases k = 1,2, 3, ... that are
morally very short. At the beginning of a phase, it computes the nearly optimal pairs &”:ﬂft)(lf/[ )
and deduces an exploitation policy 7] and an exploration policy ;. For various reasons, the

'The model of empirical observations is the model M, = (%, ,, p,) where #,(z) := N,(z)™" Zl:; 1(Z; = 2)R;
is the average reward at z and p,(s|z) := N,(z)™* Zf;é 1(Z; = 2,S;41 = s) is the average number of observed
transitions to s upon playing z.
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Algorithm III.2 The ECoE algorithm.
Parameters: Exploration uniformization 1) > 0, ambient space ./ .
Use

AEOWL) = (N1 11, : 21" ¢ 20}, (In.8)

Use GLR overshoot §(t) := m = w(loglog(t)).

Use near-optimality threshold e(t) = log(t)

1: for episodes k =1,2,...do

2:  Setty «t;

3:  Update exploitation policy njk: uniform on g’it)(l\%t) from & (i"’ff)(l\%t)) and uniform
elsewhere;

4. Update exploration measure y,, < u;(f)(Mt), exploration policy Trt_k(als) o< u.(s,a);
5. Update skeleton %, < {z € % : N,(z) > log*(t)};
6:  Update extended skeleton %, «— %, U ZO(N,);
7. if S, is not recurrent under 7] then
8: Play A, according to 7} (S;,—); EXPLORATION (t € 77)
9: t—t+1l,addt—1in T~
10:  elseif IM" € Alt“ (W) s.t. MT|g, = M|, and Y, N,(2)KL,(M,||M") < (1+5(t))log(t)
then
11: Play A, according to 7, (S, —);
12: t—t+1l,addt—1in J~;
13:  elseif IMT € Alt“ (W) s.t. MT|,. = M, |, and >, N, ()KL, (M, ||M") < (1+65(t))log(t)
then A COEXPLORATION (t € T*)
14: Split & f*(t)(Mt) into communicating components %, ..., %" @,
15: Let 95’; ) the current component containing S;
16: if logmin{N,(z):z € fZ’ti(t)} < 2logmin{N,(z) : z € %’ff)(]\ht)} then
17: Add t € JF;
18: repeat
19: Play A, according to 7/ (—|S,);
20: t—t+1;
21: ifS, ¢ S (% (t)) then add t — 1 in 7' and break; > transition discovery
22: elseadd t —1in F%;
23: until S, =S, ; > regeneration
24: else
25: Play A, according to 7, (S;,—);
26: t—t+1l,addt—1in T ~;
27: end if
28: else
29: Add t in 7'; EXPLOITATION (t € 7T)
30: repeat
31: Play A, according to 7 (—IS,);
32: t—t+1;
33: if S, ¢ (%, (t)) then add t — 1 in &' and break; > transition discovery
34: elseaddt—1in 77;
35: until S, =S, ; > regeneration
36: end if

37: end for
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exploration policy is chosen n-uniform. Then, the algorithm must decides whether (1) it explores,
i.e., plays 7, once to gather information on presumed sub-optimal pairs; (2) it co-explores,
i.e., plays 7} to gain information on a component of the presumed nearly optimal pairs; (3) it
exploits, i.e., plays 7t} to score as much as possible.

(0) DEFAULT EXPLORATION: By default, if the algorithm is not on a recurrent component of
9’:5)(1\7[[), it iterates 7, and ends the phase. Otherwise, it goes through a bunch of tests to
decide what to do.

(1) ExrLORATION: It first checks if there is a lack of information on sub-optimal pairs by
running a generalized log-likelihood ratio test (GLR) that is truncated to %'\ &"f}ft)(lf/[t). Morally,
it makes the assumption that the information on nearly optimal pairs is perfect, then does a
classical GLR test. If the test is positive, it iterates 7, once and the phase ends. Otherwise, it
deals with co-exploration.

(2) CoExpLORATION: The idea is to check if there is a lack of information on nearly optimal
pairs. It is done by running a non-truncated GLR test, i.e., the assumption on the perfectness of
information on .fffft)(]\%t) is dropped and a classical GLR test is ran. If the test is positive, the
algorithm concludes that information is missing on 3’:}5”(1\%) and that these pairs should be
visited more. However, ffff)(M .) may be split into several communicating components and the
lacking information may be in a component to which the current state does not belong to. The
algorithm does a test based on visit counts to decide whether the current component is worth
co-exploring or if the lack of information is much more likely to come from another component.
In the first case, it iterates 7] until regeneration and ends the phase. In the second case, it
wants to reach a more informationally critical component, and engages a travel by exploring: It
iterates 77, once and the phase ends. The idea is to explore by the meantime, and reconsider
once another component of EZ‘:S)(M ;) is reached. If the prior GLR test is negative, the algorithm
deals with exploitation.

(3) ExpLOITATION: The algorithm iterates nj until regeneration.

(1) PaNIC: When the algorithm iterates a policy until regeneration, this regeneration may
never come if the algorithm is wrong about the support of transition kernels. In that case, at
some point, the algorithm will observe a transition (S,,A;,S,,1) it has never seen before. We
call these time-instant panic times, and the algorithm deals with them by killing the current
phase right away.

Theorem III.14. Assume that the model space # is in product form # = [ [,,[0,1] x
P (z). Fix the parameters of Algorithm II11.2 to n) > 0. For all M € # such that 0 < r(z) <1,
the regret of Algorithm II1.2 is asymptotically bounded by:

: EY[Reg(T)]
limsup —————

0
msup— = < KO(M). (II1.9)

For every fixed ) > 0, Algorithm III.2 is consistent (because Kg(M ) < 00), see the remark
following Theorem III.13). Since inf, ., KS(M ) = K(M) by Theorem II1.13, this provides a family
of consistent planners ((t;),) indexed by n > 0 such that:

E(Tf?),M Reo(T
VM e #, inflimsup [Reg(T)] =K(M). (I11.10)
n>

0 Tooo log(T)

Accordingly, the regret lower bound of Theorem IIL.5 is tight.
The proof of Theorem II1.14 is difficult and requires many non-standard techniques.
It is deferred to the appendix.
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10.5 Instantiations of ECoE

10.5.1 ECoE for multi-armed bandits

Although Algorithm III.2 is complex, it is rather similar to a blended version of two well-known
methods when instantiated to bandit settings: MED Honda and Takemura (2010) and IMED
Honda and Takemura (2015). First, if ./ is a class of bandits, then the co-exploration test may
be ignored because the environment is stateless. In Section 8.5.1, we have shown that in the

bandit setting, we have:
A*(z)
K(M)= .
(M) z;* KI(r(z)|| max(r))

So, if €, > 0 are small enough, ,uf](z; ]\A/[t) ~ KI(#,(z)|| max(#,))"!. Therefore, sub-optimal pairs
are sampled proportionally to 1/kI(#,(z)|| max(7,)), and the visit counts of ECoE track the lower
bound explicitly, which is in spirit similar to what MED does. To decide whether it should explore
or not, the exploration GLR test of ECoE is morally asymptotically equivalent to:

1?2z € Z : i*,(z) < max(#,) and N,(z) < log?(t) and N, (2)KI(#,(z)|| max(?,)) < log(t)

Straight forward computations show that this rule is asymptotically equivalent to checking
if there exists a suboptimal pair such that N,(z)kI(7,|| max(#,)) + log(N,(z)) < log(t), which
is reminiscent of IMED’s index. A version of ECoE specialized for bandits is reported with
Algorithm IIL.3.

Algorithm III.3 ECoE for bandits.
1: for episodes k =1,2,...do
2:  Update fZ’f*(t)(Mt) ={zeZ:7(z) = max(?,)—e(t)};

. . ~ 1(z¢ 25 (M,)) . .
Update exploration policy u;(t)(z ;M) ~ m (projected to n-uniform measures);

3

4. Update skeleton %, := {z ¢ %:f)(]f/[t) :N,(2) <log*(t)};

5. ifdz e %, : N.(2)KI(.(2)||max(,)) < (1+ 6(t))log(t) then
6: Explore by playing A, ~ ,uf](t)(—; M,);
7

8

else
Exploit by playing A, uniformly in & fft)(Mt);
9: endif
10: end for

10.5.2 ECoE for recurrent models

Because recurrent models are very similar to bandits, ECOE can be simplified to something
similar to Algorithm III.3. In Section 8.5.2, we have shown that for recurrent models, we have:

A*(z)
K(M) =
z¢fo*EM) C(M.2)

where C(M,z) is defined as in (II1.12). Similarly to the bandit setting, co-exploration can
be ignored because the algorithm never has to change of nearly optimal component, hence
co-exploration always plays the exploitation policy until regeneration. So, for recurrent models,
ECoE is similar to Algorithm I1I.3 with klI(#(z)|| max(#,)) changed to C(M,z). The obtained
algorithm is very close to an index policy with an index similar in spirit to IMED-RL Pesquerel
and Maillard (2022). The use of the skeleton {z : N,(z) > log?(t)} is however very different from
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Burnetas and Katehakis (1997); Pesquerel and Maillard (2022). In these works, the skeleton
is used as a region of the Markov decision process that is considered learned and where the
gain and bias functions can be safely estimated. This fact is crucial in the analysis of Burnetas
and Katehakis (1997); Pesquerel and Maillard (2022) because by computing the index out of
quantities with strong approximation properties, the so-called index is guaranteed to be well-
behaved. ECoE has no such safeguard against ill-behaved indexes, because the skeleton is used
to truncate GLR tests rather than guaranteeing strong approximation properties. The possible
ill-behavior of the index of ECoE and induced misplays are balanced by the n-uniformization of
the exploration policy.

Algorithm III.4 ECoE for recurrent models.
1: for episodes k =1,2,... do
Update .i"’:}f”(]\ﬂlt);
Update exploitation policy 7/ like in Algorithm II1.2;

A () (V)
Update exploration policy ,u;(t)(z ;M) ~ W (projected to n-uniform measures);

Update skeleton %, := {z ¢ %:P(]\A/It) : N, (2) <log*(t)};
if 3z € %, : N,(z)C(M,,2) < (1 + 5(t))log(t) then
Explore by playing A, ~ ,u,f)(t)(—; M,);
else
Exploit by playing A, ~ m(—|S,) until regeneration;
10:  end if
11: end for

R A S Ol

Remark that we do not provide a closed form for %:ﬂft)(]\A/I .) nor a way to compute it.

10.6 Future directions

So the lower bound of Theorem IIL.5 is optimal, meaning that asymptotically optimal learners
shall have total reward scaling as

T—1
Ey[ZRt] = Tg*(s) —K(M)log(T) + o(log(T)).
t=0

Many directions are still to investigate.

First, ECoE only works if the hyper parameter 1 responsible for the uniformization of
exploration is constant. If it is enough to show that the regret lower bound is optimal, we should
make 7 a time-dependent vanishing quantity so that ECoE is truly asymptotically optimal. This
would require to study the sensibility of Kf] (M) to m, hence to refine the study of the regularized
lower bound further. I conjecture that taking n(t) = 1/logloglog(t) is enough but this decay is
extremely slow, and a precise analysis would help in that matter.

Second, ECoE cannot run in reasonable time. With the current definition of 27 (M), it can
be proved that the computation of 2 (M) is linked to a NP-hard problem. The issue is thankfully
secondary, and there are other ways to relax the notion of optimal pair, e.g., A*(z) > —e. It
seems that this alternative definition makes the computation of A polynomial. This being said,
there is still the issue that the GLR tests performed by ECoE are coNP-hard. Indeed, the GLR
tests are directly linked to the computation of critical models hence to the CRITICAL-MODEL
problem (see Theorem II1.10). To avoid these tractability issues, these information tests should
be performed by a mechanism of another kind instead. Posterior sampling and bootstrap
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methods are probably a fruitful direction in that matter. After that, we would have to tackle the
computation of nearly-optimal exploration policies.

Yet, the lower bound is intractable in general, so is it only possible to make ECoE run in
reasonable time? Overall, the question of whether there simply exists a tractable method that
is asymptotically optimal is sound. However, the lower bound is asymptotic, so the existence
of such an algorithm is not incompatible with the lower bound’s intractability. Looking at the
pseudo-code of ECoE, we observe that many hyper parameters are slowly vanishing functions.
This is imposed by the various discontinuities of the lower bound. In practice, it means that
T must be greater than a tower of exponentials of the diameter (at least exp(exp(D))) before
the regret upper bound of Theorem II1.14 gets close to the lower bound of Theorem IIL.5. So,
by then, even if the algorithms makes ©(1) per-step operations, its capability to approach the
regret lower bound K(M)log(T) would not contradict the intractability of K(M).

Talking about towers of exponentials raises an interesting question. Is this tower of expo-
nentials specific to ECoE or to the lower bound? In other words, is the regret lower bound
of Theorem III.5 “too” asymptotic in nature? This kind of concern leads to the study of re-
gret guarantees for medium time ranges, that are usually done within the model independent
framework. This is the “best of both worlds” of Bubeck and Slivkins (2012) that requires both
minimax optimal and instance dependent optimal regret guarantees, see also Garivier et al.
(2022). Regarding multi-armed bandits, the question of tower of exponentials is more deeply
discussed in Belomestny et al. (2023), with its relation to the second order error in Sanov’s
theorem and its role in the regret analysis of Thompson Sampling. Because of the discontinuities
of the lower bound for Markov decision processes however, it is not clear that the best of both
worlds is even achievable for general communicating models.

Although medium time-ranges regret guarantees are usually done within the model in-
dependent framework, I am not completely convinced that this interpretation of minimax
guarantees is pertinent. The asymptotic nature of Theorem III.5 is rather the product of an
asymptotic assumption, which is strong consistency. One way of circumventing the issue is to
refine the consistency assumption. This is done for example by Garivier et al. (2018), where
the learner is assumed to have regret bounded by a function of the form C(M)log(T) where
C(M) has a structure inspired from UCB’s regret upper bound (see Auer (2002)). They use
finer information theoretic results to show that, for multi-armed bandits, the optimal regret is
of the form K(M)log(T) — Q(loglog(T)). The correct multiplicative coefficient in front of the
second order term loglog(T) is unknown to this day, and regret rates of such kinds have been
achieved by IMED Honda and Takemura (2015) for reward distributions of bounded support. It
is not clear that for communicating Markov decision processes, the second order term is indeed
a negative loglog(T), because multi-armed bandits do not require co-exploration. Now, the
direction opened by Garivier et al. (2018) is not the only possibility. Another way, that I believe
is fruitful, is to utterly revoke the asymptotic nature of the consistency assumption and to opt for
a non-asymptotic consistency assumption. When motivated by this idea, I see only one way to
escape a minimax formulation: Bayesian priors and Bayesian formulations of the learning task.

Beyond this, there is the question of generalizing the model dependent lower bound beyond
the communicating setting. The lower bound technique could probably be used to provide a
lower bound for weakly communicating models without modifications. But like I said earlier, a
lower bound without a proof of tightness as much less value. Regarding weakly communicating
models, the issue is precisely that the design of an asymptotically optimal algorithm would
have to tackle the transient nature of a part of the environment. It is not clear that ECoE will
automatically work for weakly communicating Markov decision processes. Beyond weakly
communicating models, the regret lower bound is subjected to depend on the initial state, hence
the technique would have to take this into account.



Appendix of Chapter 10

10.A Technical results for the proof of Theorem III.5

In this section, we list a few technical results on which Theorem III.5 relies.

Lemma III.15 (Unavoidable sub-optimal pairs). Let M € .#. There is ¢ > O such that for all
u € InV(M/fZ**(M)), lf‘M(Z) = Ofor Clll z € g**(M)) then ZZ¢Q"*(M) M(Z) 2 C”‘ulll

Proof of Lemma III.15. Consider the reward vector f(z) := 1(z € %,(M)), then the model M’
obtained by copying M /%, .(M), removing the state-action pairs Z,,(M) and setting the reward
function to f. The model M’ is communicating because it is obtained by removing loops from
M /%,,(M), which is communicating as a contraction of a communicating model. The remaining
pairs Z,(M) are not forward closed in M’, hence no policy of M’ can have a recurrent component
contained in Z,(M)N Z(M’). Accordingly, the optimal gain of M’ satisfies max(g*(M")) < 1.
Set ¢ := 1 —max(g*(M")). ]

Lemma II1.16. Consider X,, € [0, 1] a family of rv. with E[X,|Z,] = u. Let {0, := %Zzlek their
empirical mean. Let N a random variable of support {0,1,...,T} where T > 1 is a fixed scalar.
Then, for all € > 0,

E[N(Gy — )] < e(E[N]+log(1+T)) + \/E[N log(2v 2 esl ) 4 g,

Proof. Let 6 > O that shall be tuned later. By Hoeffding’s Lemma, X, is conditionally o-
subgaussian for o = % By a time-uniform Azuma-Hoeffding’s inequality (Lemma 1.22), for all
m=>1,

1
<. II.11
T ( )

log(TVI+T
P(Elm <n<T|o,—pl> 2a\J M)
m

Setting m =m, := (2?‘7)2 log(Tv1+T),we have P(Am, <n<T,|4,—u| =€) < % The target
expectation is split into two. Denoting f(N) := N({y — u), we write:

E[N(0y —w)] =E[f(N)I(N = m,/)]+E[f(N)1(N <m,)]. (II1.12)
We start by controlling E[ f (N)1(N > m,)]. By construction of m,, we have:

E[f(N)I(N = m )] <E[f(N)I(N = m)1(|fwy —ul < €)]+E[f (N)IN = m)1(|dy —ul = €)]
<€E[N]+TP(Am<n<T,|0,—ul =€)
(by (II.11)) < eE[N] + 1.
We continue with the other term E[f(N)1(N < m,)]. Denote & := (¥n > 1,n(0,, — u)?* <

402log(+/1+n/5)). By a time-uniform Azuma-Hoeffding’s inequality again (Lemma 1.22), this
good event has probability at least 1 — 6. We obtain:

E[f(N)I(N <m.)]=E[f(N)I(N <m.)1(&)] +E[f (N)I(N < m.)1(&;)]

141
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< ZGE[ Nlog(@)_ +om,

< 20 [E[ N 10g(ZE) ] + 5m,

=20 \/E[N log( L) |+ 5(2)210g(TVI+T)

where (x) follows from Jensen’s inequality. Set 6 := 6673_2 k);[l—NJr]T) and plug everything together. [J

Applied to sequential control, where N is the number of triggers up to time T, we see that
when E[Ny ] + E[log(N7)] > loglog(T), then E[N;(dy, —u)] = o(E[N]).

10.B A continuous regularization of the regret lower bound

To ease the proof of Theorem II1.13, we introduce a few notions and notations. For M € ./, we
introduce the candidate exploration measures as the n-uniform measures satisfying the epsilonized
exploration and information constraints:

(M) = {u € Inv, (M/Z5,(M)) : YM' € Cnf* (M), D u(z)KL,(M|[M") > 1} (II1.13)
Z
As the condition “KL*(M||M) + %HM ! —M]||* — 0” will appear repeatedly in the following

analysis, we introduce the shorthand

d. (M/|IM) := KL*(MTflllM)+ein||Mr’l—M||*. (111.14)

10.B.1 Proof of Theorem III.13: Uniqueness of the optimal uniformized
exploration measure

For a fixed M € Cnf* (M), the set of u € R? satisfying > u(z)KL,(M||M") > 1 is a closed
half-space of R%. It follows that:

{u eR% : YM' e Cnf* (M), Z u(z)KL,(M||MT) > 1} (II1.15)

is closed and convex. Meanwhile, Inv, (M /Z**(M)) is also closed and convex, because it is
given as the intersection of linear constraints:

VS; a,s/, Za’ ‘U/(S/, a/) :p(s/l‘S; a)tu‘(sx a);
Vs,a,  uls,a) =m0, uls,a).
It follows that j‘; (M) is closed and convex. So the solution of (I11.7) is the minimum of a n-

strongly convex function (for the £,-norm) over a closed convex set. It is therefore well-defined
and unique. [ |

u € Inv, (M /Z*(M)) < { (I11.16)

10.B.2 Proof of Theorem III.13: Approximation properties of the uni-
formized lower bound

In this section, we prove the statement (2) of Theorem I11.13: Given M € .# we have Kf] M) -
K(M) when €, — 0. For comparison, we report the regret lower bound and its regularized
version side by side:

inf 2)A*(z,M) st. YM'eCnf(M), DKL(MM)>1  (1L6)
uelnv(M/y**(M));“() ( ) (M) ZGZ';H() M|[M")
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inf > uEAEM) 0l sk YMTeCnf (M), D uEKLMIIMY) =1
u€lnv, (M /Z¢ (M)) e ZEX
(111.7)

By Proposition I11.48, we know that for € small enough, we have Z¢ (M) = Z**(M). It means
that M /% (M) =M /%" (M) and that Cnf*(M) = Cnf(M) for such e. Furthermore, by Proposi-
tion 111.49, we also have AS(M) = A*(M) for e small enough. All together, we see that if € > 0
is small enough, then for all n > 0, (II1.19) is equivalent to the following problem:

inf D> uE)A M) +llull? st YMTeCnf(M), D u()KL(M|[M) > 1.
u€lnv, (M /Z*(M)) oy =
(I11.17)

Accordingly, it doesn’t depend on € anymore and is the same optimization problem as (I11.30),
except that the condition u € Inv(M /%™ (M)) is changed to the stronger u € Inv, (M /Z™(M))
and that a quadratic regularization term 7)||u||5 has been added to the objective function. It is
therefore clear that K(M) < K;(M ) thus we only need to prove that lim sup Kf) (M) <K(M) as
e, — 0. To that extent, we show that invariant measures of M / Z**(M) can be approximated by
n-uniform invariant measures of M /%**(M ) provided that 1) is small enough with Lemma I11.17
below.

Lemma III.17 (Uniformization of invariant measures). Let M a communicating model and pick
u € Inv(M). There exists a family (u,, : 7 > 0) with u, € Inv,(M) such that u, — u for the
{,-norm when n — 0.

Proof. Let u € Inv(M) and denote %, ..., %, its recurrent components. Without loss of gen-
erality, we assume that u is a probability measure, i.e., ||ul|; = 1. For &’ C %, we denote
FL(Z') :={s : da,(s,a) € Z?} the states where elements of Z’ are rooted. To every component
%, corresponds a set of exit pairs 2, that are rooted in .#(2;) but are not supported in y, i.e.,
Z ={6,a):s€ S(ZN\Z. For A=(A4,...,4) € (Rj)k, consider the following randomized
policy:

ifs¢ S(U...2);

1
A(gls) e d F7OT
my(als): { Mot - if s € ().

Am+(1- /lmlﬂf(s)l)za,

cd(s) u(s,a’)

Observe that ng is nmin(A)-uniform so that it has a unique invariant probability measure
denoted ,ufl. We now provide an equivalent of ,ufl when 11 — 0.

Consider the minor [M]:=M/(Z,U...U%)=M/%,/--- /%, and denote &, := F[ %]
for simplicity. In [M ], & becomes a single state denoted [%;]. We consider the modification
[M7] of [M] where the playable actions from each [.%] are modified as follows. There are two
actions, i* and i~ with kernels given by:

[PV (FUALLTD =1;
PYCNALID = D r eI i, aD.

(s,a)eZ;

Morally, i* is a looping action, while i~ is an exit action that plays an exit pair (s,a) pondered
by the probability of being in s when navigating with u on %,. Let [7t]’ the policy of [M ]’ that
plays i~ from every [s;] and is uniform from other states. This policy is recurrent and has a
unique invariant probability measure [u]’. Remark that, for all (s,a) € %, we have:

ur(s,a) ~ A _[ulTA] | pGs,a)

Choose A; = ||l |l1/[u]'[#]. This concludes the proof. O

(II1.18)
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We now finish the proof. Fix 6 > 0 and let u € Inv(M /%**(M)) achieving K(M) in (II1.6)
within & range, i.e., >, u(z)A*(z,M) < K(M)+ 6. By Lemma 11117, provided that n > 0 is
small enough, there exists u,, € Inv(M /2**(M)) such that ||u, —ull; < 6. So:

KE(M) < (2, M)A*(2) + 1l |12
2EZX

< ZM(Z,M)A*(Z) + 6| A (M)l oo + 1ty I3
1 {324
<K(M)+6+81A*(M)lloo + 20 (llull? + 52).
We conclude that, for all 6 > 0

limsup K} (M) < K(M) +6(1 + [|A* (M)l o)
€,n—0

o) limsupKfl(M) < K(M) when €, — 0. [ ]

10.B.3 Proof of Theorem III.13: Continuity properties of the uniformized
lower bound

Fix (e,) the sequence of optimality relaxation levels and assume that €, < €, as given by
Proposition I11.12. In this section, we show the following sub-statement of Theorem II1.13:
Assume that M = (r, p) satisfies 0 < r(z) < 1. For all (M) € MN, we have:
My — M|
Kf)"(M,’l) - Kg(M) and ,uf]"(Mr’l) — ,u?](M) when KL*(M'||M) + ————
(II1.19)
In general, the continuity of a maximizer with respect to the parameters is dealt with the
Maximum Theorem Berge (1957). A few subtleties make the result difficult to apply in our
setting however. There is first the double regime requirement on the convergence speeds of
(M) and (e,) that would require an artificial space transformation, and then we would have to
show that the constraints embodied by J;(M ) are lower and upper semi-continuous. This is
however not the case at infinity. In the end, it seems to easier to go with an ad hoc argument
than to try to apply the Maximum Theorem directly.
The result (I11.19) is established by showing the twin results below. In spirit, they are closed
to semicontinuity results.

Lemma II1.18. Assume that M € _# is such that, for all z € %, 0 < r(z) < 1. Fix n > 0 and let
(M,) € Y,

« . . . 99 . . . 0 . €n / . . .
(1) (“Lower semicontinuity”) At infinity, ,un(M ) is near g (M) in the following sense:

inf Hu’ —,uO(M)H =o(1) when d.(M|IM)—0 (1I1.20)
wes(M!) 1 1 "

(2) (“Upper semicontinuity”) At infinity, u;n (M) is near ﬂq;’(M ) in the following sense:

i Ol
I (M)

= o(1) when d. (M,|]|[M)— 0. (II1.21)
Outline of the next sections. In Section 10.B.3.1, we show that Lemma II1.18 is enough to
conclude. In Section 10.B.5, we introduce various preliminary material about the properties of
invariant measures, of candidate measures and confusing models, preparing Section 10.B.6 and
Section 10.B.7. The Section 10.B.6 is dedicated to the proof of (I11.20), and Section 10.B.7 to
the proof of (I11.21). Although (I11.20) and (I1I.21) are very different (yet dual) results, their
proofs mostly identical up to a few minor differences.
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10.B.3.1 Lemma III.18 is enough to conclude

Recall that €, < €. Pick (M) € ./ N, Remark that, by Proposition II1.12, we have

einniy _ A% h . 1M, —MII*
AS(M;) = A(M)+0(1) when KL'(M|IM)+—"—— —0. (II1.22)

n

(STEP 1) The regret lower bound Kf]“(M,’l) is asymptotically bounded with Kg(M ) as:
Ki(My) < Kf;(M) +0o(1) when KL*(M/|IM)+Z[IM/—M]|* -0 (111.23)

Proof. Denote Pr’l the {,-projection operation onto the closed convex set J;H(M ,’1 ) (see Sec-
tion 10.B.1). By Lemma II1.18, we know that ||Pr’l(ug(M))—u?’(M)||1 = o(1) when KL*(M/||M)+
eiler’1 — M||* = 0. We have:

K (M) < Z(P,i(u%(M )))(Z)Ai(z, M’)+ n’ i
2€EX¥

P )|

< S (L)@, )+ [P )|+ of

2EZX

@
< > (MDA G M) 1)
2€X

P )

ool oo+ oo

)
= Kg(M) +0o(1) ”

where (1) is an application of Proposition II1.12 in the form of (I11.22) and () follows from
Lemma 111.18, and all the o(—) hold when KL*(M'|IM) + %HM,'I —M]|* - 0. ]

(STEP 2) The regret lower bound K;"(M /) is asymptotically bounded with KSI(M ) as:
KSH(M,’I) > Kg(M) +0(1) when KL*(M/[|IM)+ ei||M,’1 —M|* —o0. (111.24)

Proof. Let P, the {,-projection operation onto the closed convex set ﬂq;) (M). By Lemma II1.18,
we have ||PO(,uf)“(M,’l)) —,u;“(MT’I)H = o(1) when KL*(M'||M) + 61—n||MT’l — M]||* — 0. With similar
computations than in (STEP 1), we show:

KOM) < Ker(M) +o( 1+ lusr (M)l (II1.25)

when KL*(M' ||M) + % IM’ —M]||* — 0. To conclude that the RHS is Kf]“(Mr’l) +0(1), it is enough
to show ||,uf?n (M))|| is bounded. By definition pyr (M) achieves K (M), so we see that:

when KL*(M [|[M) + eiler’l — M||* — 0, where (x) follows from the previous bound on K (M),
see (I11.23). Combining (I11.25) and (II1.26) together, we get KS(M) < Kf]"(M;) +0(1). We
therefore have shown

2 ()
1€, / 1 0
LS k() < n(Kn(M) +o(1)) (111.26)

(M)

Ko (M) =KO(M)+0(1) when KL*(M.||M)+2|M,—M]|* 0.

This proves the claim. O
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(STEP 3) The optimal exploration measures are asymptotically related as:
e (M) = pd(M)+0(1) when  KL*(M;||M)+ LM/ —M]|* —o. (111.27)

Proof. Assume, ad absurdum, that there exists 6 > 0 such that, for all n > 1, there exists
-1 1 . . n _ 0

M’ € # such that KL*(M/||[M) + € '|[M, — M|* < + satisfying ||,qu (M) ,un(M)Hl > §. By
(I11.26), the sequence ,uf’" (M ,g ) is bounded hence, by compactness, we can assume that it is
converging to some u’ satisfying ||u’ — ,u?](M )|| > 6 without loss of generality. We obtain:

M . . ®

= lim K(Mp) = D 1/(2) lim A%z, M)+l 2 D w/ @A, M) +nllwl3

Z2E€EZX 2E€EZX

K, (M)

where () follows from (I11.24) and (%) follows from Proposition I11.12 in the form of (I11.22). By
Lemma I11.18 and because ﬂ:(M) is closed (Section 10.B.1), we have u’ € ﬂﬁ(M). But u%(M)

is the unique member of j‘ﬁ (M) achieving Kg(M ), hence u’ = y,?] (M); a contradiction. O

All together, (I11.23), (I11.24) and (I11.27) prove Theorem II1.13 as stated in (I11.19). [ |

10.B.4 Preliminary results on the set of confusing models

Lemma III.19 (Reduced confusing models). Assume that the underlying model space # 1is in
product form, i.e., that # = ]_[Zey[o, 1] x Z(Z). Let M a communicating model, let € > 0 and
MT" € Cnf*(M). There exists M* € Cnf*(M) such that:

(1) Forall z € % and q € {r, p}, KL(q(2)llg*(2)) < KL(q(2)llg"());
(2) M* has small bias span: sp(h*(M*)) < D(M);
(3) M*(2) = M(z) for all z ¢ & (M*)\ %¢ (M) and gain-optimal policies of M * are unichain.

Proof. Without loss of generality, we can assume that M (z) = M(z) outside of Z**(M T)\EZ’:*(M )
and that every optimal policy of M is unichain. Consider the extended model M’ where, from
state s € &, the choice of an action consists in choosing whether the transition is done in M
or in M, hence choosing a € .¢/(s), a reward among {r(s,a),r'(s,a)} and a transition among
{p(s,a),p’(s,a)}. The model M’ is communicating because it contains M with diameter bounded
by D(M’) < D(M). We further have:

g M) 2 g'M") and g (M) =g (M)

Any (extended) policy achieving optimal bias in M’ defines a policy 7’ on M and a model M*
such that g*(M*) = g*(M’) = g, (M%) and sp(h*(M*)) = sp(h*(M’)) < D(M’) < D(M) (see
Proposition I1.2) making M* satisfy (2). Moreover, (1) is automatically satisfied.

We now justify that M* € Cnf*(M). Because M" € Cnf*(M), Z¢ (M) remains untouched in
M" and M*. Accordingly, every e-gain optimal policy of M has all its recurrent pairs within
%¢ (M) and has gain at most g*(M). But since M" € Cnf(M), we have g*(M") > g*(M),
so g*(M*) > g*(M) and since M*(2) = M(z) for z € Z¢ (M) by construction, we have M* e
Cnf*(M).

If (3) isn’t satisfied, then either 7’ picks transients rewards or transitions from M T or is
multi-chain. In the first case, remove the transient transitions and in the second case, remove a
recurrent component; Then start the construction over. Repeat until (3) is met. 0

Lemma IIL.20. If M is communicating, then infyiccngar) KL(M||M > o0.
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Proof. Let M € Cnf(M). By assumption, we have p' >> p so M is communicating as well, so the
uniform policy 7, is recurrent under p* and p. By Lemma I11.40, if ||[M"||M || is smaller than some
e(M) > 0, then D(pj[ ) <2D(p,, ), where D(p™) is the policy-diameter of 7 (Definition IIL.8).

Let 7, " bias optimal policies of M and M" respectively. By adapting the rationale of
Proposition 1.2, we see that sp(h*(M)) < D(p, ) and sp(h*(M)) < D(p]. ). Both M,M" are
communicating, so we have sp(g*(M)) = 0 and sp(g*(M")) = 0, so by Theorem II.1,

, , 1 '
187 (M") = 8" (M)lloo < [IT" —rllco + 5D(Pr lIP" = Pll1,
(111.28)

i t 1 .
g™ (M) = g™ (M)lloo < I —rlloo + ED(p};u)llp’ —plh-
Let A (M) := min{||g"(M)—g*(M)||o : T ¢ II*(M)} > O the gain-gap of M. Since ¢ (M),

Ag(M) < g™ (M) — g™ (M)l oo = max(g™(M) — g™ (M)
< max(g™(M) — g"(M")) + max(g"(M") — g™ (M")) + max(g™ (M") — g™ (1))
< max(g™(M) — g"(M")) + max(g™ (M) — g™ (M)
< 2(lIr* = rlloo + D(ps o™ = plI1)-

We obtain that:

\MT—M| > MA&(M) (111.29)
~ 4(D(p,,) V1) ' '

Conclude using Pinsker’s inequality. O

10.B.5 Preliminary results on uniform invariants and candidate measures

We denote I, (M) the space of n-uniform policies, i.e., randomized policies such that m(als) =7
for alls € & and a € .9(s). For p, a policy kernel, we denote D(p,) its diameter (Defini-
tion III.8).

Lemma III.21 (Continuity of uniform invariant measures). In this assertion, we say that a
function f : M — R? is KL*-continuous if for all M € .# and € > 0, 36 > 0,KL*(M'||M) < & =
If (M)~ f(M)] <e.

(1) If M is communicating, then D, (M) := SUP e, (M) D(p,) < o0;
(2) D, is continuous at communicating models: if M is communicating, then

Ve > 0,35 > 0,KL*(M’|[M) < € = |D,(M") — D, (M)| + &;

(3) There exists c(M) > 0 such that, for all u € Inv,(M),min(u) = [lull;c(M) and c(-) is
KL*-continuous at communicating models;

(4 A — Inv, (M) NP (%) is KL*-continuous at M if M is communicating for the Hausdorff
distance.

Proof. We prove all the claims in order. We consider first the model M, constructed from M as
follows. The state-action space is still &, but the kernels and rewards are given by:

py(s,@) == (1—nlgG)DpGs.a)+n . p(s,a);
a’e.d(s)

ry(s,a) =1 —nlgGDris,a)+n D, r(s,a).

a’ed(s)
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The obtained model M, is communicating, because the execution of the fully uniform policy on
M,, is equivalent to the execution of the uniform policy on M. By construction, the execution of
any n-uniform policy 7 of M can be seen as the execution of a randomized policy 7, of M,,.

(STEP 1) If M is communicating, then D, (M) := SUPerr, (M) D(p,) < oo.

Proof. Fixs € & and consider M j’ the transform of M,y making s absorbing. Consider the reward

function f(s’,a’) := 1(s =s’) and consider the deterministic policy 77:f7 with maximal bias for f as
a cost function, in particular, it is solving the Bellman equations associated to the minimization of
the total f-reward. Because M is communicating and nf} is fully supported, it eventually reaches
s and has gain gf = 0. By construction, ng has optimal f-bias hf(s’) := E,[inf{t > 1:S, = s}]
which is here maximized because ng aims at minimizing the f-reward. Accordingly, letting

D; < oo the bias span of 7,, we see that every policy of IT, (M) has reaching time to s upper-
bounded by Df] in M.

Set D, := max; Df7 < oo. Observe that D, corresponds to the diameter of a policy 7 €
I1,(M) and that it upper-bounds the diameter of every other policy of I1,(M). Accordingly,
D, = supnenn(M)D(pn). O

(STEP 2) D, is continuous at communicating models: if M is communicating, then
Ye >0,36 > 0,KL*(M'||M) < € = |D,(M’) =D, (M)| + 6.

Proof. This is mostly a consequence of Lemma I11.39 in the form of (II1.125). By construction,
every 7 € I, (M) has diameter bounded by D, (M). If KL*(M’||M) < oo, then by (111.125), we
have

|D(p.) —D(p.)| < 3D(p)D(PIM’ —M|* < 3D, (M)D(p.)IIM' — M|*.

To obtain an upper-bound of D(p ), see that D(p/ )(1— %DH(M))HM’ —M]||* < D(p,). So, when
IM”— M]||* is small enough, we have:

D
PO by tp, (i —
1= 10,(D)IM— M

D(p}) <

Similarly for the lower bound, when ||[M’ — M|[* is small enough, we have
D(p},) < D(p.) — Dy(M)?IM' — M|".

According, every D(p,) is locally D, (M )2-Lipschitz continuous at M for ||—||*. So D, is locally
D, (M )2-Lipschitz continuous at M as a supremum of Lipschitz continuous functions. O

(STEP 3) There is c(M) > 0 such that, for all y € Inv, (M), min(u) > |lull;c(M) and c(=) is
KL*-continuous at communicating models.

Proof. Fixs € & and let f =f; := 1(s =+’). Seeing f as a reward function on M, , we consider a
bias-optimal deterministic policy 77:2 for f as a cost function. It has f-gain g € Re and f-bias hf
satisfying:

V(s',d)ez, Al d)=—fa)+gi)+ (es/ —pa(s, a’)hf <O0.

This deterministic policy 77:; of M, corresponds to a n-uniform policy nf of M. Because M

is communicating and nf n-uniform, ©f is recurrent on M hence gf > 0. Now, every policy

n’ € I1,,(M) corresponds to a policy 77:;7 of M,, that satisfies:

f(s', 7/ (s")) 2 g(s") + (e — Py (', 7, (DR
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So gf(n;) = g".
Now, because every 7 € I1, (M) is recurrent, the first return time to s is = ( ) where u, is

the unique probability 1nvar1ant measure of © (Levin and Peres, 2017 Proposition 1.19). It
follows that for all u € Inv, (M) and a € .¢/(s), we have u(s,a) > ng" £(s)llull;. The lower-bound
¢(M) := nmin, g%(s) > 0 is continuous as the minimum of finitely many gains (here g%, all
continuous by Lemma I11.41) of a continuous communicating transform (here M — M,) of
M. O

(STEP 4) 4 — Inv,(M)NZ(Z) is KL*-continuous at M if M is communicating for the Hausdorff
distance.

Proof. Every measure of Inv, (M) corresponds to some n-uniform policy 7 whose diameter is
upper-bounded by D, (M) by (STEP 2). Provided that KL*(M’||M) < oo, we have p, ~ p’ and
by Lemma I11.42, the unique probability measures u/ € Inv(7, M’) and u,, € Inv(7, M) satisfy:

I — brlloo < Dy(M)IIp7 — prlly < D, (M)IM’ — M|,

It follows that the Hausdorff distance in £ ,,-norm between Inv, (M') N (%) and Inv,(M) N
P (%) is bounded by D, (M)||M’—M|[*, which vanishes with KL*(M’[|M) by Pinsker’s inequality.
]

This concludes the proof of Lemma II1.21. [ |

Lemma II1.22 (Candidate measures are bounded away from 0). There exists a constant y(M) > 0
such that,

inf{|lullco : € LM} = ¥(M) when  d, (M||IM)— 0. (II1.30)

Proof. Pick M" € Cnf(M). For n > 1, denote M'" the model obtained by setting M/(z) = M(z)
if z ¢ (M) and M""(z) = M/(z) if z € Z**(M). We show that

M!" € Cnf"(M!) when d. (M/||M)— O. (II1.31)

When d, (M, ||M) is small enough, we know that Z"(M;) = Z**(M), see (I11.33) and Proposi-
tion II1.12. Since M ,’1 ~ M, a policy has the same recurrent classes on M ,’1 and M, so that €,-gain
optimal policies of M’ are exactly gain optimal policies of M. Pick 7 € IT*(M) and nt e (M.
Denote C := 1+ max{sp(h:(M")),sp(h,.(M))} and remark that by communicativity, we have
g.+(M") €RRe and g,(M) € Re. When d. (M;||M) — 0, we have

(1)

gTL"(M“) gn(M/r) gn'(Mr{L')_gn(Mrll)
#

< M M M/, MT
(gn( N—g.(M)—C| lle (IIL.32)
> g1 (M") = g-(M)—2C|IM;" —M"|le
= gm(M") — g (M")—2C|IM," — M |le

where (1) holds when d, (M;||[M) — 0, and (%) both follow from Lemma IIl.41. Because
M" € Cnf(M), the quantity g,+(M") — g,.(M") is positive and independent from the choice
of (M/). Let ¢ := min cp-u)(&rs (M"') €.(M")) > 0. We deduce that for d. (M!||M) small
enough, if in addition |[M] —M|| < 55, then every optimal policy of M has lesser gain than «' in
Mr’l' As Z'r (Mn) = Z**(M) when d n(MnllM) is small enough, and knowing that Mr’l' is a copy
of M} on Z**(M) by construction, it follows the recurrent pairs of gain optimal policies of M’
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cannot be all contained in Zr (Mr’f). Accordingly, we have Mf € Cnf*"(M), showing (III.31).
Moreover, we have:

Vze %, KL,(M,|[|M")=KL,(M|M")+o(1)

when KL*(M/||M) is small enough, hence KL (M ||M/") < 2KL,(M||M") when d. (M;||IM) — 0.
Pick u € J’;“(Mr’l). Because , u(z)KL,(M,||M.") > 1 when d. (M;||M) — 0, there exists (z,)
such that:

31 < Uz )KL, (M7 [IM;7) < u(z,) - 2KL, (M|IM") when d. (M;||M)— 0

50 ||tlloo = y(M) := ﬁKL(MHMT), and KL(M||M") is bounded away from 0 by Lemma III.20.
L]

10.B.6 Proof of Lemma III1.18: “lower” semicontinuity

We throughout fix M € .# with 0 < r(z) < 1 and assume that Cnf(M) # @. Let (M r’l e uN
arbitrary such that ||[M/ — M||* = o(e,). Recall that by Proposition I1I.12, we have

Zo(M))— Z*(M) and A{(M;)=A*(M)+o(1) when d. (M;||[M)—0. (IIL33)

Specifically, it means for all 6 > 0, provided that d. (M, ||M) is small enough relatively to &, we
have Zn(M) = Z*(M) and [|AS(M)) — A" (M)l < 6.

Idea of the proof. We want to show that ,u?] (M) is close to f;n (M) provided that d. (M ’|IM)
is small enough. The first goal of the proof is to show that ,u?](M ) is close to “rejecting” all
elements of Cnf’ (M r’l) in the sense that:

inf > 0z, MKL(M,|IM/) > 1—0(1) when d, (M/|[M)— 0. (111.34)

Mjecnf (M) = 1 n
0 : « ”» : n / . . . /

Then, [T (M) will be “corrected” into an element of J’ne (M) by invoking propertlgs of Inv, (M, ).
In (STEP 1), we show that one can restrict the analysis to confusing models M;T with rewards
uniformly bounded away form the boundary. Then, we construct from M ,f" a model M r'l that is
almost a confusing model for M, that we repair into a confusing model with M 35'1 where &, is a
parameter. (STEP 2) introduce technical results that are used in (STEP 3) to tune §,, making
sure that M 55" is very close to M. In (STEP 4), we relate the sums Do ,u?) (z, M)KL, (M ||M")
and D, ,u%(z, M)KL, (M, ||M°) to establish (I1.34). We conclude by projecting ,ug(M ) onto
Invf’n (M) with Lemma IIL.21.

(STEP 1) There exists a constant € > 0 such that, if d. (M,||M) is small enough, then every
M'" € Cnf*" (M) such that 3z € #,1/1(z) < € or r//(z) > 1 — ¢, satisfies:

> 0 (2, MKL,(M,||M,") > 1. (1IL.35)
2E€EX

In other words, we can focus on M € Cnf*"(M!) with rewards within [e,1—€].

Proof. We denote u = ,u?)(M) for short. By (I11.30), we have ||u|| = y(M) = y > 0. By
Lemma II1.21, because u is n-uniform we have min(u) > c||u|lo, Where ¢ > 0 is a constant,
hence u(z) = cy > 0 for all z € Z. So:

D HEKL(M; M) > cy max KL, (M;||M;)).

2EX



Chapter 10. ECoE: A nearly asymptotically optimal algorithmic scheme 151

If max, KL,(M||M’ b > — then the above is already greater that one and (II1.35) is satisfied.
We focus on the case Where max, KL,(M|[M] ) < —. Inparticular, we have KL(r/ (2)|| r’ "(2) <

ly for all z € . Since r/(z) < 1forallz € & prov1ded that d. (M, ||M) is small enough, and
knowing that the rewards are Bernoulli, we get:

=+ Ent(r;(z))) 1 ( o+ Ent(r(z)))

<1l——exp|l—
1—r/(2) 1—r(2)

rfi(z)<1-— exp(— 5

where the second inequality holds when d, (M, ||M) is small enough. Introduce 1— e has the
supremum of the RHS for g € &, satisfying 1 — e < 1 since r(z) < 1 for all z € Z. Similarly,
using r(z) > 0, we show that rT’1 () is bounded from below, say rr’1 T(z) > e forall z € . O

Definitions of M| and M?°. Following (II.35), we assume that M/ € Cnf*" (M) has rewards
with [e, 1—e]. Without loss of generality, we can consider Mr’f reduced according to Lemma I11.19.
In particular, we have sp(h*(Mr’f)) < D(M)). Since Mf € Cnf*" (M), its rewards and kernels are
the same than M; on Z(M) (i.e., on Z**(M) once d. (M,||M) is small enough) on which the
gain is g*(M). Yet, Mr’f has greater gain than M/, hence there exists another recurrent class of
MT’;r with greater gain which is unique because M 1/1' is reduced, see Lemma I11.19. Picking a bias
optimal policy n;;" of M r’;", we see that some of the recurrent pairs of 77:;:" are not within Z**(M)
for d. (M, ||M) small enough.

Denote %/ T the recurrent pairs of ' T that are not members of Z**(M). Consider M:[ given
as follows:

Mi(z) = {M(z) ifx € 27(M) (I1.36)

M''(z) if x ¢ (M)
Morally, M; is almost an alternative model of M, but Tr:r may have lost its status of optimal
policy from M r’l' to M r'l To counterbalance this, we slightly increase the asymptotic reward of
n'! by cons1der1ng M* = M*° obtained by changing r! to r' + §1(Z"), that simply adds 6 > 0
to pairs of Z'" only.
We now search for conditions on 6 > 0 making Miﬁ € Cnf(M).

(STEP 2) Recall that p(m) denotes the asymptotic kernel of 7t under p, i.e., is given by p(s,s’; ) :=
lim %Ef[Zthl 1(S, =s")]. Let m € I1 with recurrent components within Z»(M) in M. We have:

g(n", M) > g(n/T,M")— (1 + 2D(M))|IM/ — M|le — 5;‘)”(77:"”)% ; (111.37)
g(m, M) < g* (M| qar)) + (1 + 2D(M)) 1M/, — M ||*e (1I1.38)

when d. (M, ||M) is small enough.

6

Proof. We start with (II1.37). To lighten up notations, we write 7 = 7/ T and ull, ui ,ul for

u(m, M), u(r, M;‘S) and u(m, M). We have:

g —pn‘srff—p ( Z+5e%w’-)

ﬁ (r;;r+(r; +5egg~—r:))
p ( ( ")h;rT (r +5€3m—r ))
© i 45t 1

s) ¢+

PR + (ol =P+ (r] + Beyy —r7f))

pl—p T+ (rl —r7))+6p" €opt

(-
(]



152 Chapter 10. ECoE: A nearly asymptotically optimal algorithmic scheme

where (x) follows from the Poisson equation r/f = g/T + (I—p’")h’T, (§) from sp(g’") = 0 and (%)
from p| (I—p!) = 0. By Proposition I1.2, we have sp(h/") = sp(h*(M/")) < D(M’") and because
M'" is reduced, we have D(M/") < D(M!) by Lemma II1.19. Moreover, D(M') < D,(M') and
when d. (M;||M,,) is small enough, we have D(M, ) < 2D(M,,), see Lemma I11.39 and (II1.125).
We obtain

g(n, M) > g(n/f, M1 — (1 +2D(M))|M., — Mle — 55, (n e

when d. (M;||M) — 0, establishing (II1.37).

We proceed with (I11.38). Assume that den(Mr/J |M) is small enough so that Z(M) = Z™(M).
If € IT has recurrent components within (M), then since M’ > M’ and that M| and M
are mutually absolutely continuous, it follows that the recurrent class of 7 has to be a subset of
Z**(M). We have:

)
g(n, M) =g(n,M) < g"(M) < g*(M/

aeary) F D(M)IM), —M|e
where (%) follows from Lemma II1.41. O
(STEP 3) There exists a constant c(M) > 0 such that, setting

_2(1+2D(M)IM; — M|
ne c(M)

A (1 —max(r)) (111.39)

we have Mn = Mf{‘sﬂ € Cnf(M) provided that d. (M r’l [|M) is small enough.

Proof. Assume that den(Mr’ll |M) is small enough so that (I11.37) and (II1.38) hold. Let € IT*(M).
We have:

g(nm, M) = g(m,M°) —2(1+2D(M))||M;, — Mlle + 5p(,], M, e .

We claim that ﬁ(ni,Mr’f)e%r > ¢(M)e where ¢(M) := || }(min,c, min{p(s|z) > 0 : s €
FHIL

To see this, consider the recurrent component %" of nij in MT’;", that remains a recurrent
component in M,; Let u”’ the unique invariant probability measure of %’ on Mr; (which is the
line p(s, —; /) for'(s, n/'(s)) € /). Consider ‘(s;’, a;) € ! such that that u//(s”,a’) > ||
If it belongs to fZ‘r’lT (the recurrent pairs of n;f that are not members of Z**(M)), the claim
is established. Otherwise, because % is recurrent and that & N " # @, there is a path
from (s7,a)) to (s//,a.") € Z/ N Z." of length most || —1 ta_ll-<ing only pairs from Z**(M).
This path has probability | |c(M) at least because M and M, coincide on Z**(M), hence
w (s’ a’) > c(M), proving the claim.

Overall, we obtain:

g(n!, M) > g(m,M/®) +2(5c(M)— (1 + 2D(M))|IM’ — M| e.

Solving 6¢(M)—2(1+ D(M))|IM’ —M|| = 0 in & provides the value of §,,. Remark that when
d. (M;||M) — 0, we have ||[M,; — M|l — 0 hence 5, — 0. Accordingly, we eventually have
max(r)+96, < 1. O

(STEP 4) Establishing (111.34): ,u% (M) nearly rejects Cnf"(M, ) provided that d. (M,||M) is small
enough:

Cinf >0z, MIKL(M|IM.) > 1—0(1) when d, (M|[M)— 0. (111.34)
M, eCnfn (M) S K "
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Proof. We denote u = ,u?](M ) for short. Provided that KL*(M/||M) is small enough, then for
z € Z and q € {r, p}, on the support of q(z) we have (1 —p,)q(z;i) < q/(z;i) where p, — 0
when d, (M;||M,) — 0. We have:

(=) = > u(=)KL, (M/||M,")

Z2EX

—Zu(z)ZZq (25 z)log( ((ZZ ll)))

Z2€EZX

—ZM(Z)Z(Zq (2; z)log( o ))—Ent(q;(z)))

2EZX

(*)ZM(Z)Z(ZU pa)az; mog(( —— )—(1—pn)Ent(q(z))—zpn)

Z P)Gh(z; 1)
>ZM(Z)Z((1 PaKL((2)l1g}(2)) = (£ + 1)py,)

z2€EX

=(1 —pn)Z u(2)KL, (MM — 2p,(€ + Dllsll;
2€EZ
where { = 1+21og|#| and (x) relates Ent(q/ (2)) to Ent(q(2)). Now, KL, (M||M ) = KL(r(2)||r/(2))+
KL(p(2)l|p{(2)) and we know that p! = p. We proceed with:

>R ) = > pEK(r(E), 1)

z2€EZX 2€EZX
— Z u()K(r(2), ri(z) — 6,1(z € Z.))
Z2EZX

(>j) Z M(z)(kl(r(z) @) —6,1(z € g/r)%)

Z2€EZX

> 2, )RR, 1) = 8,16 € £ )

2€EZX

> > u@(Kre), @) - 8,1 € 2N )

Z2€EZX

where () is obtained by convexity of kl(r(z),—). Accordingly, we have:
> uEKL(M|IM]) = > p(z)KL, (M][M]) — 2l
Z2€EZX 2€EX

since M* € Cnf(M) and u € J,,?(M ). Following (I11.39), we obtain:

" 5
D 49 MIKL, (M, [1M,) = 1= p = g2 +2pa(¢ + 1)) - (M)l = 1~ 0(1)
Z2€EX

when d, (M;||M) — 0. O]

We can now conclude. Denote u = ,u%(M ) for short. From (I11.34), for all € > 0, we have:

inf  (1+€) > u(KL(M,|IM) > 1 (111.40)

My eCnf (M, rew
when d, (M, ||M) is small relatively to e and M. By Lemma II1.21, if d. (M||M) is small enough,
there exists ! € Invf’"(Mé) such that (1 +e)u < u/, < (1 + 2€)u., so by (111.40), we have
u, € j{;"(Mr’l) and by construction, ||u; — ul| < €llull. This establishes (II1.20). [ ]
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10.B.7 Proof of Lemma II1.18: “upper” semicontinuity

This is the same proof as Lemma I11.18.

10.C Analysis of ECoE

In this part, we analyze the regret of Algorithm III.2, ECoE. For reference, the pseudo-code is
reported on Algorithm III.5.
We prove the theorem below.

Theorem II1.23. Fix the parameters of Algorithm III.5 to 1,6 > 0. For all M € _# such
that 0 < r(z) < 1, the regret of Algorithm III.5 is asymptotically bounded by:

: EY[Reg(T)]
limsup ————

0
msup— o < KJ(M). (111.42)

10.C.1 High level architecture of the regret analysis

We are working with the version of the algorithm with additional flag variables, see Algo-
rithm III.5. For instance, time instants are partitioned into four categories.

(1) t € 7~ is an exploration time where the algorithm isn’t playing 7} and is fetching
information;

(2) t € T* is a co-exploration time, where the algorithm is playing n! for informational
purposes;

(3) t € I7 is an exploitation time, where the algorithm is playing 7;" to score maximally;

(4) t € Z'is a panic time, where an unknown transition has been seen and data needs
to be updated.

The number of visits of a sub-optimal pair z € 2~ (M) are decomposed as follows:

T—1 T—1 T—1 T—1
Np(2) =D 1(Z =z,t €T MDY UZ =zt €T+ Y UZ =2t€T )+ Y 1(Z =zt
t=0 t=0 t=0 t=

(111.43)
That is, we distinguish four cases. Either Z, = z is played because (1) the algorithm is explorating
to collect information on presumably sub-optimal pairs, or (2) because it is co-explorating to
collect information on the (wrongly) presumed optimal policy, or (3) it is exploiting the (wrongly)
presumed optimal policy, or (4) the algorithm just panicked with a transition that was never
seen so far. Below is a short description of how every term behaves.

(1) Z, =z with t € 7~ accounts for the dominant part of N;(z) and is the hardest to analyze
and is bounded using a log?(T)-barrier technique. Thanks to uniform exploration properties
(Lemma I11.29), every pair of M is visited at least Q(|Z ~(t)|) where 7 ~(t) is the number
of exploration times up to t. So, with moderately high probability 1 —exp(—+/log(T)),
M, is well concentrated around M once |7 (t)| > ylog(T) for y > 0 a small constant, so
the exploitation policy is correct, the exploration measure is correct and the algorithm
will explore optimally. In case of concentration failure, thanks to the skeleton %,, Reg(T)
and N,(T) are shown to be O(log?(T)) with overwhelming probability. This O(log?(T))
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Algorithm III.5 A near optimal algorithm (annotated version)

Parameters: Exploration uniformization 1 > 0, ambient space ./ .
Use

AEOWL) = (N1 11, : 21" ¢ 20}, (1.41)

Use GLR overshoot §(t) := m = w(loglog(t)).

Use near-optimality threshold e(t) = log(t)

1: for episodes k =1,2,...do

2:  Setty «t;

3:  Update exploitation policy njk: uniform on g’it)(l\%t) from & (i"’ff)(l\%t)) and uniform
elsewhere;

4. Update exploration measure u, <« ,u;(t)(Mt), deduce exploration policy T, (als) o<

nu’t(s: a):

5. Update skeleton %, < {z € & : N,(z) > log*(t)};
6:  Update extended skeleton %, « %, U %fit)(Mt);
7:  if S, is not recurrent under 7] then
8: Play A, according to 7; (S, —); EXPLORATION (t € I7)
9: t—t+1l,addt—1in T~
10:  elseif AM" € Alt“ (W) s.t. M|y, = M|, and Y, N,(2)KL,(M,||M") < (1+5(t))log(t)
then
11: Play A, according to 7, (S, —);
12: t—t+1l,addt—1in T~
13:  elseif IM" € Alt“ (W) s.t. MT| 5. = M, |, and >, N, ()KL, (M, ||M") < (1+5(t))log(t)
then COEXPLORATION (t € G723
14: Split & ;(t)(l\?[t) into communicating components fZ‘tl, L ER OF
15: Let 95’; © the current component containing S;;
16: if logmin{N,(z) : z € fZ’Z(t)} < 2logmin{N,(z):z € %fft)(]f/[t)} then
17: Add t € J;F;
18: repeat
19: Play A, according to 7/ (—|S,);
20: te—t+1;
21: ifS, ¢ S (% (t)) then add t — 1 in &' and break; > transition discovery
22: elseadd t —1in F%;
23: until S, =S, ; > regeneration
24: else
25: Play A, according to 7, (S;,—);
26: t—t+1l,addt—1inJ~;
27: end if
28: else
29: Add t in 7'; EXPLOITATION (t € 7T)
30: repeat
31: Play A, according to 7/ (—|S,);
32: te—t+1;
33: if S, ¢ (%, (t)) then add t — 1 in &' and break; > transition discovery
34: elseadd t—1in 77;
35: until S, =S, ; > regeneration
36: end if

37: end for
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is killed by the error probability exp(—4/log(T)) when T is large enough, so that what
happens in case of concentration failure can be neglected.

(2) Z, =z with t € 7* means that the algorithm is tackling with a possible lack of information
on the empirically optimal policy that is actually sub-optimal. The expected number of
such time instants is directly linked to the correctness of the co-exploration test, and it
is shown that there are O(loglog(T)?) sub-optimal co-exploration times in expectation
(Lemma II1.24).

(3) Z, =z with t € " means that the algorithm isn’t explorating, yet the empirically optimal
policy is wrong. The expected number of such time instant is directly linked to the
correctness of the exploration test, and it shown that the terms 1(Z, = z,t € ) account
for O(1) in expectation (Lemma II1.25).

(4) Every time the algorithm the algorithm panics, a new transition has been observed.
Because the total number of transitions is || x ||, the cardinal of | 7| is bounded and
these terms can be neglected.

Lemma III.24 (Wrong co-exploration). For all z ¢ Z**(M), we have:

T—1
E[Z 1(Z, =2z,te 9i):| = O(loglog(T)3). (111.44)

t=0

Lemma III.25 (Wrong exploitation). For all z ¢ Z**(M), we have:

E[Z 1(Z,=z,te 9*)] < 00. (111.45)

t=0
Lemma II1.26 (Exploration). For all z ¢ Z**(M), we have:

T—1
E[Z 1(Z, =2,t 9‘):| < ,u%(z,M)log(T) + o(log(T)). (I11.46)

t=0

10.C.2 Proof of Lemma II1.25: Amount of wrong exploitation

Fix g ¢ Z**(M). Because exploitation is always done until regeneration, there are two kinds of
exploitation time instants. The first kind are initial exploitation times t € 7, and the second
kind are exploitation times t € 7"\ J;* awaiting for regeneration. The amount of the first
bound the second and are time-instants when the co-exploration GLR test has been passed.

(STEP 1) For z ¢ Z**(M), we have:

-1 T—1
E Z 1(Z,=z,t€ 9*)] = O(E[Z W(ZEOWL,) # 2(M),t € ,70+)D (111.47)

t=0 t=0

Proof. Let (T?) the stopping time enumeration of initial exploitation times such that fZ’:f)(M D) FE
Z**(M). They corresponds to phases ty,..., t,,; — 1. Construct inductively the sequence of
stopping times (7;) and the index progression j(—) such that 7% =1 i(iy and V+l=r1 i(iy+e if
79+ ( and 77 are within the same phase. Fix 2z, ¢ Z**(M). Observe that z, cannot be exploited
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at time T (;),¢ unless at time t = 7(;), we have iffit)(Mt) # Z*(M). It follows that:

oo Tiir1-1A(T—1) o0
Z W2, =z,t€T")= Z D WZi=2) < D 1550 < T e — Tiy + 1)

t=Tj) i=1

(I11.48)
Because every exploitation phase is done until exploration (or panic), the aggregate duration
of exploitation phases is bounded by the number of such phases. To see this, consider an
exploitation phase t = t;. Let %, the component of EZ’ff)(Mt) that the algorithm is intending to
exploit. Consider the reward function f(s,a) = 1(s =S, ) + 1(s ¢ (%)) which is marking the
initial state of the current phase and the outside of the states spawned by %;. By design, over
the exploitation phase we have:

i1 trp1—1

2= f2)= D, fZ)+1.

t:fk f:tk

Consider g/, h/ the gain and bias functions associated to the reward function f obtained by
iterating the exploitation policy of the current phase njk. Remark that sp(g/(s)) = 0 and that

min(g’) > 0 Let 0 < ¢,C < oo the minimum (respectively maximum) value that min(g/)
(respectively sp(h/)) can take for all (finitely many) values of n;Lk, Z0,S¢,- We have:

trp1—1 —1 tep1—1

1= > f(z)° Z( 7(S) + (es, = p(Su AR ) 2 (trn —t)c —C+ Y (es,., —p(Si, A

t= tk f:fk t:fk

where (1) uses the Poisson equation g/ (s) +h/ (s) = f(s,a) + p(s,a)h/ . Taking the expectation,
we find that E[t;,; — t;] < % (14 C) =: C,. Together with (I11.48), we find:

T—1
Z 1(Z, =2y, t € 9+)] < E[Z 107 < T)(Tj041)-1— Tj + 1)]

t=0 i=1

o0
- E[Z 10759 < TE[ 7)1y — Ty + 1 | S040:Ro - .,s%]]
i=1

[ee} T—1
< COE[Z 1(7i) < T)] = COE[Z (WM, # 2 (M), t € 9;)].

i=1 t=0

This proves the claim. O

(STEP 2) The number of initial exploitation times such that Z**(M) is miss-estimated are is
bounded in expectation:

E[Z 1z OW,) # 2 (M), t € 9(;)] < 0. (I11.49)
=0

Proof. By definition of initial exploitation times, if t € 7" then the algorithm has passed the

co-exploration GLR test, meaning that for all M € Alt“()(N],) that coincides with M, on the
current skeleton %,, we have

Y, (VI IBET) = > No(@)KL, (V1IN > (1+ () log(e). (II1.50)

2EX
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Further assume that &”fft)(Mt) # Z*(M). Consider the model M given by M/(z) := M, (x) for
z € %, and M/(z) := M(x) otherwise. Since M, < M, we have M, < M as well. Introduce the
good event:

& =¥z € 2,N,(2) > log*(t) = d .y (M, (2)IIM(2)) < 1) (IIL.51)

where €, > 0 is chosen small enough such that, when we have d,,,(M/||[M) < €, it follows that
%:ft)(M{) =Z*(M) #£ foaft)(Mt) (see Proposition 111.12). But recall that M, and M, are copies
of one another on ,%”f*(t)(]\ht), hence of the gain of any unichain policy converging to %fyf”(]\?[ .) is
the same in M, and M (. Moreover, choosing this policy uniform outside of its unique recurrent
component guarantees that its recurrent component is unique and is the same in M, and M .
And yet iffft)(Mt) \ fz"ff)(Mt’) # @ so necessarily, 2™ (M) \ &"f}ft)(Mt) # &. In other words,
M/ e Alt“O(M,). Moreover, the models M, and M ; coincide on the skeleton by construction. By
(II1.50), we see that, on &,

(1+5(0)10g(0) < oy, WLNIM) = D | NeGKL (WL IM) =y (WL [IM)  (IL52)
2¢Z,
where N/ is copy of N, which is reset to zero on pairs of the skeleton. We conclude the proof with
a combinatorial argument invoking Sanov’s theorem. For n € NZ, denote M™ the observed model
under the deterministic N, = n, hence MV = Mt by definition. Let .#Z" the (discrete) space of
MDPs where rewards and kernels at z are all the possible empirical distributions obtained with
n(z) samples. Denote [log?(t)]:= {0,...,|log*(t)|}. We have:

(#) := E[UZOW) # 27 (M), t € 71 ]
<E[1(ZO(NM,) # Z*(M),t € T;7, )] +E[1(69)]
CE l(th/(I\A/ItIIM) = Z N (2)KL(M,||M) > (1 + 5(t))log(t)) +P(&°)

2E%,

—

@ >0 E[1(y (11IM) > (1 + 5(e)) log(t), (Vz & %, N,(z) = n(2)), (Vz € %, n(z) = 0)) ] + P(&7)

nelog?(6)]%

= > > E[1(y.(MIM) > (1+6(6)log(0))1(81" = M) ]+ P(&7)

neflog’(1)]z M'e"

= >0 > (4 (MIM) = (1+6(6)log(6))P(M™ = M) +P(&)

neflog?(1)]z M'e"

¢ Z Z I(Z n(z)KL,(M'[|M) = (1 + 5(t))log(t)) exp(—z n(Z)KLz(M'HM)) +P(&;)

nellog?(t)]z M'e#" 2EX ZEX

< 2 D, exp(=(1+5(e)log(t)) +P(67)

nellog?(t)]z M'€A™

+6(t)
® (1+ Llogz(t)J)lf|(1 + Llogz(t)J)&gHyl(1 + Uogz(t)J)zlylG)l +P(&;)

#) 1 ¢
= o(—t logz(t)) +P(&7).

In the above, () is obtained with (II1.52), (%) follows by construction of N/, (§) is a consequence
of an all-time Sanov theorem (Lemma I11.33), ($) follows from classical combinatorial bounds
(Lemma I11.34) and (#) is obtained by expanding the definition of 6(t) and using loglog(t) =
o(log(t)!/?). By Lemma II1.32, we know that >~ P(6°) < co. We conclude accordingly that
oo E[1(ZEO(W,) #£ 2 (M), t € F;H)] < o0. O
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We conclude by combining (I11.47) and (I11.49). [ |

10.C.3 Proof of Lemma III.24: Amount of wrong co-exploration

Fix z ¢ Z**(M).

Decomposition with good events. If the algorithm co-explores, then it has passed the ex-
ploration GLR test, meaning that for all M € Alt*()(1,) that coincides with M, on the current
skeleton %, and nearly optimal pairs %:*(t)(M .), we have:

Yy (VL INET) = N, ()KL (W11 = (1 + 5) log(0). (IIL.53)
2€EZX

Consider the model M/ given by M/(z) := M,(z) for z € %, U %’fit)(]\%t) and M/(z) = M(2)
otherwise. Introduce the events:

& = (V2 € %, Ny(2)21logX(t) = dey(M,()IM(2) < 2)

) O \ . (I11.54)

& =(Vze Z_ V(M,), d.(M(2)IIM(2)) < 1)
The first event &, states that the data is approximately correct on the skeleton and the second &/
that it is approximately correct on nearly optimal pairs. We decompose 1(Z, = z,t € ) as
follows:

E[1(Z, =2,t € T <E[1(Z, =2,t € T*,8,8)]+E[1(Z, = 2,t € T, 6]+ E[1(6))]

The first term E[1(Z, = z,t € T*, &,, &/)] is handled similarly to the wrong exploitation term
(Section 10.C.2) and is shown to be o(t~'log 2(t)). The third term E[1(&;)] is shown to be
o(t™2) with Lemma II1.32. The dominant term is the second one, E[1(Z, =z,t € %, &)] and
account for the speed at which co-exploration gather information on %;(f)(I\A/It). It is shown to
be O(loglog(T)?), see Lemmas I11.27 and I11.28.

Introducing the co-exploration structure 3?. When a co-exploration phase begins, it last until
regeneration or until regeneration is compromised because of the discovery of a new transition
that provokes a panic time. We therefore take into account the current co-exploration structure.
Co-exploration times J* are further refined by taking account of the current nearly optimal pairs
%fft)(]\%t). By design, the algorithm splitsA if;ft)(]\%t) into components Z},..., %" © Athat are
the communicating components of %f}ff)(Mt) under the empirically observed model M,.” The
decomposition itself is denoted Sf = (Zr:”tl, Lz (t)) and is called the co-exploration structure
at time t. Given a co-exploration structure 3,, we introduce 7*(3,) the co-exploration times
where the co-exploration structure is 3, at the associated initial co-exploration time:

T*(30) = {t €T*: 3, =3¢ with o := sup{t’:t' € 90*}} (I11.55)

Depending on whether the co-exploration structure 3, is closed in M (i.e., every %, € 3, is
communicating in M), the analysis is different. If 3, is not closed, it means that the support
of the empirical kernel is off on one of the components fZ’tio € 5?0 of gffto)(Mto) and the
algorithm will quickly figure it out, hence the associated number of co-exploration times is

2A collection of pairs &’ C % is said communicating if M|, obtained by restricting states to &#(%’) and playable
actions from s to {s} x ./(s) N &', is well-defined and communicating. A communicating component under M of %’
is a maximal set ' C %’ such that Z” is communicating for M.
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small (Section 10.C.3.2, see Lemma II1.28). If it is closed, we show that co-exploration ensures
uniform visit guarantees on % :*(to)(MtO) and &/ cannot hold for too long (Section 10.C.3.1, see
Lemma III.27). We show that:

T—1
(+):= > _E[1(Z, =2t € T)]
t=0

0] T—1 [ee]
<D EUZ =2t €T%,6,8)]+ ) EU(Z =z2,t €T*,6)]+ > E[1(&)]
t=0 t=0 t=0

) T—1
Do)+ ZE[I(Zf =z,t€J%,8)]+0(1)

t=0
T—1 o
< >0 DEN(Z =5teT5(30).69]+ >, D E1(Z =3t €T*(3,))]+0(1)
3, closed t=0 3, not closed t=0

@ O(loglog(T)*) +0(1) +0(1) = O(loglog(T)?)

which is the desired result. In the above, (i) follows with the same technique than in the
analysis of the amount of wrong exploitation (Section 10.C.2) and (%) follows by Lemma I11.28
and Lemma II1.27. The remaining of the section is dedicated to a proof of Lemma II1.28 and
Lemma III.27.

10.C.3.1 Co-exploration with correct kernel supports
We start with the dominant term (Lemma I11.27). The proof of Lemma II1.28 will share many

similarities.

Lemma III1.27 (Co-exploration with correct supports). Let 3, a closed co-exploration
structure. We have:

T—1
E[ > 1(t € T%(30), 6) | = O(loglog(T)*). (111.56)
t=0

Proof of Lemma III.27. Fix 3, = (Z2,..., Z§") a closed co-exploration structure and denote (7;)
the stopping-time enumeration of 7¥(3¢). Let 7;°(3¢) := {t € J;" : 37 = 3} the initial
co-exploration associated to 3, and let 7, its i-th element. By definition, every %' is a commu-
nicating component of 3f under M, when 3f = 3; By assumption, & is also communicating in
M. Given a component u, we write #* := {i : STj(i) € & (%)} the index of initial co-exploration
times starting in the component u.

(STEP 1) Fix a component u € {1,...,m} and let 2, € Z. There exists a > 0 such that, for all
£>1,

p(N

Tj(i+1)

(z0) < al and £ < |9 N {1,...,i}|) = o(£72). (1IL.57)

Proof. Fix z, € Z and introduce the reward function f(z) := 1(z = z,) and let g/ h the
associated gain and bias function obtained by iterating the uniform policy on Z. We see that
sp(g’) = 0 because %' is a communicating component. Denote f3 := sp(h/) and a := min(g’/) >
0. Recall that [i] :={1,...,i}. We have:

jE'+1)-1

N'rj(iﬂ)(zo) > Z Z f(STj/’ATj/)

regunfi] j'=j(i")
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j@’+1)-1

0 Z Z (gf(gfj/)ju(esw—p(SrjnAr,-/))hf)

regunfi] j'=j(i")

j’+1)-1
( D (s J(l')+1)) > ( p(STj,,ATj,))hf

iresun[i] iresuni] j'=j@i’)
®) W1+ Tl.”
> aT/—p\| T/log —

where (1) invokes the Poisson equation g/ (s,a) + hf = f(s,a) + p(s,a)h’; (¥) uses the regen-
eration guarantees of co-exploration and (§) bounds the RHS martingale with a time-uniform
Azuma-Hoeffding inequality (Lemma 1.22) with probability 1 — 6, and T is a short-hand for
Zi,eﬂn[i](fj(ilﬂ)_l — Tji + 1). In particular, we have T/ > |#" N[i]|. Remark that:

T"1 Ll T 5 I 1 log(1+ T v 2
u _— < = U= > — + — + T = YOl ™).
py| T log| ¥—— | < 3o} exp| —— 5+ 5 1og(1+ 1) | =o(l# N ()
We conclude accordingly. O
(STEP 2) There exists a constant a > 0 such that:

Vi>1,VzeJ3o, P(N. (2)<avi)=o(i?). (I1.58)

Proof. By the pigeon-hole principle, there exists a component u such that |.£* N[i]| > [%]. So,
for i’ < i the component u was chosen to start a co-exploration phase, i.e., there exists i’ < i
such that:

logmin{ N CIREE= SZ“} < Zlogmln{ ()12 € U30} (111.59)

and such that |.£4N[i']| > [#] — 1. By (II1.57), we have:

P(logmin{ - (,)(z) Z € EZ’”} > log( 1—m)) =1 —o(i_z). (I11.60)

m

Because visit counts are monotone with respect to time, combining (I11.59) and (II1.60) we
obtain that with probability 1 —o(i™2),

min{ - (,)(z) Z2 € 5‘2’0} > exp( log( i—m)) = Q(ﬁ)

m
This proves the claim. a

Remark than in (I11.58), the number of visits of z at the co-exploration time T it 18 controlled
relatively to the number of initial co-exploration times prior to 7 j(;), which is i. We know relate
j(i) and i.

(STEP 3) There exists a, 3 > 0 such that P(ai < j(i) < Bi) = 1—o0(i"2). In other words, the
number of initial co-exploration times grows at the same speed than the number of co-exploration
times.

Proof. Consider a initial co-exploration 7 ;) and denote Zj' the current co-explored component.
Consider the reward function f(s,a) := 1(s = S%) and let g/, h/ the associated gain and bias
functions obtained by iterating the uniform policy on the current component Z. We see that
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sp(g’) = 0 because % is closed. Denote a; := sp(h/) and a, := min(g) > 0. Thanks to the
regenerative design of co-exploration phases, we have:

Tj(i+1)-1
1= Z f(St’At)
t=7ja)

Tj(i+1)-1

) Z (gf(St)+(est_P(St:At))hf)

=150
Tj(i+1)-1

= a1 (Tjry—1—Tj + D+ Z (‘3st+1 —p(S,,A))H .

t=7;q)
In the above, (1) follows by the Poisson equation g/ (s,a) + hf = f(s,a) + p(s,a)h/ . Summing
for i, we find:

i Tii+n-1

i=aji+1)+ . > (es,, —p(SLA)R

i'=1 f=Tj(i/)

Q) V1+j@+1
S ayji+1)— aZ\J i(i+ 1)log($)
where (1) bounds the RHS martingale with a time-uniform Azuma-Hoeffding inequality (Lemma 1.22)
and holds with probability 1 — 6. We get a similar lower-bound. We conclude similarly than
in (STEP 1) by finding a condition on & > 0 such that the error term is lower than %al j(i)
and consider the worst a;, a, possible (depending on the current component u and initial state
S:). O

(STEP 4) Recall that (7;) is the stopping-time enumeration of 7 *(3,). We have

T-1 (e%e]
E[Z 1(t € T5(3,), 6° } <E| > > (KLU, (2)IM(2)) < s5mdeg and N (2) < av/7) | +0(1).

t=0 j=12€%
(I11.61)

Proof. By combining the results of (STEP 2) and (STEP 3), we find that there exists a > 0 such
that:

Vi>1,Vz€(J3o, P(Ni(z)<avi)=o(i?). (I11.62)
We write:
T—1
() 1= E[Z 1(t € T%(30), 6 }
t=0
=E| > 1(r; < T,6.)
=1 '
<E[ > 1(r;<T, 8, (V2 € 30, N, () 2 a/])) | +E > 1(3z € 30,N, () < av/7)
j=1 j=1

O S1( + < (32 € U degs ) 0, @IIME) = 5)
Dg ;1(TJ<T, (2 & s, () ay/]) +> 0(j72)

j=1
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where () follows by (I11.62). We focus on the second term. We simplify a little bit the event
involving d.(,y(—). By expanding its definition and invoking Pinsker’s inequality, we have:

d.(M'(2)||M(2)) < KL*(M'(2)[|M(2)) + L 4/2KL*(M(2)| M (2)).

Provided that €, < 1, we can continue the previous computation with:

S (32 € U3, 5 KLU (2 )M ) < )
() <E Zl(fj <T, (VzEUBO,NTj(z)Za\/—) +0(1)

& (32 € J30, KL* (M, (2)IIM (2)) < m)
<E Zl( (VZEUSO’N j(z)Za\/‘) g 108 +O(1)

Jj=1

This proves the claim. O

We finally prove the result. Starting by invoking (II1.61), we have:

(+):=E Zl(t € T7*(30), 6 ]

<E ZZ KL* (M, (z)||M(z))<mandNTj(z)<a\/}) +0(1)

j=1lzeZ

@ ZZ KLV, (2)|1M(2)) < qzmissgrs and Ny (2) < ay/7) +0(1)
EZ j=1

S < €0Vj .
Z{;Z(e p( 217112 loglog(T) + log(l + \/7) + 1) A 1) +0(1)

where () converts KL* to KL using Lemma I11.37 (which is applicable provided that €, /(4| %|loglog(T))
is small enough) and (%) by Lemma II1.36. Setting C := W, we have to upper-bound a term
of the form:

oo

Y(T) = Z(U + /1) exp(—%)) Al (II1.63)
n=1

Seta: We have:

W
w(T)SZZ(ﬁexp(—a«/ﬁ)) 1—2([0‘-‘ Z Vexp( a\/_))
n=1

n>[a=2]
%) 2("i-‘ + J ﬁexp(—aﬁ)dx)
0

a2

= 2([ :2-‘ + 2 JOOO x? exp(—x)dx) = ZG%-‘ + %) = O(loglog(T)?)

where () is a sum-integral comparison, using the fact that f (n) := y/nexp(—a+/n) is shown to
be decreasing on (a2, 00). Accordingly, we end up with

t=0

T—1
E[Z 1(t € 7*(30), 6" ] = O(loglog(T)?). (111.64)

This is the desired result. [ ]
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10.C.3.2 Co-exploration with wrong kernel supports
The proof shares many similarities with the one of Lemma III.27, see Section 10.C.3.1.

Lemma II1.28 (Co-exploration with wrong supports). Let 3, a non-closed co-exploration
structure. Then:

E[Z 1(te y*(ao))} < 00. (I11.65)

t=0

Proof of Lemma II1.28. Fix 3, = (Z},. ..,Z;") a non closed set of pairs and denote (7;) the
stopping-time enumeration of 7*(3,). Let 7;°(3¢) := {t € J;° : 3% = 3} the initial co-
exploration associated to %, and let 7 its i-th element. Given a component u, we write
LU= {i: St €S (Z;)} the index of initial co-exploration times starting in the component u.
Because 3 is not closed for M, some components & are not forwardly closed in M 2 Intuitively
speaking, these components cannot be visited too much while keeping the co-exploration
structure 3,, because breaking transitions are found quickly. We start with a few facts that echo
the proof of Lemma II1.27.

(STEP 1) Fix a component u € {1,...,m} and let z, € %, There exists a > 0 such that, for all
{>1,

p(N

Tj(i+1)

(z0) <aband € < |#°N{1,...,i}|) = o(¢2). (II1.66)

Proof. The proof of (I11.57) has to be adapted. Fix z, € Z and introduce the reward function
f(s,a) :=1((s,a) = zq or s ¢ S (%)) tracking the visits of z, plus the possibility to exit the
component Z'. Let g/, h/ the associated gain and bias function obtained by iterating the uniform
policy on £, extended to the uniform policy outside of #(Z'). We see that sp( g/ y(gg)) =0
because % regardless of whether % is communicating in M or not. Denote f§ := sp(h/) and
a :=min(g/) > 0.

By design of panic times, there can by at most one i’ € .#* such that the co-exploration
episode starting at ¢t = 7 is not regenerative, i.e., Sfj(i,) # ST]_(Z_,HHH.

We have:

ji'+1)-1
NTj(i+1)(ZO) = Z Z f(SrjuArj,)
iresunfi] j'=j(i")
. j'+1)—-1
= Z Z (gf(STJ/)+ (eSTj, _p(STj/’ATj/))hf)

regsunli] j=j@i")

—~
—

-
[

jA'+1)-1
o — 7. — _ f
a( > (e %,)H)) /5+i/€;[ > (e, —p(se 0800

iresun[i] i j'=j)
(8 1+ T
> aT!'—f 1+JTiulog(Tl)

where (1) invokes the Poisson equation g/ (s,a) + hf = f(s,a) + p(s,a)h’; (%) uses that at
most one episode isn’t regenerative and (§) bounds the RHS martingale with a time-uniform

3Recall that %’ C & is forward closed in M if by starting in a state of #(%”) and only playing pairs of %', one
remains in &',
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Azuma-Hoeffding inequality (Lemma 1.22) with probability 1 —6, and T is a short-hand for
Zi,eﬂn[i](frj(i,ﬂ)_l — T+ 1). If T is large enough, we have %aTi“ > f3 since T} = i, and

3 3

We conclude accordingly. O

1+T 1 ay/T! 1
ﬁ\l T! log(T) <zal!! < 6> exp(— + glog(l + Ti“)) = o(lﬂ“ N [i]l_z).

(STEP 2) There exists a constant a > 0 such that:
Vi>1,VzelJ3o P(N, (2)<avi)=o(i?). (I1.67)

Proof. Same proof than (I11.58). O

(STEP 3) There exists a, 3 > 0 such that P(ai < j(i) < Bi) = 1—o(i"2). In other words, the
number of initial co-exploration times grows at the same speed than the number of co-exploration
times.

Proof. The proof is an adaptation of the (STEP 3) of Section 10.C.3.1 taking into account
that component may not be communicating and are subject to panicking. Consider a initial
co-exploration 7 ;) and denote % the current co-explored component. Consider the reward
function f (s,a) :=1(s = STJ, o OF'S ¢ & (%)) and let g/, h/ the associated gain and bias functions
obtained by iterating the uniform policy on the current component Z'. That is, f tracks the
return to the state from which the co-exploration was initiated together with exits of the current
component Z;'. We see that sp(g”| y(gg)) = 0 because % is closed. Denote a; := sp(hf) and
a, :=min(g’) > 0. By design of co-exploration phases, observe that f can be equal to 1 only
once per phase (at initialization). We get:

Tii+1)—1

1= E f (St:At)
E=Tj)
Ti(i+1)—1

AL Z (gf(St)‘i'(es[_P(SpAt))hf)

=Tjw)

B
~—

Ti(i+1)-1

= a1(Tj(i+1)—1 —Tint 1)+ Z (‘3st+1 _P(St;At))hf-
=Tjwm
In the above, (1) follows by the Poisson equation g/ (s,a) + h/ = f(s,a) + p(s,a)h’. Summing
for i, we find:
i T +1)-1

i=aji+1)+ Y. > (es,., —p(S,A))h'

i'=1 t=T;q

Q) \lj(i+1)log(’/1 +j(i+1))

>aj(i+1)—a, s

where () bounds the RHS martingale with a time-uniform Azuma-Hoeffding inequality (Lemma 1.22)
and holds with probability 1 — 5. We get a similar lower-bound. We conclude similarly than
in (STEP 1) by finding a condition on 6 > 0 such that the error term is lower than %al j(i)
and consider the worst a4, a, possible (depending on the current component u and initial state
Sz O
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This is where the proof significatively deviates from the proof of Lemma II1.27.

(STEP 4) Let Z a component that is not communicating. There exists 3 > 0 such that

V6 >0, P(Z(mm)_] —Tjn+1)=p(1+p3+ ﬂzlog(%))) <5. (I11.68)

iegu

Proof. Let Z a component that is not communicating. For simplicity, denote T} := Die surri (i1~
Ty + 1). Consider the reward function f(s,a) := 1(s ¢ &(Z)) and let g/, h/ the associated
gain and bias functions obtained by iterating the uniform policy on £, extended to the uniform
policy outside of #(Z). Observe that g/ =e. Let B :=sp(h/).
By design of panic times, for t € {7j(),..., Tji+1)-1} We cannot have f(Z,) =1ifi € #".
So, forall i > 0,

Tj(i’+1)-1 Tj(i’+1)-1

o= > > f@r= > > (6)+(es,— )

i‘egun(i] t=T;un i'egun(i] t=Tjun

Tji/+1)-1

2T —p+ Z Z (esHl —pZ))n!

i‘egun[i] t=Tjun
Q 147"
> T¢ —/5(1 +4/ T log(T))

where the last line () follows by a time-uniform Azuma-Hoeffding inequality (Lemma 1.22)
and holds with probability 1 — 6. Making i go to infinity, by monotonicity, we see that T" :=
Dicsu(Tjs1)—1— Tj) + 1) satisfies:

V6 >0, P(T” < /5(1 + \/Tulog(HTTu))) <5 (1I1.69)

Conclude with straight forward algebra. O

We can now conclude. Recall that (7;) is the stopping-time enumeration of 7*(3,) and that
j(i) is the i-th initial stopping time in the sequence. Combining (STEP 2) and (STEP 3), we
have:

VzeJ3o, P(N, (2) <avi)=o(i?) (111.70)

for some a > 0. Let u € {1,...,m} such that Z" is not communicating. We have:

E[Z 1(t € 9*(30))] = E[Z 1(t; < oo):|

t=0 i=0
@ [ 1(7; < 00,(¥z € U30, Ny, (2) 2 a/i)) [+ O(1)
i=0
SE[ 1(T“>a1/f):|+0(1)
i=0
(#)

where () follows from (I11.70) and (%) from (I11.68). This concludes the proof. [ |
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CO-EXPLORATION TRAVELS*

BURN-IN* NEAR OPTIMAL EXPLORATIONT l FAIL§ BiGg FAIL$
! } — No5060060060060000000 1 8 9—(0
o ylog( SO0l log(r) | log(1) |
r<1

Most likely value — 1 P= o(e‘V lOg(T)) P= o(T’Z)

Figure 10.C.1: How the algorithm explores as 7 (t) grows.

10.C.4 Proof of Lemma III.26: Visits due to exploration

We start by providing a high level view of the analysis. We fix a precision parameter 6, > 0 and
some discard coefficient y > 0.

Standard regime. We start by discarding what happens prior to time ylog(T), during the
BURN-IN period. Afterwards, right starting from time y log(T), we invoke a uniform exploration
argument (Lemma II1.29) that all pairs have been visited at least ay log(T) times with reasonable
probability. This amount of visits is enough to claim that the empirical data is concentrated
enough so that (1) the near optimal pairs are correct with %::f)(Mt) = Z**(M), (2) we went
beyond the possibility of other panic times with M, ~ M, (3) the exploration measures and
policies are nearly ,u?)(M ) and (4) the proxy lower bound is nearly correct with Kg(t)(]\%t) =

KS(M ) £ 6y (Lemma II1.30). This event is referred to as the trigger effect and holds with

reasonably high probability 1 — o(exp(—+/10g(T))). The algorithm therefore enters the NEAr
OPTIMAL EXPLORATION period, during which exploration is (3) nearly optimal and (4) the
exploration GLR test will nearly match the true regret lower bound. Once the time horizon
T (t)~ KS(M )log(T) is crossed, the exploration GLR test don’t provoke exploration phases
anymore and exploration is only triggered by co-exploration that starts exploration phases to
switch of nearly optimal component. This is the CO-ExPLORATION TRAVELS phase. Thanks to
the prior trigger effect (Lemma I11.30), the co-exploration structure given by the nearly optimal
pairs %3”(1\71 ) is invariant and equal to 2**(M) during this phase and is shown to account for
about O(loglog(T)) exploration times, overall negligible. Therefore, the more likely values for
T~ (t) are in the neighborhood of Ks(M) log(T).

Failures and the log?(T) exploration barrier. If the number of exploration times goes beyond
the threshold value KS log(T) + O(loglog(T)), it means that either uniform exploration or the

trigger effect failed. We enter the FAIL region. At horizon O(log?(T)), thanks to uniform explo-
ration again (Lemma I11.29), every pair is supposed to enter the skeleton, hence will be truncated
during GLR tests. By design of the algorithm, if all pairs are truncated, then GLR tests will all
pass and the algorithm will only exploit. This is referred to as the log?(T)-exploration barrier and
is shown to hold with very high probability 1 —o(T~2). Because exp(—+/log(T))1og*(T) = o(1),
this region is negligible in the expectation of 7 (T).

Total failures. In case exploration completely fails to be uniform and beyond the log*(T)-
barrier, we enter the BiG FAIL region that has so little probability to happen that it can be
straightforwardly neglected.
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10.C.4.1 Main proof

Pick 2 ¢ Z**(M). Its exploration visit count at time t is given by

t—1
N (2)= > 1(Z;=2i€T") (1IL.71)

i=0
In the sequel, we write ,u,”;’ = | ,u?’(M )||;1,u?](M ) the normalized optimal n-uniformized explo-

ration measure of M (Theorem I11.13) and n; the associated optimal exploration policy, given
by n";’(als) o< ,uf)(s, a). Introduce the following events:

- M, ~ M and [lugO(M,) — pp (M)l oo < 8o min(u) (M)
= > n N n A n
& ("7 (D= ylog(T) = (and ZO(W,) = Z*(M) and [K{O(M,) —KI(M)| < &,

(I11.72)

N M e Alt*O(M,) and
fe= ] D P t n >
&l (mf{E:Nt(z)KLz(MtllM )t — ML, on %, U 2O(1T,) > (1+6(t))log(t)

2EZX
(II1.73)
. T—1 / T—1 4 ' .
We write & :=(),_, & and &’ :=(),_, &/. The first family of events (&,) correspond to the
motivated trigger effect and are used to manage during the NEAR OPTIMAL EXPLORATION period.
The second family (&) accounts tracks moments in time when the exploration GLR test is

passed, when the algorithm move on to the co-exploration test, and will be of use to analyze the
CO-EXPLORATION TRAVELS period.

(STEP 0) For u € (R%)?, denote 7, the policy given by 7,,(als) = (2qc () M(s, @) uls, @). Let
8§ €(0,3). For p,u’ € (R%)?, if |u’ — pilloo < 6 min(u), then

(1) forallze %, (1—086)u(z) < u'(z) < (1—56)u(z) and (1 —86)u'(z) < u(z) < (1+28)u/(2);
(2) fordlls € & and a € .(s), (1—28)m,(als) < m,(als) < (1 —25)2n“(a|s).

Proof. This is straight forward algebra. O

(STEP 1) Let z ¢ Z*(M). There exists C > 0 independent of &,,y, Tw such that, for all 56 > 0,

_ 2(1+177(0)D) c -
P(Elt <T, Nt_(z)—lg_(t)l,u:;(z) < C(\/L? (t)llog( 5 )+ 1(&)|T7(1)] )) <5.
Y1og(T) + 6ol7~(0)] +2
(I11.74)
CO-EXPLORATION TRAVELS*
BURN-IN* NEAR OPTIMAL EXPLORATION' l FarLS BIG FarL$
} ' e Noo000000000500000000 8 9‘(15)
o rlog(n ISl log(r) | log(1) |
r<li

Most likely value — P= o(e‘V log('l')) P=0(T72)

Proof. We decompose the number of exploration visits as follows. Consider the reward function
f(s’',a’):=1((s',a’) = 2) and let gf], hf] the gain and bias functions associated to nj‘? with reward
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function f. Remark that g; = ,uj"(z)e. Further denote Af}(s’, a):= gf](s’) + hf7 $H—f(',a)—
p(s’, a’)hf} the associated gap function. Let (7;) the stopping time enumeration of 7. We have:

17— (0l 17— (0l |7~ ()l

NS @)= Y 1z, =) 217 0@+ . (6. —pZ)HE— D) A(Z).

i=1 i=1 i=1
vV ~ v
A, B,

where (1) follows by the Poisson equation.
We start by dealing with the error term A,. We expand this term as:

|7~ (1)l |7~ (1)l |7~ (1)l
A= > (RS- r8:.))+ 2o (H(S:. ) —H(Su))+ D (es. ., —pEZ))E
i=1 i=1 i=1
Al 2 A

(I11.75)
The term A} is a telescopic sum which is bounded by sp(h‘j’) in absolute value. The term A% is
bounded by the number of panic times; Indeed, during {7; +1,...,7;;; — 1} the algorithm is
either co-explorating or exploitating and both are done until regeneration, unless the algorithm
has panicked. Because the number of panic times is at most |Z|, we get nyl < sp(h%)lﬁ? | a.s.
The term A?; is a martingale and by a time-uniform Azuma-Hoeffding inequality (Lemma 1.22),
we find:

1A% < sp(hf’)\J |7-(1)) 1og(—‘“+'§‘“)' ) < sp(h:)y/17(0) log (121 (I1L.76)

with probability 1 — 6, uniformly for t > 0. Combining (III.76) with the previous remarks and
injecting it in (II1.75), we obtain:

P(Elt >0,]A,] > sp(h;)(\/w—(tn log( X2 W) 41+ IEZI)) <5. (1IL.77)

We continue by dealing with the error term B,. We expand it as:

T (1) T (1) g0

Bo= D, (er A0)= D (er, =7 (S A0+ D (m(8:).4) (IIL.78)
i=1 i=1 i=1
B! B!

We recognize a martingale like always, here Bt1 that we bound using a time-uniform Azuma-
Hoeffding inequality for a change (Lemma 1.22). With probability 1 — &, we have:

B! < ||A;||ON 7= (og( YT ) <185 oo/ 17- (108 (FFL). 7o)

The other term Bt2 is decomposed through the trigger effect event &, introduced in (I11.72). We
write:

[7log(T)IAIZ ()] |7~ (o)l |7~ ()l
2] _ - - 2 _ .
1= 1(6) (roE80)+ 3 (mo(se)a0) 1060 2 (o (5:).%)
i=1 i=[ylog(T)] i=1

|7~ ()l

(7 (s:0.4%)
i=[rlog(T)]

< 1(5)(||Af7||oorlog(T)+ )+1(€C)||Af,lloolf7_(t)l



170 Chapter 10. ECoE: A nearly asymptotically optimal algorithmic scheme

|7 ()l
(1)
<18 D1 (m(5:)— (5. AL ) +11A%lloo (v 10g(T) + (69T (1))
i=[ylog(T)]

< 182 lloo (17 ~(DI(1(8)50 + 1(6)) + v log(T))- (111.80)

In the above, (1) uses that (ﬂ’:’(STl_),qu) = 0 and (%) unfolds the definition of &, on which
I (s)— n*;](s)lll < 8, fori > ylog(T) and s € &. Injecting (I11.79) and (I11.80) into (II1.78)
and combining with (I11.77), we obtain the desired result by setting C := sp(hj’ )V ||Af) oo O

(STEP 2) Assume that { > &, (ylog(T)+2)+6,*. Then, forall z € %,

P(Elt >0: N, (2)< Eu;(z)(l — :ﬁi‘;) and |7 (t)| = ¢ and é”) = exp(—é‘gﬁ +log(1 +€)),

P(Elt >0: N, (z)> Eu;(z)(l + 4C5°) and |7 (t)| = ¢ and é”) = exp(—égﬁ +log(1 +E))

wy (z)
(I1I1.81)
where C > 0 is the constant given by (STEP 1).
CO-EXPLORATION TRAVELS*
BURN-IN* NEAR OPTIMAL EXPLORATION' l FArLS BIG FarL$
} ' e Noo000000000500000000 > 9_(1')
o rlog(N oDl log(r) | (1) |
r<l1

Most likely value —1 P= o(ei v k’g(T)) P= o(T*Z)

Proof. This is mostly about rewriting Equation (II1.74) of (STEP 1). Fix 6 > 0. On & and
provided that |7~ (t)| = ¢, by (I11.74) is holds with probability 1 — & that:

N, @)= 17 Ol ~ ¢ /17 (0110g(FFF) + ylog(1) + 017 (0] +2)
_ % C&, Cylog(T) C log((1+|7~(t))/5)
2|7 (t)“‘n(z)(l ThE T EETO u’;,(Z)\/ 7o) )

PN _ CBy _ Cllog(M+2) ¢ [log1/8) _ ¢ [log(1+17= (D)
=25 (t)“‘n(z)(l e~ w0 m@ VIO T 5@ EZG] )

@ cs, Clrlog(T)+2) ¢ [log(1/8) ¢  [log(i+)
25“2(2)(1_u;(§)_ @ m@V ot @V

(;;:) % 4C50
= E,un(z)(l o ui,(Z))

where (1) holds by monotonicity in £ and () holds provided that:

ax{c(ylog(T)+2) C .|log(1/8) ¢ ,1og(1+6)}< C5,
pi()e i (2) ¢ () ¢ T opE)

The above holds in particular when:

4
ax{%, (é) } and 6> exp(—5(2)€ +log(1 +€)).
0 0

{>m

Pick 6 := exp(—52¢+1og(1+¢)) to conclude the proof. The lower bound is obtained similarly. [
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(STEP 3) Introduce the exploration threshold and the GLR exploration function:

(1+8(ylog(T)))lu) (M| log(T)+2 [ 1}*
{o := max 1o T),% (5—) (I11.82)
1-6(1+ 7255 0 0
GLR (t) := inf{ZNt(z)KLz(MtnM"f) ‘M e Alt“O(M,) and M, = M" on %, U %;,ff)(Mt)}
z2€X
(I11.83)

Given £, and GLR (t) as defined in (111.82) and (I11.83) respectively, for all t > 0, we have:

(N;(z) > Lo ()1~ 25 ) 4 7 l= 50) c .(GLR_(t) > (1+8(e)log(r) 21917 (=6
(I11.84)

In other words, passed the exploration threshold £, the GLR tests “GLR™(t) > (14 6(t))log(t)?”
deadlng exploration will all be passed and none will provoke an exploration phase.

CO-EXPLORATION TRAVELS*
]
BURN-IN* NEAR OPTIMAL EXPLORATION l FAILS BIG FaiL$

0 ylog(T) lSODllog(r) | log(1) |
1 s
r< Most likely value — 1 P= o(e_ log(1 )) P= o(T_z)

Proof. In light of (I11.81), assume that we are on the event:

gm(vZ €% :N-(2) >£u;(z)(1—%)). (I11.85)

Fix t > 0 and let M" € Alt“(M1,) such that M, = M" on the extended skeleton %, U Z“()(N1,).
We have:

D NKL (WM = Y e (2)( 1= 25 KL (|| M)

2€EZX 2€EZX
_ 4GS ,u,,(z M)
a 6(1 u;(z(i) T, KL (VM)
2€EZ
M 4Cs (1-60)us(z,M,) N +
= 5(1 - w(zo)) D —Tmenn— KL (M)
2EZX
@ 4cs )
=t (1 B u’;,(z%)(l — ) lluy DI = K(l - 50(1 + w(z)))llu%(M)llll-

(111.86)
In (F), relate u%(z, M) to ,uff”(z, M.,) by using the definition of & and (STEP 0). In (%), we use
the fact u;(t)(Mt) is an exploration measure and that MT € Cnf*V(M,) so that

> O, MOKL, (VL ||IM7) > 1.
2EX

Continuing (I11.86), we have:
(1 + 8Ny (M)l

4C
1-6(1+ 75)

4(1—50(1 - (Z)))nug(M)n;l > (1+6(1))log(T) &> (> log(T).

)
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In order to apply (I11.81), we need to have ¢ > 5,y log(T) > v log(T) hence we can lower bound
6(t) by 6(ylog(T)). We recover the definition of £, see (I11.82). We conclude accordingly. [

(STEP 4) Introduce the initial co-exploration GLR function:
GLR*(¢) := inf{ZNt(z)KLz(MtIIMJ") :M" e Alt“©O(W,) and M, = M" on 35}} (111.87)
2€EZX

We say that t is an initial co-exploration travel time (t € 7)) if it is an exploration time triggered by
the co-exploration rule forcing exploration by trying to reach a sub-visited component of % fﬂf”(M )
More formally, t € I if (1) t € T~ with (2) Z, € Z°D(M,), (3) GLR (t) > (1 + 5(t))log(t)
and (4) GLR*(t) < (1+ &(t))log(t). Let

Io(T):=|{t <T:t €Ty and |77(t)] > {,}] (I11.88)

the number of initial co-exploration travel times prior to time T and happening after the exploration
threshold |7 (t)| = £,. There exist constants a, 3 > 0 independent of &,,y, T such that:

P(177(T)I = £ + B(1%(T)I + v/10g(T)), &) = o exp(—a+/log(T))) (I11.89)

CO-EXPLORATION TRAVELS*

BurN-IN* NEAR OPTIMAL EXPLORATION" l FarLS BIG FAILS
} ' Ty Noo000000000500000000 8 > g'—(t)
o rlog(N IWSODILlog(T) | log(1) |
r<l1

Most likely value — 1 P= o(e*V logm) P= o(T_z)

Proof. Consider the event:

& =6n (Vz €#,|77(t)| 2 Lo =N (2) > Ko,u’;’(z)(l — %)) (I11.90)

Consider the stopping time enumeration of 7~ starting from & (t) = [{,]. More formally:
T, = inf{t eI T ()= KO} and Ty = inf{t €T t> ’L'j}.

The sequence (7;) is partitionned into segments on which 7;,; = 7; + 1. Let j(i) the starting
index of the i-th segment of (7). Since 7; > 7, for all j, we have 77(7;) = {,. So, on &,
it follows from (I11.84) that every segment {7 ), ..., Tji+1)-1} must be initiated by a initial
co-exploration travel time fori > 2, i.e., T i) € Ty for all i > 2. Hence:

(¥) On &%, the number of segments {7(;y,..., Tji+1)-1} up to T is at most 1+ [.%,(T)|.

Meanwhile, every segment {7;(;), ..., Tji+1) — 1} ends when St hits the states spawned by

the current nearly optimal pairs %’:}Et)(]\A/I +), when the algorithm switches back to co-exploration
or exploitation. Remarkably, by design of & and since 7 (t) > £, > y log(T), the nearly optimal
pairs have converged to Z**(M). From this, observe that

(+) On &*, the time segment {7;;), ..., Tji+1)-1} can be, in the worst case, as long as the time
required to reach the least visited component of Z**(M) because as soon as it is reached,
the algorithm will exploit or co-explore the component.
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Let EZ’:*(M), ..., Z(M) the components of Z,,(M). Since, on &, M, ~ M with iffit)(]\%t) =
Z**(M), the lattest are also the components of ffff)(]\%t) as estimated by the algorithm. Let
m(t) the component S, is on at time t, if any (if it exists, it has to be unique). The least visited
component at time t is denoted m™(t) := min{c : min{N,(z) : z € Z_ (M)} = min{N,(z) : z €
Z(M)}}-

Given i > 1, we introduce the reward function fi(z) := 1(z € %ﬂ’(f")(M )) marking the least
visited component. Let g', k' the gain and bias functions under this reward function obtained
by iterating the optimal exploration policy 7} . Its gap function is A'(s,a) := g'(s) + h'(s) —
fi(s,a) —p(s,a)h’. Let B! :=sp(h!) V ||A!|| and denote 3 < co the maximum value that 3
can take over all (finitely many) values that f' can take. We further have g' = a'e for some
a' > 0 and pick a > 0 the minimal value that a' can take. Invoking (), we have:

Tj(i+1)-1 4
0=1(¢%) >, fi(Z)
=756)
M Tii+1)-1 . . .
=169 Y, (a' +(es, —p(Z))h' — A'(Z)))
=Tj)
@) J Tj(i+1)-1 .
> 1) a(Tj41-1— T + 1) = B) + 1(87) Z (es,., —P(ZI)H’
=7;0)
Tj(i+1])—1 .
—1(6") D, (e — 7 (S), A7)
=150
Tji+1)—1 .
—1(6") Y. (7 (s) -7 (S, A)

=Tj)

) Tii+1)—1 - Ti(i+1)-1 .
> 1(6”*)(aTi—[5(50Ti +1)+ Y, (es,, —pEZh + > (e, —nt_(St),Al>)

=Tjw =Tjw
where (1) uses the Poisson equation, (i) is just rewriting and (§) invokes the definition of & to

upper bound ||, (S,) — n;(St)lll while introducing the shorthand T; := 7¢11)-1 — Tji) + 1. We
sum over i and we have 1+ |.%,,(T)| by (xx) on &*. We obtain:

Tj(i+1)-1

0> 1(6’*)((a—/350)z T,—BA+|(TN+D > ((esm—p(zf))hi+(ezt—n:(st),Ai>)).

=T
(111.91)
By a time-uniform Azuma-Hoeffding inequality, with probability 6 > 0, we have:

Tj(i+1)-1

ST ((es,, — PO +{eg, — 7 (S), A1) —2/5% 2T log(X¥2™).  @mLo2)

i t:Tj(i)

Observe that a, 8 are independent of the choice of y,6, and T hence we can assume that
a— 6y, > 0 up to reducing 6,. So, on &* and with probability 1 — 6, (II1.91) is rewritten as an
equation of the form:

us i+ \/Azulog(l +u)+ \/Agu
where u = Zi T, A, = (a—ﬁ50)_1[§(1 + 2o (T, Ay = (a—ﬁ5o)_1 -43% and Az = (a—
Byt log(%). The right-hand side can be decoupled by solving the weaker pair of equations:

u<A;+2y/Aulog(l1+u) and u<A;+24/A5u.
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Using log(1+u) <4/u, we find u < max(2(1;+4213),21,, 2567@). In other words, with probability
1—6, we have:

2 \2
1ENT (T < Lo+ 722 (1 + |, (T)) + =55 log () +256( 225 ). (I11.93)
Picking 6 = e(exp(—\/ log(T))), we obtain the result. O

(STEP 5) The number of initial co-exploration travel times prior to time T and happening after
the exploration threshold |7 (t)| = £,, see (I11.88), satisfy:

P(|.2.,(T)| > |<|(1 +2loglog(T)), &) < exp(—5(2)€0 +log(1 + EO)). (111.94)

CO-EXPLORATION TRAVELS*

BURN-IN* NEAR OPTIMAL EXPLORATION' l FaILS BIG Fa1r®
: — Neosoonoooononeoconnn g > 9‘(15)
0 ylog(T) IWSODILlog(r) | log(1) |
1
r< Most likely value — 1 P= o(e‘v logm) P= o(T_z)

Proof. We consider similar notations than in the proof of (STEP 4). We consider the event &*
introduce in (I11.90) and the stopping time enumeration of J~ starting from 7 (t) = [{,].
More formally:

T, ::inf{t €T |T(t) = 60} and Ty :=inf{t €T t> Tj}.

Again, on &%, it follows from (I11.84) that every segment {7y, ..., Tj(i+1)—1} must be initiated by
a initial co-exploration travel time for i > 2, i.e., T;) € J forall i > 2. Let SZj*(M), L Z(M)
the components of %,,(M). Since, on &, Mt ~ M with & f*(t)(Mt) = Z**(M), the lattest are also
the components of iffft)(Mt) as estimated by the algorithm. Let m(t) the component S, is on at
time t, if any (if it exists, it has to be unique). The least visited component at time t is denoted
m™(t) := min{c : min{N,(2) : z € Z_ (M)} = min{N,(z) : z € Z**(M)}}. Denote

L = logmin{NTj(i)(z) 1z € fZ’:*}, cef{l,...,m}. (111.95)

Tji)€

Remark that, on &%, L satisfies the following pair of equations:

Tja)C

{ij(i),m(fj(i)) < 2min, Lrj(i),c i>2 (111.96)

LTj(i+1):m(Tj(i)) > 2min, LTj(i)’C

By induction, we deduce LiieZ 2lG=D/ml “Moreover, if T ity < T, we have Ly = log(T) for
allc =1,...,m. Last but not least, remember from (STEP 4) that on &*, the number of segments
{Ti()>-++>Tji+1)-1} up to T is at most 1 + [#,(T)|. So, on &*.

logl
| 2o(T)] < m(1+ 828D < ||(1 + 21oglog(T)).

This all happens on &*. Conclude with (STEP 2), see (I11.81). O

We can finally conclude the proof. By (STEP 4), see (111.89), there exists an event & with

P(6°N&) = o(exp(—a+/log(T))) on which |7 (T)| < Lo+ B(|£.,(T)|+1/10g(T)). Furthermore,
a, p > 0 are independent of the choice of §,,y and T. Up to intersecting events, on & N & we
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further have the bound on |.£.,(T)| provided by (STEP 5), see (II1.94). Still up to intersecting
events again, we can further assume that the upper-bound of (STEP 2), see (I11.81) holds, while
still guaranteeing P(&’° N &) = o(exp(—a+/log(T))). We obtain the bound:

(&' NEWN; (2) < Loty (2)( 1+ 55 ) + 2817 (1 +loglog(T)) + B/log(T). (11197

Outside of &' N &, we upper bound N (z) almost surely by |7 (T)|, itself bounded using
the log®(T)-exploration barrier (Lemma I11.31), that bounds it by C log®(T) with probability
1—0(T2). If the log?(T)-exploration barrier fails, we upper-bound |7 ~(T)| by trivial bound T.
Taking the expectation, we obtain:

B[ ()] < Lout () 1+ 2533 ) + 0(y/108(T)) + (P(&" 1 8) + P(6) - Clog(T) +o(T - T2)

(I11.98)
By the trigger effect (Lemma I11.30), we know that P(&°) = o(exp(—+/1og(T))). Using this and
unfolding the definition of the exploration threshold ¢, (see (II1.82)), we get:

E[N; (2)] < zou;(z)@ + jcf)) +0(y/10g(T)) + o exp(—/10g(T)) ) - Clog*(T) +o(T - T2)
- zou;(z)@ + jc—f)) +0(y/10g(1))

(+6GIogTMIADN  ylog(T) +2

5
= max : pr@)(1+ 55
4C 5 n l-"n(z)
1— 50(1 + m) 0
+ O(\/ log(T)).
(I11.99)
Unfolding the definition of ,u*;](z) and using that 6(ylog(T)) ~ m — 0, we get:
- _ 4C5
BN Z=zteg)] RN 1+ 503 ) .
lim sup = limsup < “u (2, M)+ —.
! (II1.100)
This bound holds for arbitrary y, 6, that are small enough. Make the discard coefficient y — 0,
then the precision parameter 6, — 0. This concludes the proof. [ |
10.C.4.2 Uniform exploration guarantees
Lemma II1.29 (Uniform exploration). There exists constants a, 3 > 0 such that:
P(Elz €%,3t>0: N.(z)<al and | T (t)| = 6) = o(exp(—p1)). (II1.101)

Proof. The proof shares similarities with Lemma II1.21. We consider the model M, with pair
space & which kernels given by:

py(s,@) == (1—nlg$)pGs,a)+n > p(s,a’).
a'ed(s)

The obtained model M, is communicating, because the execution of the fully uniform policy on
M,, is equivalent to the execution of the uniform policy on M. By construction, the execution of
any n-uniform policy 7 of M can be seen as the execution of a randomized policy 7, of M,,.
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Fix 2z, € Z and introduce the reward function f(z) := 1(z = 2;). Consider the model M " f
with kernel p, and reward function —f. Let g;f , h;f , A;f the associated gain, bias and gap
functions. Because M . f is communicating, sp(g;f ) = 0 and by picking 7, a deterministic bias
optimal policy of M;f , we have by construction that 7, corresponds to an n-uniform policy of
M under which all pairs are recurrent; so 2, is recurrent under 7, in particular, and min(g:)f )=
max(g;f) =: —a,, < 0. Consider the gaps A (s,a) == g;’f (s)+ h;f (s)+ f(s) —p(s,a)h;f.
Following from the Bellman equations of M;f , check that every n-uniform policy 7 satisfies:

Z nn(als)A;f (s,a) = Z n(als)A (s,a) =0 (I11.102)
ac.d/(s) ac.d/(s)
where 7, is the randomized policy induced by 7 (i.e., bissimulating) in M,. Let §, :=
max(sp(h;f ),|A~f]) < 0o. Let (7;) the stopping time enumeration of 7. We have:

oo

N(z0) = > 1(7; < )f (S:,,Az)

i=0

= > 10t < 0)(—&;7 (8:) + (p(S:pA ) —es, 0T + A7 (S,,,AL))
i=0

= a, |77+ Y107, < O)(p(S:,A ) —es, i + > 1 1(7; < AT (S, ,AL).
i=0 i=0

Ay Az

We control the error terms as follows. We start with A;.

oo oo
Az =By, + 2107 < OB (S0) — iy  (S:,)) + D 1(m; < 0)(p(Ss, A0 — e )
i=0 i=0
) S
T —
= —(1+|2DBy, + Y 1z < O(p(S.A) —es, )
i=0
where () follows from the observation that, between exploration times, the algorithm is either
co-explorating or exploiting. When it does, it does it until regeneration hence coming back to
the state where exploration was suspended; At the exception of phases killed by panicking, but
there are at most |%| of them. We continue with A,.

oo
A2 = Z l(Ti < t)A_f(Sri)ATi)
i=0

=D Urm<t) Y, m(alS:)A(S;,a)
i=0

aebef(STl.)
oo
U <) Y, (14, =a) - (als;))a (S, a)
i=0 ac.d(S;,)
(1) —
>3 <) Y, (14, =a)— 7 (als.))AT (S, a)
i=0 acd(S;,)

where () follows from (I11.102). We conclude that A; and A, both involve martingale obtained
as the sum of |77 (t)| martingales differences whose terms have span at most f3, . Invoking a
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time-uniform Azuma-Hoeffding inequality (Lemma 1.22) to bound each of them, we find that

1+|<‘7‘(t)|)

111.103
5 ( )

holds with probability 1 — & at least. From (I11.103), we get that for a fixed £ €N,

P(Elt > 05 N,(20) < @y £ —(1+|2])B,, — 2B,/ Llog(1L) and |7 (£)| = e) <5. (I.104)

For { large enough, we have (1 + [Z])f3, < %aZOE. Also, straight forward algebra gives:

a 2
2B, 1/tlog(1t) < 1o, L < 5> exp(—(ﬁ) ¢ +log(1 +z)).

Accordingly, the tail of (I11.104) is eventually sub-exponential, from which the result follows. [J

Ni(29) = 0, |77 ()| = (1 + [Z])p, —Zﬁzo\J |7 (0)l log(

10.C.4.3 The trigger effect

CO-EXPLORATION TRAVELS*

BURN-IN* NEAR OPTIMAL EXPLORATION' l FaILS BIG Far.®
} ' e Nco000000000500000000 8 > g_(t)
o ylog(T) ISl log(r) | log(1) |
r<li

Most likely value — 1 P= o(e‘V logm) P= o(T*Z)

Lemma II1.30 (Trigger effect). The event & = &, . r given by:
%’:f”(]\?[t) = ¥**(M) and M, ~ M and
&:= |Vt <T,|7 () = ylog(T) = |  uOWI) —ud(M)lloo < Mo and
IKAO(,) = K (M)] < €

For all €;,y > 0, we have P(§°) = o(exp(—\/ log(T))) when T — oo.

Proof. The result is a combination of Lemma I11.36 and Proposition I11.12 and Theorem II1.13.
Fix € > 0. By Proposition I1I.12 and Theorem III.13, there exists €, > 0 such that, if e(t) < ¢,
and

KL*(M,||M) + 1511M, — M|* < € (1I1.105)
then R N
) ZO(M,) = 2*(M) and M, ~ M and
k) = ~ A
s @ W) — w2 (M)lloo < néo and [KE (M)~ K)(M)| < €

holds. Because we are interested in times t < T, we can lower bound e(t) by m. By

Pinsker’s inequality, we can bound ||M, — M||* by (KL*(M,||M))"/? and up to assuming that
€, < 1, we can change KL*(M,||M) to KL*(M||M) in (I11.105), to simplify (I11.105) to:

2
N 2 €/
KL*(M,|IM) < (3) €ee(T)* = (W;:(T)) . (I11.106)

We now proceed as follows:

P(&°):=P(At < T,|7 (t)| = ylog(T) and (x) is wrong)
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~min(N,) < aylog(T) and ~min(N,) > aylog(T) and
_P(Ht>0 |7~(t)| = vlog(T) P IsT: (%) is wrong

(L) loof T e min(N,) > aylog(T) and
< o(exp(—frlog(T))) +P( 3t CRLAL M) > (L) eRe(T)?

in(N,) > aylog(T) and
(<i) o(exp(—fylog(T))) + P(Ht KIEZ:/([ ||])\/[) zY( O)g( //25(1)2 )

€)] ayl €
< o(exp(—Bylog(T))) +2|Z] exp(—% +1og(1 + aylog(T)) + 1)

— of exp(—y/og™) ).

In the above, (1) bounds the left term using Lemma II1.29 and the right term using (II1.106),
(1) invokes Lemma II1.37 by replacing €, to an eventually smaller €/, and (§) follows from
concentrability results (Lemma I11.36). O

10.C.4.4 The log®(T) exploration barrier

CO-EXPLORATION TRAVELS*

BURN-IN* NEAR OPTIMAL EXPLORATION' l FAIL BIG Far.®
I ; e frreenrieninniaiinniaes > g (t)
o rlog(r) WDl log(m) | logkm) |
r<li

Most likely value — 1 P= o(e‘V logm) P= O(T*Z)

Lemma II1.31 (logz(T) exploration barrier). There exists a constant C > 0 such that:

P(It < T: |7 (t)| = Clog*(T)) =o(T72). (1I1.107)

Proof. Let (7;) the stopping time enumeration of 7. The sequence (7;) is made of segments
where 7;,, = 7;+ 1 and we denote 7 ;) the starting index of the i-th segment. Let a, 8 > 0 the
constants provided by Lemma II1.29. Introduce the event:

& = (ZO(M,)=2"(M) and %, = %),

stating that the skeleton %, is equal to & and that the near optimal pairs are equal to Z**(M),
i.e., that the coexploration structure is correct. We have:

oo j(i+1)-1
|9_(T)|—Zl(t69 )=>. > 1t;<T)
=1 j=j(i)
j(i+1)—1
logz(T) = logZ(T) ./ logz(T)
< 2 +' Z I(TSTj/<Tand gfj,)+T-1(E|] > —=—,7; <T and é”TCj/).
=1 j'=j() ) 7

A

In light of the proof of the trigger effect (Lemma II1.30) and by Proposition I11.12, there
exists €, > 0 such that, if e(T) < e(t) < €, and

€ 2
#7Y 2 _ 0
KL*(M,|IM) < (3 )e e(T)Y = (—ZIOglog(T)) (1I1.108)
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then i?f,ft)(Mt) = Z**(M). holds. By Proposition II1.12 then invoking again the arguments of
the proof of Lemma I11.30, there exists e, > 0 such that if e(T) < e(t) < €y and t < T, the
condition
2 € 2
KL*(M,||M) < (3) €?e(T) = | =—2—— 111.109
(M IIM) < (3) e e(T) 2loglog(T) ( )

implies (x). We now proceed as follows:

P(&°):=P(At < T,|7 (t)| = ylog(T) and (x) is wrong)

< P(Elt >0: mmgf_)(fﬂoglyolig%;md ) + P(Ht <. min t()*)zi;"zvlr‘;i(;) and )
min(N,) > aylog(T) and

" KLA(VL||M) > (%)26626(T)2)
min(N,) > aylog(T) and

CKL(LIM) > (%)Ze’o’zemz)

(2 o(exp(—pBylog(T))) + P(Elt <T

(JS) o(exp(—Bvylog(T))) + P(Elt <T

(§) 1 (T) "2
< o(exp(—Bylog(T))) + 2|Z| exp(—% +1log(1+ aylog(T)) + 1)

— ofexp(—/1og()).

In the above, (1) bounds the left term using Lemma II1.29 and the right term using (II1.106),
(1) invokes Lemma II1.37 by replacing €, to an eventually smaller €/, and (§) follows from
concentrability results (Lemma I11.36). O

10.C.5 Adaptations of standard concentration results
Lemma III.32 (logz-concentration). We have:
P(3z € : N,(z) > log*(t) and KL(M,(z)||M(z)) > €) = o(t—eiT—?(f)). (II.110)

Proof. Recall that KL(M,(2)||M(2)) = KL(#,(2)||r(2)) + KL(p,(2)||p(2)). Let q € {r, p} and let d
the dimension of q, that is either 2 or |.%|. By Lemma I11.36, we have:

log?(t
P(Nt(z) > log?(t) and KL(4,(2)l|q(2)) > e) < exp(—%g) +log(1 + log?(t)) + 1).
Observe that the right-hand side is o(t_;(lg_i(g) when t — oo. O

Lemma II1.33 (All time Sanov). For n € (N*)Z, denote M" the empirical model obtained with
visits counts N,(z) = n(z) for all z € %. Let A" the discrete space of all models that M™ can be
equal to. Then:

YM'en”, P(M"=M')< exp(— Z n(z)KL(M’(z)llM(z))). (II.111)
2z €E¥X

Proof. For m > 1, write r""(z) and p™(z) the empirical reward and kernel at z that are observed
under N, (z) = m. Recall that KL(M,(2)||M(2)) = KL(#*,(2)||r(2)) + KL(p,(2)||p(z)). We have:

PN = M) = [P(F"@(2) = r'(2))P(p"®)(z) = p'(2)). (I1.112)
2€EX
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By definition, r’(z) is of the form B(k(z)/n(z)) with k € {0, ...,n(z)}. So:
P(+") = r'(2)) = (Zg%)r(z)km(l — r(z))" k@
= exp(—n @KL @I - ()

< exp(—n()KL( (2)]|r(2)))

) exp(—n(z)Ent(r’(z)))

where () follows from the classical inequality (Z) < exp(aEnt(S)) where Ent(—) is the entropy
(in base e). With the same computation for kernels, we show that:

P(p"")(z) = p'(2)) < exp(—n(z)KL(p'(2)l|p(2))).

Combining everything, we obtain the result. a

Lemma II1.34 (Combinatorics). Let k > 1 and denote &,[ k] the set of probability distributions
over {1,...,k} of the form (%X,..., ) with n; € N. Then |2,[k]| < (n+ 1)~

Lemma III.35 (Time-uniform empirical likelihood deviations, Jonsson et al. (2020)). Let d > 1.
Fix q a distribution on {1,...,d} and denote q" the empirical distribution on {1,...,d} obtained
after n i.i.d. samples of q.

V6 >0, P(In>1, nKL(g"|lq) > log(3)+ (d—1)log(e(1+ %)) < 6. (1I1.113)

Lemma II1.36 (Threshold concentration). Let m > 0 and d > 2. Fix q a distribution on {1,...,d}
and denote q" the empirical distribution on {1,...,d} obtained after n i.i.d. samples of q. Then:

Ve>0, P(An=m:KL(q"|l]q)>¢€)< exp(—% +log(1+m)+ 1). (I11.114)

Proof. By Lemma II1.35, we have:

6> P(Hn > m,nKL(q"||q) = (d — 1)10g(§(1 + ﬁ)))
> P(Eln > m,KL(q"||q) = d%l 10g(§(1 + n)))

)
> P(3n = m,KL(q"||q) = €)

—~

where () if for all n > m, we have:
d—;l log(§(1 + n)) <e.
Solving in 6 > 0, we get the necessary condition that, for all n > m, we have:
6>e(l+n) exp(—%) =: ¢(n)

By computing derivates, we find that ¢ (n) is decreasing on (% —1,00), so for m > d%l -1,
we may set § = e(1+m)exp(—g=). Form < % —1, we see that e(1+ m)exp(—725) > 1. [

Lemma II1.37 (Converting KL* to KL.). Let d > 2 and fix q a distribution on {1,...,d}. Denote
e :=min{q(i) : q(i) > 0} > 0. If

, 1
KL(g'llg) < log 1 )
—€

then q ~ ¢/, i.e., they have the same support and KL(q'||q) = KL*(q'||q).
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Proof. It is known that if KL(q’||g) < oo, then ¢’ < q. Assume that the support of ¢’ is
&’ C€{1,...,d} and isn’t equal to the one of q. Consider the optimization problem: minimize
KL(g*||q) subject to supp(q*) = &’. Using KKT conditions, we find that ¢g* and g must be
proportional. So:

q'(i) q(i) ( 1 ) . ( 1 ) 1
= E 1 E =1 |
KL(q )= 1 ® Og( q(i) ) ey llqll; R ||Q||1,5ﬂ/ o8 ||CI||1,5W = Og(l _6)

ey

hence proving the result. O

10.D Deviation bounds of MDP specific quantities

The goal of this section is to provide a complete machinery to bound the variations of various
policy related quantities, such as the gain, the bias, the diameter, the invariant measure and the
reaching probabilities. One important consequence of the developed results is that if M, M’ are
two Markov decision processes, then

Z¢ (M')=2*(M) when D,/(M)|M -M|"<e (I11.115)

where D,(M) is a notion of worst diameter (Equation (I11.131)), and € > 0 is smaller than the
gain gap of M. This shows that the near optimal pairs of M’ can be explicitly related to the
optimal pairs of M (Proposition I11.48). The order of magnitude is tight in a minimax sense,
although D,(M) could be changed to D(M).* Similarly, we can show

AS(z,M') = A*(z,M) + O(D,(M)*|M’'—M||*) when D, (M)IM'—M|*<e (.116)

which is also tight in order in magnitude (Proposition I11.49). All bounds are developed using
a martingale technique coupled with a Poisson equation, sometimes under a transform of the
initial kernel and reward function. To provide a general flavor of the technique, consider two
Markov reward processes (rq, p;) and (r, p;), and denote g;, h; their respective gain and bias
functions. We have the Poisson equation g;(s) + h;(s) = r;(s) + p;(s)h;. We write S, the random

state at time t, and PY’(—), Et'[—] the probability and expectation of the trajectory governed
by p; initialized at S; =s. Consider a stopping time 7 such that EP>[7] < co. The heart of the
technique lies in the following computation:

7—1
() == EP? [Z rz(st)]

t=1
7—1 T—1
= EP [Z(rz(st) - rl(St)):| + Espz [Z rl(St):|
t=1 t=1
T—1 T—1
(l) Epz [Z(rz(st) - rl(st)):| + Efz [Z(gl(st) + (eS[ _pl(sr))hl)]
t=1 t=1
7—1 7—1 7—1
= Efz[z gltst)] + Ef:z[Z(rz(st)— rl(st))] +E§2[Z(pz(st>—p1(st))h1]
t=1 t=1 t=1

+E2[hy(s) —hy(S)]

b i
< EE{Z gl(st)] +EP2[y (5) — By (S)] + EP2[2)(lIrs — 1 lloo + 35D(R1)Ip2 — P1ll1)
t=1

“The proof would need to be improved. Because this is meant to be applied for the qualitative regret upper
bound, we don’t push the analysis to an optimal result.
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where (1) follows from the Poisson equation of (r;, p;) and () from standard norm bounds.
Coupled with model transformation and careful choices of stopping times, this technique provides
tight bounds for the variations of the gain, bias, diameter, reaching time and invariant measures.
The obtained bounds on the variations of gain for instance (see Lemma II1.41 and Lemma II1.45)
are much better than those obtained using algebraic approaches involving the Drazin inverse
with very little structural assumptions, going way beyond the scope of ergodic Markov reward
processes.

10.D.1 A multichain-friendly diameter notion for Markov chains

The diameter provided in the definition is below generalizes the well-known notion of diameter
in the communicating/recurrent setting. It is tuned to provide a simple bound on the span of
the bias function.

Definition III.8 (Diameter of a policy/Markov chain). Let p the kernel of a Markov chain with
recurrent components 4, ..., %. The (policy) diameter of p is given by:

D(p):= sup supE[7(  ,]<oo. (II1.117)
(si)el_[i S SE€ES
Lemma II1.38 (Policy bias and diameter). Let (r,p) a Markov reward process and denote g, h its
gain and bias functions. Then sp(h) < 2 sp(r)D(p).

Proof. For (s;) € ]_[l , 7 a covering of the recurrent components, we denote T = Ty, 4 for
short. We have E/[7] < D(p) < oo for all s € & by construction. Because uh =0 for every
invariant measure of p, we see that for all i = 1,..., k, there must be s; € . such that h(s;) > 0,
and another s; € & such that h(s;) < 0. Assume that h(s;) <0 foralli=1,...,k. Then:

max(r — g)D(p) > EP [Z(r(s )—8&(S; ))]

1
Dg plz —p(S,)) ] (1I1.118)

k +
= h(s)— EP[A(S,)] = h(s)— > PP, < 00 Jh(s,) = h(s).

i=1
where (F) follows from the Poisson equation g(s) + h(s) = r(s) + p(s)h and (%) by h(s;) < 0.
With similar computations, and picking s; such that h(s;) > 0 for i = 1,...,k, we have:

k
min(r — g)D(p) < h(s)— Y _PP(7,, < 00)h(s;) < h(s). (II1.119)

i=1
Combining (I11.118) and (I11.119), we obtain:

max(h) —min(h) < D(p)(max(r — g) —min(r — g)) < 2 sp(r)D(p) (I11.120)
where the second inequality uses that min(r) < g(s) < max(r) for all s. O

Lemma II1.39 (Variations of policy diameter). Let p; ~ p, two equivalent Markov chains with

k .
(common) recurrent components ¥,...,%. For dll (s;) € l_[i=1<7i covering of the recurrent
components, the variations of the hitting time T = Ty, ¢y are bounded as:

1
supEP?[1]—supEl'[1]| < > supEP2[7]supEP'[7]lIpy — pa ;- (I11.121)
N S S N

In particular D(p,) < D(p;) + %D(Pl)D(Pz)”Pz —p1lls-
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Proof. Let (s;) € ]_[i;l & a covering of the recurrent components and denote T = 7y,
short. Consider the kernel p§ obtained by making every s; absorbing and consider the reward

function r'(s) := 1(s ¢ {s1,...,sx}). The gain and bias functions of the Markov reward process
(r, p;) are denoted gl’. and h; for j = 1,2. Remark that gj’. = 0 and that the bias satisfies

[ TAT-1
i(s) = Clim E"[ > (r’(st)—g;(sf))} =E;'[7] (I11.122)

t=1

hence h;. are the reaching times of which we want to bound the variations. We have:

1 7—1
Ry (s) = Efz[Zr’(st)] = hg(s>+Efz[Z(pz(st)—pl(sa)h;].
t=1 t=1

The error term is bounded by [EP2[Y;_) (p,(S.) — p1 (S, ]I < 3sp(h)EP2[7]lIp, — pa Iy By
(I11.122), we clearly have sp(h}) = max(h}) = sup, EP*[7]. Accordingly, we have obtained the
self-bound:

supEP?[7] —supEl'[7]| < %supEfZ[T] supE[7]llpy —p4 ;- (II1.123)
S S S S

This concludes the proof. O

The assumption p; ~ p, is not always necessary and can be dropped under a recurrent
assumption.

Lemma II1.40 (Variations of policy diameter, recurrent case). Let p;, p, two recurrent Markov
chains. We have:

1
|D(p1) —D(p,)| < ED(Pl)D(Pz)sz —palh- (II1.124)
Proof. Same proof as Lemma II1.39. O

The inequality D(p,) < D(p;) + %D(pl)D(pz)sz — p1ll; is a self-bound for D(p,). It can be
decoupled when ||p, — p;]l; is small. If ||py, —p;ll; < %pl)’ we obtain:

1
1-— %D(pl)llpz —pally

D(p,) < D(py). (1I1.125)

For instance, if ||p, — p;|l; < #pl)’ then D(p,) < 2D(p;).

10.D.2 Results for unichain Markov reward processes

The first lemma is a duplicate of Theorem II.1.

Lemma III.41 (Unichain gain variations). Let (1, p;) and (ry, p5) two Markov reward processes.
Denote g;,h; the gain and bias functions of (r;, p;) for j =1, 2. Assume that sp(g;) = 0. Then:

g2 —&1lloo < llra—11lleo + %Sp(hl)llpz —pall;-

If in addition, p; ~ p,, then sp(h;) can be changed to sp(h;|s,) where & is the collection of
recurrent states under p;.

Proof. This is direct adaptation of tutorial computation. Refer to the proof of Theorem II.1 for
details. O
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Lemma III.42 (Unichain invariant measure variations). Let p; ~ p, two Markov chains and
assume that p, is unichain.” Denote u; the (unique) probability invariant measure under p;. We
have:

— < min D(p; — )
o ullloo_jggg} (pj) llpz —pally

Proof. Fix s, € & arecurrent state. Consider the reward function r(s) = 1(s =s,), and denote
gj,h; the gain and bias functions of the Markov reward process (7, h;). Remark that g;(s) = u;(so).
By Lemma II1.38, we have sp(h;) < 2sp(r)D(p;) < 2D(p;). Continuing with Lemma I11.41, we

have:
lua(s) — w1 (s)l < D(ppllp2 — pally
for both j =1, 2. This concludes the proof. O

Lemma II1.43 (Unichain bias variations). Let (r;,p;) and (ry, p,) two Markov reward processes,
assume that p; is unichain and that p; ~ p,. Denote g; and h; the gain and bias function of (r;, p;)
for j =1,2. We have:

lhy —hylloo < 4D(P)Ire —11lloo + (ZD(PZ)SP(hl) + %S@(hi))llpz —pally

Proof. We start by bounding sp(h, —h;). Fix s, a recurrent state and consider the transform
p;. that makes s, absorbing as well as the reward function rJ’.(s) = 1(s # s0)(rj(s) — g;(s)).
Denote g]’. and h;. the associated gain and bias functions. From direct computations, we see
that gj’. = 0 and that h;.(s) = h;(s) —h;(sy), so in particular h; —h; €Re s0 sp(h;.) = sp(h;) and
sp(h; —h}) = sp(h, —h;). Moreover, h) and h/ are related as follows:

) Ty 1
Ry(s) =E* | D ry(S,)
t=1
T 1
<E:[7, J|ry—rill oo + B2 | D (&5, —Pa(SO)R
t=1

<R () +EP[ 7, |(IIrs = rilloo + 1182 — 811l o + 35P(RY)| [P, — P[5 )
< hll(s) + EEZ[T%](ZH’”z —71lloo + SP(hl)”P; —p/1||1)

where the last inequality is a consequence of Lemma I11.41 and sp(h/) < sp(h;). With the same

technique, we lower bound h;,(s) by h’, (s) with the same error term. Remark that EY (75,1 < D(p;).
So:

sp(hy —hy) = sp(hy — h}) = (R —h7)(Smax) — (hy — 1} )(Smin)
<2 D(pz)(2||rz —r1lleo + SP(hl)HP; _Piul)-
To transform the bound on the span to a bound on the norm, remark if u, v are two vectors

and q is a probability distribution, then |lu—v||o, < sp(u—v) +|q(u—v)|. Let u; the (unique)
invariant probability measure under p;. We have

(II1.126)

lhy — hylloo < sp(hy —hy) + |ua(hy — hy)l. (I11.127)

The left term of (I11.127) is taken care of with (I11.126) and we are left to bound |u,(hy —h{)|.
Remark that h}l., the 1-th higher order bias, is the bias of the Markov reward process (—h;, p j).

>Hence p, is equally unichain with the same recurrent class.
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We have:
1 rT—1
lua(hy —hy)| = |ughy | = TILTEO T EP2 h1(5t):”
| =1
1 rT—1
= Jlim — EP: ;(est— pl(st))h}] (111.128)
1 rT—1
= Tli)fglo T EP2 (pZ(St)_pl(St))h%] < %Sp(h%)npz —pall;.
| =1
Combining (I11.126), (I11.127) and (II1.128), we obtain the desired bound. O

10.D.3 Results for multichain Markov reward processes

We generalize the inequalities of the unichain setting to general multichain Markov processes.
The new difficulty is that in the multichain setting, a perturbation of the kernel changes the
probability of reaching a given recurrent component. The first result below is key. It is perhaps
surprising, because it shows that the reaching probabilities vary additively and not multiplica-
tively with respect to kernel modifications.

Definition II1.9. We say that two Markov chains are equivalent and write p; ~ p, if p; <K py < p;-

Lemma II1.44 (Reaching probabilities variations). Let p; ~ p, two equivalent Markov chains and
let #,..., S} the recurrent classes of p;. Let Too :=inf{t > 1:S, € #' U...U S} the reaching
time to one of the recurrent classes and ©; := inf{t > 1: S, € &'} the reaching time to . We
have:

|Pfl(7i < 00)—PP(1; < °°)| < jg{llir;}%Efj[Too] lp1 — pall;-

In case, the bound can be simplified using Efj[’roo] < D(p;).

Proof. Consider the reward function r(S;,S.;,) = 1(S, ¢ 5”1i and S, € ,5”{), providing reward
when the walk crosses the frontier between . and its & \ &}'. For j € {1,2}, we denote g;,h;
the gain and bias functions under the Markov reward process (r, p;). Since p; ~ p,, they have
the same recurrent classes, we have EF/[7;] < oo for j = 1,2 and g;(s) = 0. Therefore, for
s ¢ #, we have:

hj(s) := lim EJ'[r(S1,85) + ...+ 7(Sr-1,51)]

T—1
= Tlingo EEJ[Z 1(S; ¢ & and Sy, € y;)]

t=1
T—1
— 1; Pj L
= lim E; [; (r,=t+ 1)]

T—o0

T—1
= lim ZPfj(Ti =t+1)=P(2< T, < OO)ZPfj(Ti < 00)
t=1

where the last line use that s ¢ 5/’1i. For s € ,Yli, we have p;(s) = 0. Our goal is therefore to
bound h,(s) with respect to h,(s). For s ¢ 5”;, we have:

t=1

T—-1
hy(s) = TILHC}O Efz |:Z (S, St+1):|
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-1 T—1
@ lim EPZIZE(eSt — pl(St))h1:| = hy(s) + lim Efz[;(pz(st)—pl(st))hl

where (1) follows from Poisson’s equation. We are left to bound the RHS. Observe that once
S, belongs to one of the recurrent components of p;, every state s’ that is reachable under p,
satisfies h;(s’) = 0. Because p; ~ p,, this is also true for any state that is reachable under p,.
Therefore:

< 3EP2[ oo IsP(h1)lIP2 — P1lly < 3EP [T oo ] P2 — pall-

T—1
Tli)ngo EEZ [Z(Pz(st) - pl(St))h1:|
t=1

In other words, |p;(s) — p,(s)| < %Efz[roo]. Because j = 1 and j = 2 play a symmetric role,
EP2[7 ] can be changed to EP'[7 ]. O

Lemma II1.45 (Multichain gain variations). Let p; ~ p, two equivalent Markov chains and let
A, -+, S the (common) recurrent classes. Let T, :=inf{t > 1:S, € H U...U S} the reaching
time to one of the recurrent classes. We have:

g2 = 1llco < Irs—rilloo + min 3(maxsp(hyly,) + 3KE 7o ip —pil

In case, the bound can be simplified using %(maxi sp(hjls) + %kEfj[Too]) <1+ %rk)D(pj).

Proof. Lets € &. We have:

() = Ig(s) — g1(5)|
k k

<D PP2(1; < 00)gy(H)— D PP(T; < 00)g,(H)
i=1 i=1

J
< > PP(7; < 00)|g5(H) — g1 (H)| +

J
> (PP(r; < 00) = PPi(1; < 00))g1()
i=1 i=1

@ J K
< D P27, < 00)(lIrs — rilloo + 35P(1 | )IIPs — P ll) + 3|(PP2(7; < 00) —PPi(7; < 00))

i=1

)
< 11y = 11lloo + 3(maxsplis 1) + FKE (7001 )lIp2 = pi s

where () follows by applying Lemma I11.41 to the LHS and (%) by applying Lemma I11.44 to the
RHS. O

Lemma II1.46 (Multichain invariant measure variations). Let p; ~ p, two equivalent Markov
chains and let &, . .., % the (common) recurrent classes. Let T, :=inf{t >1:S, € #U...U%}
the reaching time to one of the recurrent classes. Denote u;j(—|s) the asymptotic empirical distribution
of visits starting from s under p;. We have:

Vs€ 7, lua(—Is) = pn(—1leo < min 5(maxD(pyl,) + 3KE 70 Jip —pi s

In case, the bound can be simplified using %(maxi D(pjls)+ %kEfj[Too]) <(1+ %k)D(pj).

Proof. Thisis a consequence of Lemma I11.45 by considering the reward function r(s) = 1(s = s,)
for s, € & a fixed state, similarly to Lemma I11.42. Denote g;,h; denote the gain and bias
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function of the Markov reward process (7, p;). Remark that g;(sy) = u;(scolso). By Lemma IIL.45,
we have:

H2(6oolso) = (scoli)l < min 5(maxsp(hyl) + $KES [ 1) Ipa = pall.

Because ; is a recurrent class under p;, it corresponds to the optimal bias of a communicating
model, so by Lemma II1.38, we have sp(h;|y) < sp(r)D(pj|») < D(pjls). This provides the
desired bound. O

Lemma II1.47 (Multichain bias variations). Let (r;, p;) and (ry, p5) two Markov reward processes
with py ~ py and let S, ..., % the (common) recurrent classes. Denote g;,h; the gain and bias
functions of (r;,p;) for j=1,2. Let To, :=inf{t > 1: S, € A U...UHA} the reaching time to one
of the recurrent classes. We have

Ihy —hilleo < 6D(P)IIrs = r1llee + (7 + 3k)D(p2)D(P1) + 2D(p1)?)lIp2 — pll1.-
Following Lemma II11.39, when ||py — p1ll; < %pl)’ the quantity D(p,) can be changed to 2D(p,).

The result can be improved by more carefully tracking the Lipschitz constants throughout.
To lighten the typography — and because our application do not require an optimal result, we
overshoot the error term.

Proof. Fori=1,...,k, pick s} € % and denote % = {s,...,sk}. For j = 1,2, let pj the kernel
obtained by copying p; while making every s(i) absorbing, and set rJf (s) :=1(s & A)(r;(s)—g;(s)).
Denote g]f and h;. the gain and bias functions of the Markov reward process (rJ’., pg). Observe that
gj’. =0 and h;.(s(l)) =0 foralli=1,...,k. Moreover, the biases h; and h;. are linked as follows:

, T—1 , TyO/\T—].
/ . Pj . pj
i(s) = Clim E; [Z r;(st)]=g:ggEs D, (8 —g(s0)
t=1 t=1
Top—1
=E | > (r(50—¢,(5))

t=1

k
= hy(s)—E[R(S., )| = hys) = D P (7 < 00)hy(s)).
i=1
(ITI1.129)

In particular, sp(hg.) < 2 sp(h;) < 4D(p;) by Lemma II.38. We have:

Top—1 Top—1
h,(s) = EP> Z r5(St) SEEZ[T%]||r£—r{||OO+E§’2 Z (es[—pl(St))h’1
t=1 t=1

)

< () + B[ 75 ]([|r = 1]l oo + 35P(RD Py —P1],)

®)

< hi(s) +D(p2)(||r2 —T1lloo + 1182 — &1lloe +2D(p1)lIp2 _P1||1)
®)

< 1)+ D(py)(2lry — rilleo + (3 + 3K)D(p)lIps — p1I,)-

where (1) follows from Poisson’s equation, (i) bounds bias span and hitting times by diameter
and expands the definition of rJf, and (8§) invokes the (simplified version of) Lemma II1.45 to
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bound ||g; — g1llcc- With the same computations, we upper-bound h;(s) relatively to h}(s),
leading to the equation:

|Ry(s) =R} ()| < D(p2)(2llry = r1llo + (3 + 3K)D(p1)lIp2 —p1l1)- (II1.130)
Combining (I11.129) and (II1.130), we obtain:

() = |hy(s) = hy ()]

k
< |Ry) =Ry ©)| + | D (P27, < 00)ha(sh) — PP (7, < 00)hy(s1)
i=1

< |ys) =R ()| + | D PP(5, < 00)(hy(sh) —hy(s)))

e

,..
I
—

+1 ) (PP2(7y < 00)—PP1(1,, < 00))hy(s))

e

i=1

(1)
< 6D(py)llry —11lleo + ((7 + %k)D(Pz)D(Pﬂ + %Sp(h%))npz —plh

@)
< 6D(py)llry —11lleo + ((7 + %k)D(Pz)D(Pl) + 2D(P1)2)||P2 —rlh

where (1) is obtained by bounding the first term with (I11.130), the second term with Lemma I11.43
and the third term with Lemma 111.44; and (%) follows from sp(h]) < 4D(p;)* by applying
Lemma II1.38 twice. ([

10.D.4 Sensitivity of near optimal pairs and Bellman gaps

The gain gap A, is given by A (M) := min{||g*(M) — g,(M)|los : © ¢ II"(M)}. The worst
diameter of a communicating Markov decision process M is the worst diameter of its stationary
deterministic policies (see Definition II1.8), i.e.,

D, (M) := mal%(D(pn) < 0o (I11.131)
e

The worst diameter provides a simple description of the sensibility of Z; and Af to model
modifications.

Proposition II1.48 (Sensitivity of Z). Let M € .# and fix € € (0, %Ag(M)). For all M’ such

that:
1

' 3¢ _. €
||M M” S 1 . 5
1+(1+3&1)D(M)  Co(M)

we have Z: (M') = Z*(M) and IT*(M") = IT*(M).

(II1.132)

Proof. Define C(M) := 1+(1+%|9|)D*(M). For every policy 7 € m, it follows from Lemma I11.45
that:

18-(M") = g,(M)llo < I, = allo + (1 + 512 1)D(p)IIp, — polI* < C(M)||M'—M]|*.
For € < %Ag(M) and C(M)||M'—M||* < %6, every policy satisfies:

18-(M") = g" (M )lloo < llgr(M") — gr(M)lloo + lIg"(M") — §*(M)lloo + 18 (M) — " (M)l 0o
< llgn(M)—g" (M)l + €.
Therefore, every optimal policy of M is e-gain optimal in M’, meaning that Z¢ (M') 2 Z**(M).
Also, with similar computations, we find ||g,(M") — g* (M)l oo = l|g(M)— g*(M)||oo — €. SO
every e-gain optimal policy of M’ is 2e-gain optimal in M, and since 2e < A, (M), 2¢-gain
optimal policies are gain optimal in M. So Z¢,(M") C Z*(M). O
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Proposition II1.49 (Sensitivity of A). Let M € 4 and fix € € (0, 3A,(M)). If C,(M)||M’' —
M||* < €, then:

[RE(M") = h* (M)l oo < (18 + | ND(M)? M’ = M|[* =: C(M)|IM" = M|*; (II1.133)
[AS(M") — A*(M)loo < (1 + 2D, (M) + 2C,(M) + 2C,(M))|IM’ — M]|. (111.134)
More simply, h and A are locally O(D,(M )2)-Lipschitz for ||—||*.

Proof. Since C,(M)|[M’—M]||* < 1, unfolding the definition of C,(M) (Proposition II1.48) we
see that D(p’.) < 2D(p,,) for every policy, see (I11.125) and Lemma I11.39. By Lemma II1.47, for
every policy 7’ we have:

[ (M) =R (M|, < 12D(p)IIF,, — Trlleo + (18 + 1 DD (P ) 1P, — Pl

(II1.135)
< (18 +|ND(M)* M’ —M][".

Introduce C,(M) := (18 + |.&|)D,(M)?. By Proposition II1.48, we know that since Co(M)IM’ —
M||* < e, IT{(M') = IT*(M). Pick € IT*(M"). Using (II1.135), we find that, for all s € #,

h(s,M") < h(s,M)+ C,(M)|IM' — M||* < h*(s, M) + C,(M)||M’ — M ||*
where the second inequality uses that 7 is gain-optimal in M. So hf(s,M’) < h*(s,M) +
C,(M)||M’—M]||*. Moreover, by picking 7 has a bias-optimal policy of M, we see that 7t € (M 0
and invoking (I11.135), we obtain h(s, M') > h*(s, M) — C,(M)||M’ — M||*. Accordingly,
[rs(M) =R ()|, < CLDIM’ — M. (IIL.136)
Therefore,

() =1A(s,a, M) — A*(s,a, M)l oo

<llg"M) = g" (M)lloo + IR{ (M) = K" (M)lloo + I = Tlleo + 11p"(s, )R (M) — p(s, R (M)l oo

<llg"M") = g"(M)lloo + 2/1h5(M") = h* (M)l oo + I = rll oo + sp(R*(M)IIP — Iy
< (1 +sp(h*(M)) + 2C, (M) + 2C,(M))||M" — M|*.

Conclude by bounding sp(h*(M)) by 2D,(M). O
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Part IV

Local Regret Considerations

In this last part, we focus on the local behavior of algorithms. It starts in Chapter 11 with the
observation that optimistic methods, such as UCRL2 Auer et al. (2009), tend to play sub-optimal
actions for arbitrarily long periods of time infinitely often. These bad periods of play are tracked
with exploration times, leading to the design of a new learning metric that called the regret
of exploration, and show that existing optimistic algorithms have linear regret of exploration,
which is the worst possible. In Chapter 12, we address the poor regret of exploration guarantees
of optimistic methods by revising how episodes are managed in the first place. We suggest the
performance test (PT) to reduce the duration of episodes of sub-optimal play. This solution
is simplified in Chapter 13 to the vanishing multiplicative condition (VM) and we discuss
the ideas behind the proof, that are related to the local behavior of confidence region in the
asymptotic regime of algorithms. Chapter 14 goes further, by investigating to which extend
the management of episodes can be improved. To this end, Chapter 14 focuses on stochastic
bandits where episodes are unnecessary and shows that optimistic methods, such as UCB Auer
(2002), have infinitely many bursts of suboptimal play despite being episode-less. This property
is generalized to a broader class of index algorithms and it is shown that this behavior can only
be avoided with a form of randomization. This all is studied using the sliding regret, a new
learning metric which is finer than the regret of exploration.
This part is a combination of three papers.

Boone, V. and Gaujal, B. (2023b). The Regret of Exploration and the Control of
Bad Episodes in Reinforcement Learning. In Krause, A., Brunskill, E., Cho,
K., Engelhardt, B., Sabato, S., and Scarlett, J., editors, Proceedings of the 40th
International Conference on Machine Learning, volume 202 of Proceedings of
Machine Learning Research, pages 2824-2856. PMLR

Boone, V. and Gaujal, B. (2024+). Local regret guarantees in average reward
markov decision processes. To be submitted

Boone, V. (2023). The Sliding Regret in Stochastic Bandits: Discriminating Index
and Randomized Policies. arXiv:2311.18437 [cs, eess, math, stat]

The regret of exploration and the performance test (PT) are due to Boone and Gaujal (2023b),

and the more mature analysis and episode rule (VM) to Boone and Gaujal (2024) which is yet to
be published. The last Chapter 14 is adapted from my paper Boone (2023).
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Chapter 11

Exploration Episodes and the
Regret of Exploration

The story begins right where Part II stopped. In Part II, EVI based algorithms where introduced
as a robust solution to average reward Markov decision processes. Such algorithms periodically
compute an optimistic policy out of a confidence region that they deploy until it becomes
obsolete. Because algorithms are supposed to be run, let us run the most classical one: UCRL2
from Auer et al. (2009).

—— UCRL2 —— UCRL2
2000 1 20001

1500 + 1500 4

1000 1000

500 q 500

0

T T T T T T T 0 T T T T T T T
0 25000 50000 75000 100000 125000 150000 175000 200000 0 25000 50000 75000 100000 125000 150000 175000 200000

Figure 11.0.1: (On the left) The first order regret of UCRL2 Auer et al. (2009) on a random
10 state 2 action model, one run. (On the right) The same run, with highlighted periods of
sub-optimal play.

The run is pictured on Figure 11.0.1 and is typical of UCRL2; We observe a first phase where
the first order regret grows linearly and a second phase where the algorithm periodically alter-
nates between periods of optimal play (where the regret is constant) and periods of suboptimal
play (where the regret grows). Rather remarkably, even on the simplest model (a two-armed
bandit), the periods of sub-optimal play of UCRL2 are increasingly large. In practice, UCRL2
eventually plays sub-optimal actions for arbitrary long period of time. As we will discuss shortly,
this behavior is built in by the way episodes are managed.

In this part and the next Chapters 12 and 13, we patch this behavior.

Some will genuinely ask why this behavior should be patched in the first place; Especially
if the regret guarantees are already satisfying. The answer is twofold. First, most theoretical
guarantees are in strong probability or in expectation when, in many practical scenarios, al-
gorithms are only run once. For consistency purposes, sub-optimal actions must be explored
infinitely often yet with UCRL2, this exploration is not sporadically spread during play, but rather

193
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concentrates in burst of suboptimal play that grow uncontrollably. Any service that is run using
UCRL2 will display infinitely many periods of time when the quality of service drastically drops
that, if rarer and rarer, take longer and longer.! Second, this question happens to be fruitful.
It leads to the analysis of the almost-sure regimes of optimistic algorithms and to the local
behavior time-wise behaviors of their confidence regions.

Overall, while Part IT was focusing on the way the optimistic policy was computed and on
the right choice of confidence region, the present chapter focuses on the episode rule, that
decides when the policy should be changed. In most of the literature derived from UCRL2 Auer
et al. (2009), episodes are updated using the doubling trick (DT):

tipy =inf{t > t; : Ja € F(S,),N,(S;,a) = 1V 2N, (S;,a)}. (DT)

In view of (DT), the observations of Figure 11.0.1 appear obvious. By design, the episodes of
an algorithm using (DT) are increasingly large. So if the algorithm uses sub-optimal policies
infinitely often, these “bad” periods of time grow in size. First, in Section 11.1, we address the
increasingly burdensome lack of formalism concerning these “bad periods” and introduce the
notion of exploration times. Then, in Section 11.3, we introduce a new learning metric that
measures the worst regret at exploration times, the regret of exploration. Under this formalism,
we show that UCRL2 and its variants (Part IT) have a linear regret of exploration, then suggest
ways to fix the issue by providing alternatives to the doubling trick (DT).

11.1 Exploration episodes and regret of exploration

Because we are now interested in how the regret scales locally, we overload the regret and first
order regret notations by taking the initial time into account:

7'—1 /-1
Reg(7,7):=(v"—1)g" — Z R, and FOReg(t,7'):= > A*(Z,) (IV.1)
t=7 T

t=

where 7,7’ are stopping times of the natural filtration satisfying T < 7’. In the whole Part IV,
we focus on the study of episodic algorithms, generalizing the architecture of Algorithm II.1,
see Algorithm IV.1. Such algorithms periodically update a policy ¥ that they play for a period
of time {ty,..., t,4; — 1} determined by some episode rule.

Algorithm IV.1 The architecture of episodic algorithms
0.

1: k « 0, initialize 7
2: fort=0,1,...do
3:  if current policy n* is obsolete then

4: Update policy 7¥;
5: k—k+1;

6: tp < t;

7:  end if

8: m, « mk;

9:  [Iterate m,, i.e., play A, ~ m,(—|S,), observe reward R, and transition S, ;
10: end for

Regarding Figure 11.0.1, one attempt to measure the regret endured when the algorithm
explores is to measure the regret starting from episodes when the algorithm drops an optimal

1Some will ask which services are run with UCRL2. I am not aware of any.
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policy for a sub-optimal one, i.e., at times
{t,: 7" e I*(M) and =* ¢ (M)} (IV.2)

While (IV2) captures the intention, it is not mathematically convenient and lacks many intuitive
properties that one wishes it would have. The main concern is that it fails to capture the idea of
exploration, and the main reason is that deployed policies can be partially optimal and multi-
chain. For instance, the algorithm may drop a globally gain optimal policy for a sub-optimal
policy 7 that is actually gain optimal from the current state, i.e., g*(S,; M) = g™(S,; M) but
g™ (M) < g*(M). The converse can also happen, as we want to track what happens when the
algorithm drops a policy that was optimal from the current state (but no necessarily globally)
for a policy that is sub-optimal from the current state. For these reasons, the final definition of
exploration times (Definition IV.1) is slightly more complex than (IV.2).

Definition IV.1 (Exploration). An episode k is an exploration episode (and t; is an
exploration time) if the two conditions below are satisfied:

1) g'M) = g”H(Stk ; M), i.e., the previously deployed policy was optimal from the
current state;

(2) There is g € Reach(rck,Stk) \ Z*(M), i.e., there exists a sub-optimal pair that is
reachable from the current state under the current policy.

The set of exploration episodes is denoted Ay,

Remark that when the underlying model is recurrent, the exploration times given by Defini-
tion IV.1 are equivalent to those defined using (IV.2).

We will commonly pick an enumeration t;;) of ¢, where k(i) denotes the i-the exploration
episode and t(; is the associated i-th initial exploration time. Formally, ty) := inf #,

and tyiq) := inf{ty > ty) @ k € Ay} We then define the regret of exploration as the
asymptotically worst regret at exploration times.

Definition IV.2 (Regret of exploration). Let (ty;)) the enumeration of exploration episodes.
The regret of exploration is given by:

RegExp(T) = RegExp(T; M) := limsup EY[Reg(tq); tuy + T) |- (IV.3)

i— 00

The regret of exploration is well-defined only if there are infinitely many exploration times
t(iy» and this is not always guaranteed. There actually exist models where exploration is
somehow unnecessary, making them conceptually easier to learn than bandits. As a matter
of fact, these models are precisely those such that the regret lower bound (Part III) satisfies
K(M;.#) = 0. Such models are discussed in Section 11.2. When K(M;.#) = 0, there is
no guarantee that the number of exploration episodes is infinite in general. The regret of
exploration may be ill-behaved when episodes are too short, because the performance observed
during a short episode may be decorrelated from the actual performance of the deployed policy.
In Chapter 12, we explain why optimistic algorithms cannot afford too many episodes. So,
such cases will be cast out by assuming that there are sub-linearly many episodes, i.e., that
|4 (T)] = o(T).
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11.2 Explorative Markov decision processes

When the enumeration of exploration episodes (t;(;)) is almost surely finite, the regret of
exploration is the limsup of a finite sequence of non-negative quantities, which is arguably zero.
When this is the case, the regret of exploration is not an interesting metric. In this section, we
look at when this can be the case.

11.2.1 A Markov decision process where UCRL2 has constant regret

There exist models that can be learned within a finite exploration phase. This is the case when
the model dependent regret lower bound satisfies K(M; .#) = 0, for which Theorem II1.14
essentially guarantees that regret rates of o(log(T)) can be achieved. For such models, the
sub-optimality of sub-optimal actions can be checked only by visiting optimal pairs Z**(M). In
fact, for such models, we can find consistent learners achieving regret O(1). Such learners are
specifically designed optimistic algorithms with finitely many exploration episodes. To the best
of our knowledge, there is no mention of such cases in the literature.
We discuss the example displayed in Figure 11.2.1.

Figure 11.2.1: An example of model where Cnf(M) = @ and where the regret of exploration
may be null. There is a single choice of action in all states except at the marked state (x)
where there are two actions (dashed and solid lines). Under any state, a choice of action
deterministically leads to the state indicated by the arrow. Rewards are Bernoulli, with means
indicated by labels.

Consider . the class of models induced by M of Figure 11.2.1 by allowing for different
reward parameters (still Bernoulli) and with the same transition kernel. We consider running
UCRL2 Auer et al. (2009) on M = (r,p, %) while giving it the transition kernel p as prior
knowledge — making the algorithm very similar to the UCYCLE algorithm of Ortner (2010)).
While it is known that UCRL2 has O(log(T)) regret in general, it is O(1) on the model of
Figure 11.2.1.

Proposition IV.1. If UCRL2 is given the transition kernel of the model M of Figure 11.2.1,
it achieves O(1) expected regret.

The idea of the proof is actually simple. On M, there are two possible policies, either looping
on the 5-cycle or the 3-cycle. But by looping on the 5-cycle, the algorithm learns its rewards
very well, hence can claim that the 3-cycle’s average reward is upper bounded by %
because unknown rewards are bounded by 1. This is smaller than a lower bound for the 5-cycle
09+09+0.9+09+0.17¢ (where €, is vanishing with t). Therefore, the algorithm has no need to visit
the dashed arrows infinitely often. Interestingly, this example is robust to reward perturbations,
meaning that it is non-degenerate in a sense that we make precise below (Definition IV.3).

We consider the version of UCRL2 adapted to models with deterministic (known) transi-

tions and Bernoulli (unknown) rewards, so that the confidence region .#, on the model is
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identified to the confidence region %, on reward parameters (the parameters of the Bernoulli
distributions). The algorithm given below relies on Hoeffding-type confidence bounds on re-
wards. The call EVI(Z, €) returns a policy achieving e-optimal gain on £, see Algorithm I1.3.
We write g7™(s; Z) := supy s g"(s; M) and g*(s; #) := sup,, g"(s; Z) the optimistic gain (see
Definition I1.2).

Proof of Proposition IV.1. The fact that UCRL2 is consistent on M is a well-known result. Indeed,
it is known that its regret is O(+/SAT log(T)), see Auer et al. (2009) and Ortner (2010). We
focus on proving that it has bounded regret on the model M given in Figure 11.2.1. We will
work with a labeled version of Figure 11.2.2, see Figure 11.2.2.

Algorithm IV.2 UCYCLE: UCRL2 for determin-
istic transition models

0.9% QL% Ry = ]_[{f(z) €[0,1]: 7(z) < f(2) + 1/ —21ﬁv§<(§;‘f)}
o @w <

/ 1: k « 0, initialize n°;

0.9%

Y

N W

[+ uk «— EVI(2,,€,,07);

*

Figure 11.2.2: A Markov decision process on which a version UCRL2 specialized to deterministic
transition models (known as UCYCLE, see Ortner (2010)) has bounded regret.

| o
o n_><5> 2: f01:t=0,1,'...d0
0.1&05 © 05 . if (DT) triggers then
— 4:
3/ 5 nk — any m s.t. £,(uf) = zt”(uk);
6: ke—k+1;t, «t.
7:  end if
8 Set 71, « ¥ and iterate ,.
9: end for

The model M is accordingly identified with its reward vector r. Remark that the only pair
with positive Bellman gap is (1, ) with Bellman gap A*(1,T) < 1. The regret is therefore
upper-bounded by |{t < T : m, = n~ }| and we are left to control the number of times the sub-
optimal policy 7t~ is being played. A simple property induced by the doubling trick (DT) is that
tre1 < 3ti. Hence, if m, = 7™, then there exists t’ € [%t, t] such that ©~ is the result of EVI,
ie., g™ (B)>g" (B)++.

Let ¢ := 3. 2202409409401 _ 5 — (.22, which is the threshold on the reward that one should
have on (0, %) in order to make 7~ better than 7*. Since

g" (#,) < %(2+ #:(0,%) + '\ %) and g% (®,)>1(re®,)g" (r),

we have:

(*):=E|:|t2 1: nt#n_u

t
<300+ . > P(g" () > g™ (Re) + 1)

t>300 t'=t/3

<300+ ;;O ;S(P(f»ﬂ(o, )+ \ % > 0.21) +P(r ¢ gz(t’)))_ (IV4)
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For the first term, remark that N, (0, ) > %t’ almost surely when t’ > 5. For t’ large enough so
that 4/10log(SAt’)/t’ < 0.01, we have

. 21log(SAt")
=P #,(0,%) +\| =2 > 0.21
(+4) (rt( 9\ o )
< P(Eln € (L, '] : Nu(0,%) = n, o (0, ) + 1/ 284D . ¢, 21)

< > P(N(0,) =1, 7,(0,4) = (0, %) > 0.2)

—1.
n=szt

S 8 _ exp(—6250t) _ 1
<2 exp(_mooo”) " 1—exp(—p2 )_O(eXp(_mt )

n=1¢' 1250

For the second term, we have

P(r ¢ 2(11) = P(Hz, [P (2) = 12| > %)
<ZZ (Nt’(z) n, |t (2) —r(z)| > \Jm)

z n=1

< ZSAZ exp(—4log(SAt") - n)
=1
25A 1 4

< : < =0(t™).
(t/SA* 1—(t/SA)Y* = (SAPRt"

Overall, injecting it all in (IV4), we obtain E|t > 1 : 7, # m~| < 0. Accordingly, E[Reg(T)] =
O(1) on M. O

11.2.2 Explorative sub-spaces and exploration times

Proposition V.1 suggests that given a class .# of models, there may be consistent algorithms
such that E¥[Reg(T)] = O(1) over large sub-spaces of .#. Such algorithms use sub-optimal
policies finitely often, hence %y, is almost surely finite and there are finitely many exploration
episodes. This motivates the following definitions.

Definition IV.3 (Non degeneracy). A model M = (r,p) is said non-degenerate if there
exists € > 0 such that, for all r’ € RZ with ||r’ —r||o < €, the model M’ = (r/, p) satisfies
Z*(M') = Z*(M). In other words, if Z* is locally robust to reward perturbations at M.

Definition IV.4 (Explorative models). Given a space of Markov decision processes ., its
explorative sub-space .# " is the set of non-degenerate models M € ./ such that every
algorithm (1) with sublinearly many episodes and (2) which is consistent on .#, has infinitely
many exploration episodes almost surely.

Non degeneracy goes back to Boone and Gaujal (2023a) and corresponds to models for which
bias optimality can be correctly identified with arbitrary level of confidence. Theorem IV.2 below
provides a complete characterization of exploration sub-spaces, linking them to the confusing
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set. The main take-away from this result is that the regret of exploration is interesting to study
whenever there is something to learn that cannot be learned with bounded regret.

Theorem IV.2. Provided that M is non-degenerate, the following are assertions are equivalent.

1) M¢at;
(2) Cof(M; 4")=;
(3) K(M;.#)=0.

The equivalence between (2) and (3) follows by definition of the K(M), see Theorem IIL.5.
What we are interested in is (1) = (2) or, equivalently, the converse (2)° = (1)°, namely that if
the set of confusing model is non empty, then every consistent algorithm with sublinearly many
episodes has infinitely many exploration episodes. The result is established under a technical
assumption that is hard-coded in the definition of explorative sub-spaces, stating that there are
sub-linearly many episodes. This condition is arguably mild, because most of state-of-the-art
algorithms are made so that the number episodes grows sub-linearly (in fact polylogarithmically,
if possible). The inverse implication (2) = (1) is of second order importance and won’t be
shown in these pages, see Boone and Gaujal (2024) for a proof.

Proposition IV.3. Let M € .# a non-degenerate model with Cnf(M) # @. Every episodic algorithm
which is (1) consistent and (2) with sub-linearly many episodes (in expectation) has infinitely many
exploration episodes with probability one.

This result is surprisingly difficult because of its generality. Recall that k > 1 is an ex-
ploration episode if (1) g*(M) = g(nk,Stk,M) and (2) Reach(nk,Stk,M) NZ (M) # O, see
(Definition IV.1). In order to show that there are infinitely many exploration episodes, we have
to show that the learning process alternates infinitely often between periods of times when the
played policy is gain optimal, and others when there is a reachable sub-optimal pair. (STEP 1) is
a preliminary technical fact. In (STEP 2), we show with (IV.8) that the process spends infinitely
many times on the recurrent part of a gain-optimal policy. In (STEP 2), we show with (IV.9)
that the process must play sub-optimal pairs infinitely often. Combining both in (STEP 4), we
show that the number of exploration times is infinite, and each are finite with probability one.

| Notation. If 7 € 1, we write Rec(7) the set of states that are recurrent under 7 on M.

(STEP 1) For all model M € #, there exists a constant C(M) > 0 such that whatever the driving
mechanism, we have:

T
EM [Z(g*(st,M) — g™ (S, M)+ 1(S, ¢ Rec(r,))) | < EM[Reg(T)]+C(M)EM[|# (T)|]. (IV5)
t=1

Proof. In the proof below, we drop the dependency in M in the notations. If = € I1, we denote
Rec() the recurrent states of 7t in M. We have:

(x) = E[Reg(T)]
T
= E[Z A*(Zt)]
t=1

’ T
® E[Z(g*(st) —1(Z)+ (es, —p(Z)))

t=1
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T
> E[Z(g* — r(zt))] —sp(h*)
t=1

) [ (T tgp1—1 | (T tgp1—1
ZE[ > > 1(sfeRec(nt))(g*(st)—r(zt))}—E[ ST 3T A, ¢ Rec(m,) | —sp(h)
k=1 =t k=1 t=t;
x Y g

where (1) uses the Bellman equation h*(s) + g*(s) = r(s,a) + p(s,a)h* + A*(s,a), and (&) uses
that g*(S,) —r(Z,) = —1. We bound A and B separately. Let D, := sup, sup, E'[inf{t >1:S, €
Rec(m)}] < oo the worst hitting time to a recurrent class in M. We have:

AT a1
B= E[ Z Z inf{t >t : S, € Rec(ﬂ:k)}] < D.E[|#(T)|]. (IV6)
k=1 t=ty

Meanwhile, introduce t; := t;; Ainf{t > t; : S, € Rec(n%)} and H := sup,, sp(h”™) < oo the
worst bias span. We have:

| A (T trs1—1
A=E| D> > (8(S)—r(Z))

k=1 t=t;

, | (T)] trgr—1
1)

Dl 73 (6760870 + () —es i)

k=1 t:t]’(

~

[ (D)) =1
>E| > D (780~ g™(S) |~ HELH(T)I]

k=1 t:t;

T
>E Z(g*(sf)—g“f(st))] — HE[|%(T)]] (7)
t=1

where () uses the Poisson equation h”k(s) + g“k (s) = r(s, m*(s)) + p(s, nk(s))h”k and (%) that
2"(S;) = g™(S,) for all t > 1. Combining (IV.6) and (IV.7), we get:

T T
E| ) (&7(S) —g”f(St))] + E[Z 1(S, ¢ ReC(ﬂt))] <Reg(T) + (2D, + H)E[|#(T)|].
= t=1
Conclude the proof by setting C := 2D, + H < 00. O

(STEP 2) Assume that the algorithm is consistent and has sublinearly many episodes in expectation.
Then:
P(VT,3t>T:g"(S,,M)=g"™(S,,M) and S, € Rec(m,)) =1. (IvV.8)

Proof. Assume on the contrary that P(VT,3t > T : g*(S,, M) = g™(S,, M)AS, € Rec(m,)) =1—-6
with & > 0. Accordingly, there exists T, > 1 such that:

P(Vt> Ty, g5 (M) > g7(S,, M) or S, ¢ Rec(m,)) > 15.
Let A, :=min{g*(s, M) —g"(s,M) : t €Il,s € &, g*(s, M) > g"(s, M)} the gain-gap of M. We
have A, € (0,1] and thus:

T T
() :=E| D (g"(5,, M) —g“t(st,M))] + E[Z 1(S, ¢ Rec(nt))]
t=1 t=1
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T
> ALE Z 1(g*(S;, M) > g™(S,;,M) or S, ¢ Rec(m,))

t=1
= Ag(T — To)P(Vt = Ty, g%(S;, M) > g"(S;, M) or S, & Rec(,))
> 3N 6(T —T,) = QT).

Meanwhile, we know that E[Reg(T)] = o(T) and E[|-# (T)|] = o(T), so that by (STEP 1) (IV.5),
we also have (%) = o(T), a contradiction. O

(STEP 3) If Cnf(M) # &, then every consistent algorithm satisfies
PM(YT,3t>T:A%(Z,)>0)=1. (IV.9)

Proof. On the contrary, assume that PY(VT,3t > T : A*(Z,) > 0) = 1— 6 with § > 0. Accord-
ingly, there exists m > 1 such that:

%5SPM(Vt>m:A*(Zt)ZO)SPM(VtZ1: Z Nt(z)Sm). (IV.10)

z€¥— (M)

We show that z € £~ (M) can be changed to z ¢ Z**(M) in (IV.10), see (IV.11). To see this,
introduce the reward function f(z) := 1(z € Z**(M)) and let g/, h/ and A/ the respective
gain, bias and gap functions of the optimal policy ©* of M (defined by n*(s) = a the unique
a € .(s) such that (s,a) € Z*(M)) under reward function f and kernel p(M). Remark that
g/ (s) =1 for all s € & and that, by construction of n*, Af(z) = 0 for all z € Z*(M). Denote
Hf = sp(hf) \Y maXZ|Af(z)|. We have:

T

> N(T) =D f(Z)

zeZ* (M) t=1

3 T
D31+ (e5, — P2 —A7(2,)
t=1 . r
>T—H =Y A (Z)+ Y (es,, —p(Z)h'
t=1 t=1

T T

®

>T—H —H ) 12 ¢ 2° (D)) + D 1(Z, ¢ 27 ())(es,., — p(Z))R

t=1 t=1

where (1) uses the Bellman equation 1 + h/(s) = f(s,a) + p/ (s,a)hf + Af(s,a), and (¥) that
hf(s) = 0 for all (s, n*(s)) € Z**(M). For %' C %, denote N;(Z') := Y. _, Ny(2). The first
sum is equal to Zthl 1(Z, ¢ Z*(M)) = N;(Z (M)). The RHS of the above equation is bounded
using a time-uniform Azuma-Hoeffding inequality (Lemma 1.22), showing that:

IA

o

1
4

T
P(HT > 1,310z, ¢ 2 00)es,,, —pZW <—H |/ NT(%*(M)c)log(—‘wf"”**%”””)))

t=1

Using that N (Z**(M)°) = T — N;(Z**(M)), we obtain that, with probability at least %5 , for all
T > 1, we have:

T —Np(Z*(M))>T—H (1+ Ny (2 (M) —H \/NT(%*(M)C)1Og(4NT(9f;*(M)C))

>T—H(1+m)—H \/ Ny (2 (M) log( 22 A0,
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Rearranging terms, we get that with probability at least %‘5 ,forall T > 1, we have:

Np (2" (M) < HY (14 m o+ /Ny (2 () log(N, (2 M)) + /Ny (M) og(F) ).

Denoting n := N;(Z**(M)), we have an equation of the form n < a + $4/nlog(n) + v+/n.
For n > 3, nlog(n) > n hence we can simplify the upper-bound to n < a + (f + v)+/nlog(n).
Dividing by log(n) > 1 and setting m := n/log(n), we get m < a + (8 + v)+/m, and simple
algebra leads to:

=m<2(a+(B+7)*).
g =" (a+(B+7)%)
Further using log(n) < v/n, we get n < 4(a+ (3 +7)?)?. We conclude that there exists a constant
m’ such that:

PM(Vt >1, >, Nf(z)< m’) > 1s. (IV11)
z¢Z (M)

Now that (IV.11) is established, we finally derive a contradiction by relying on a change of mea-

sure argument. Let M € Cnf(M), which is non-empty by assumption. For short, the transition

kernels and reward distributions of M (respectively M ") are denoted p and r (respectively p* and

r). We introduce the log-likelihood-ratio of observations H, := (S,,A,,R1,...,A,_1,R,_1,S,) as:

( qs,a(Ri) ps,a (Si+1 ) )
q:;a(Ri) p:,a (Si+1)

It is known since Marjani et al. (2021) that if & is a o(H,)-measurable event, then PMT(é") =
EM[1(&) exp(—L(t))]. Since M < M, there exists a constant ¢ > 0 such that, for all z € %, we
have log[(rz(a)/r;(a)) . (pz(s’)/p;'(s’))] < log(c) with the convention 0/0 = 0. For z € Z**(M),
the LHS logarithm is null. Therefore, we have:

L(t)=L(H,) := Z Z 1(S; =s,A, = a)log

s,a i<t—1

PM*( 2 Nt(z)sm/):EM 10 D N(z) <m)exp(—L(t))
27 (M) z¢ o+ (M)

>EM | 1( Z Nt(z)Sm’)eXp(— Z Nt(z)log(c))

2% (M) 2% (M)
2 C_m/PM( Z N.(z) < m’) >c™m5:=68>0.
2¢ %+ (M)

Accordingly, the algorithm has probability at least 6’ to spend at most m’ visits outside Z**(M)
when running on M'. This will be in contradiction M" € Cnf(M) and the consistency of the
algorithm. Indeed, since M >> M coincides with M on %**(M), we see that the optimal policy 7*
of M has unique recurrent class (M) in M". Yet, n* ¢ [1*(M "), hence Z**(M)NZ~(M") # @,
i.e., there exists z € *(M) such that A*(z; M") > 0. We further link the number of visits of
this z to the total number of visits of Z**(M) with the same technique that the one used to
convert (IV.10) to (IV.11).

Introduce the reward function f(2’) := 1(z’ = 2), and let g/, h/, Af the gain, bias and gaps
functions of the policy 7* in M'. There exists € > 0 such that g/ (s) = € for all s € &. Letting
C:= sp(hf) V max,, Af(z’)| < oo. Forall T > 1, we have

T

T
Np(2)= > f(Z) =D (e+(es, — p(ZI) — A/(2))
t=1

t=1
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T
> Te—C — CNaquy (T) + Y (es.., —p(Z))hf

t=1

(;;) Te—C(1 +m’)—C\/Tlog(25—T) ~ Te.

where (1) holds with probability %5’ > 0 uniformly for T > 1, by invoking a time-uniform
Azuma-Hoeffding (Lemma [.22) to lower-bound the right-hand martingale. We accordingly
obtain, when T — ©0,

EM'[Reg(T)] 2 Led'A%(z; MNT = (T). (IV12)
So (IV.12) is in contradiction with the consistency of the algorithm. O

(STEP 4) If the algorithm is consistent, has sub-linearly many episodes, then for all M € _# such
that Cnf(M) # &, we have:

PM(VT,3t > T : g"(M) = g™(S,_;, M) and Reach(n,,S,,M)NZ (M) #@)=1. (IV13)

Moreover, the stopping times t enumerating the time-instants such that g*(S,_, M) = g™(S,_1, M)
and Reach(r,,S,, M)N % (M) # & are exploration times; Hence there are infinitely many of them
with probability one.

Proof. This is obtained by combining (IV.8) of (STEP 2) and (IV.9) of (STEP 3). We have:

PY(VT,3t > T : g*(S,_1, M) = g™(S,,M) and S, € Rec(r,)) = 1, and (v14)
PY(VT,3t > T : Reach(n,,S,,M)NZ (M) # Q) =1. (IV.15)

By non-degeneracy of M, if g*(S,,M) = g™(S,, M) and S, € Rec(,), then Reach(r,,S,,M) =
Z**(M) which is disjoint from 2~ (M). Define:

T, :=inf{t > 1: g*(S,, M) = g"™(S,,M) and S, € Rec(~,)},
Ty 1= inf{t > T,;_; : Reach(n,,S,,M)N%Z (M) # @},
Toip = inf{t > 7y, : g°(S,, M) = g™ (S;,M) and S, € Rec(m,)}

Then (7;) is an increasing sequence of stopping times, and by (IV.14) (IV.15) applied in tandem,
we show by induction that PM(7; < 00) =1 for all i > 1. By non-degeneracy of M, at t = T, 1,
the current policy is gain-optimal and the process is currently on the optimal class Z**(M).
Because Z**(M) is the disjoint union of sink components of Z*(M), hence the only way to
exit Z**(M) is by playing a z € & (M). Therefore, we see that for t = 7,;, we must have
g% (S;_1, M) = g™(S,_1, M) with 7t,_; # m,. Accordingly, every T,; are change of episodes that
are exploration episodes. O

This proves Proposition IV.3. |
The last part of Theorem IV.2, that (2) = (1), is deferred to the appendix. The main take-away
of this paragraph is the result below.

Corollary IV.4. If M € ./ satisfies Cnf(M) # @, then every consistent episodic algorithm
with sub-linearly many episodes have well-defined regret of exploration.

While Corollary V4 is enough to properly analyze the regret of exploration of optimistic
algorithms, I am still concerned about how difficult it is to satisfyingly define what is exploration.
For instance, the definition of exploration times requires the algorithm to be episodic and to
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maintain an internal policy that is used to navigate the environment. Without this internal
policy, it is harder to define what exploration is. Actually, even if the algorithm maintains an
internal policy, its performance may be decorrelated from how good this policy is, because the
internal policy may be too volatile. Asking for the number of episodes to grow sub-linearly
is a simple way to circumvent the issue, yet, I am not very satisfied with this solution. While
many existing algorithms fit the episodic framework described with Algorithm IV/1, episodes are
more of a matter of design than a matter of analysis or behavior, and the assumption on the
sub-linearity of the number of episodes is only to make sure that the two are related. In the
end, algorithms play actions, not policies. For instance, the algorithm ECoE (Algorithm III.2)
does not fit into the framework of episodic algorithms like Algorithm IV.1. Perhaps, the most
natural approach to exploration may be to claim that an exploration time should be a time
instant when the played pair is the first to be sub-optimal after a long time period of optimal
play. We immediately see that there is no canonical choice for the duration of the time period of
optimal play. One may choose it to be 0 and claim that any time instant when a sub-optimal pair
is played is an exploration time. Doing so reveals a troubling problem: The regret of exploration
of UCB Auer (2002) is then linear, although UCB is episode-less and is perhaps the algorithm that
emboddies optimism the best. This is why, in the definition of exploration times, we ask for the
previous policy to be optimal. This guarantees that the starting episode is “well conditionned”.
Removing this conditionning leads to a finer notion that I call the sliding regret, and this is the
subject of the last Chapter 14. This raises a new question, which is how poorly conditionned
we may choose exploration times, because the condition (1) of Definition IV.1 may be stronger
than required. While this direction seems interesting, it appeared disproportionally technical to
address a phenomenon that was never investigated in the first place. I have made the choice of
simplicity with restrictions over the difficulty of a completely general approach. Nonetheless,
this interesting direction can be outlined with the following questions:

How should the trajectory of play be decomposed? Can exploitation and exploration be
trajectorially isolated and distinguished? How can we describe and classify the various
shapes of first order regret curves? Can we quantify how sub-optimal play is spread
during a run?

We barely scratch the surface of these questions in Chapter 14. In the next few chapters, we
focus on the regret of exploration introduced by Definition IV.2.

11.3 The regret of exploration and the doubling trick

With Figure 11.0.1, we have observed that the regret at exploration times of UCRL2 seems
to increase overall. This follows from a much more general principle that is quite intuitive:
If a change of episode requires an increase of visit relatively to the initial visit count, and if
deployed policies do not play actions with vanishing probabilities (see (IV.16)), then the regret
of exploration grows linearly on recurrent models at least.

Theorem IV.5. Fix a pair space % and let ./ be the space of all recurrent models with pairs
%. Let f : N — (0, 00) such that lim f (n) = +00. Any .# -consistent episodic learner (7,)
satisfying:

Vk>1,3z€%, N, (2)>=N,(z)+f(N,(2)) G
dc>0,YVt>0,Y(s,a)e Z, mn.(alz)=corm,(alz)=0 )

has linear regret of exploration on the explorative sub-space of .#, i.e., for all M € #™, we
have RegExp(T) = Q(T) a.s. when T — oo.
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Proof. LetM € #*. By Theorem IV.2, |J€@Xp| = 00 almost surely. Denote (t;)) the enumeration
of exploration times. Because M is recurrent, every policy is recurrent on M thus Reach(m, M,s)N
% (M) # @ if, and only if g"(M) < g*(M), where s is an arbitrary state. From (IV.16), we see
that:

P(tlircr}o min{N,(s,a) : m,(als) > 0} = oo) =1. (v17)
It follows that liminf(t;)+1 — tx(;)) = ©©. In particular, for all T > 0, we have:

tk(i)+T_1
Q)
RegExp(T) > limsup| EFOM Z A*(Z; M) | —sp(h*(M))

[— 00 -
= =ty

(M

= tim sup((EC [ T min(u ™0 (M) Ajy, (M) = sp(D(, s M)) | —* (M)
11— 00

#

>Ta—p

where () follows from Proposition I.11; (f) is obtained by writing the Poisson equation of 7,
for the reward function f;(z) = 1(z = ;) where g; is any sub-optimal pair played by T, and (*)
introduces a := min, min(u™(M))A*. (M) > 0 and 8 =sp(h*(M)) + max, D(n; M) < co. [J

This applies to UCRL2 and more generally to all algorithms relying on the doubling trick
(DT) to manage episodes, where one can pick f(n) = nV 1. This includes UCRL2 Auer et al.
(2009), REGAL Bartlett and Tewari (2009), KLUCRL Filippi et al. (2010), UCRL2B Fruit et al.
(2020), SCAL Fruit et al. (2018), UCRL3 Bourel et al. (2020), EBF Zhang and Ji (2019) and also
PMEVT (see Chapter 7) (up to mild modifications of (IV.16) for a few of them). I conjecture that
Theorem IV.5 can be generalized beyond the recurrent setting, but a generalization of the proof
will encounter many technical challenges that are not especially interesting nor informative to
address, especially to cover weird exotic algorithms that do not exist.

Theorem IV.5 points out a disease: The local regret of the current optimistic algorithms
is ill-behaved, because the regret of exploration of these methods grows linearly. Like every
desease, we will attempt at curing it without too many side-effects. So, is it possible to alter
these algorithms and have sub-linear regret of exploration without hurting the minimax regret
guarantees? The answer is positive. This is achieved by changing the episode rule and is the
subject of the next chapters.



Chapter 12

Managing Episodes with the
Performance Test (PT)

In Chapter 11 with Theorem IV.5, the doubling trick (DT) has been shown to make the regret
of exploration grow linearly. This is much of a surprise since the doubling trick essentially
makes episodes double in size over time, and the phenomenon appears strikingly on experiments
(Figure 11.0.1). In this chapter, we present the Performance Test (PT) to manage episodes and
enjoy sublinear regret of exploration.

12.1 Managing episodes solely with optimism

The philosophy behind the performance test is purity: If the algorithm’s design is centered
around optimism, then optimism should solely drive the algorithm, and the doubling trick is
only but a trick that is completely artificial. After all, with the doubling trick, an episode ends
regardless of the data acquired during the episode and ends only because enough data have been
gathered. Instead, an optimistic learner should play a policy because it is an optimistic policy,
and only drop it because the policy is not optimistically optimal anymore. Caution is required
however, because in opposition to multi-armed bandits where episodes are not necessary (UCB
Auer (2002) is not episodic for instance), episode-less optimistic algorithms may endure linear
regret for Markov decision processes. By episode-less algorithms, we mean that t;,; :=t;, + 1,
hence that the policy is updated at every time-step. The necessity of episodes is discussed by
Ortner (2010) for UCYCLE, a version of UCRL2 specialized to deterministic transition models.

Figure 12.1.1: A degenerate model where optimistic algorithms must manage episodes
carefully.

The problem arises when the model is degenerate (Definition IV.3), for instance with the
model described by Figure 12.1.1. On this model, any gain optimal policy must either cycle
with (1,*) or with (2, *) because the Bellman gaps of the transitioning pairs (1, 1) and (2, )
are positive. In fact, Z**(M) = {(1, %), (2, *)} has two communicating components. In practice,
UCRL2 will hesitate between whether (1, *) is better than (2, *) or not. Ortner (2010) shows
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that the episode-less version of UCRL2 will travel from 1 to 2 and 2 to 1 linearly often, hence its
regret grows linearly.

Rather than changing episode as soon as the current policy is not optimistically optimal
anymore, we suggest to change it when it not optimistically optimal enough:

tigr := inf{t >ty 0 g7 (M) + f(T)e < g*(A,)} (PT)

where f : N — R, is a non-increasing vanishing function that quantifies how lazy the updates
should be and g(r, #,) and g*(.#,) are the policy-wise and global optimistic gain vectors (see
Definition I1.2). If f is sufficiently large, the back-and-forth behavior observed by Ortner (2010)
disappears, as established by Theorem IV.6. We call this new rule the performance test. Given
a standard optimistic algorithm (such as UCRL2), we use the suffix “~-PT” to indicate that the
episode rule is enriched with (PT).

There are two ideas behind the performance test. First, a sub-optimal policy cannot be
played for too long because its optimistic value should drop quickly; Hence (PT) should offer
better regret of exploration guarantees than (DT). Second, the sub-optimality tolerance f (t)
should be chosen correctly so that the number of episodes under (PT) remains under control
and no back-and-forth behavior (Ortner (2010)) is possible.

12.2 Guarantees of the performance test

The performance test accordingly promises that (1) the minimax regret guarantees remain the
same and (2) the regret of exploration guarantees are sub-linear. The sine qua non requirements
are regret guarantees and are treated first in Section 12.2.2. Regret of exploration guarantees
are investigated in Section 12.2.3.

For reference, the pseudo-code of UCRL2-PT is given with Algorithm IV.3. The confidence
region is chosen as a product of ¢,-balls of radius 1/ &,(z) that quantifies the optimistic bonus
and is of form +/Slog(Ct)/N,(z) by Weissman’s inequality (Lemma 1.23). The precise value of
C > 0 doesn’t matter much in the analysis, provided that the confidence region holds with high
probability.

Algorithm IV.3 UCRL2-PT

M, = {f 1Yz € %, |F(z) — 7, (2)]” < 1°,V%<(§§)} x{p: ¥z € Z,IIp)—p.()I} < £.(2)}
1: k « 0, initialize 7*;
2: fort=0,1,...do
if (DT) or (PT) then
4 uk — EVI(.4,,0,07);
5 n* « any 7 such that £,(u*) = ,%t“(uk)
6 k—k+1;t;, «t;
7:  endif
8
9:

Set 7, « n* and iterate 7,;
end for

Remark that the architecture of Algorithm IV.3 is closer to EVI-based algorithm (Algo-
rithm I1.2) than it is to UCRL2 alone. The pseudo-code of Algorithm IV.3 is straightfully adapted
to any EVI-based algorithm, providing KLUCRL-PT, UCRL2B-PT etc. However, the analysis is
specific to UCRL2 although it probably could be generalized.
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12.2.1 Minimax regret of UCRL2-PT

The regret analysis of UCRL2-PT is exactly the same than the one of UCRL2, and fit the optimistic
framework exposed in Section 6.4. Specifically, we obtain

Reg(T) < D(M)|#(T)| + o( DSAT 1og(§)) (V1)

provided the confidence region holds universally in time, i.e., that M € ﬂz:()l M, usually called
“the good event”. ! Picking a time adaptive confidence level 5(t) := %, one can also make sure
that (TV.1) holds in expectation for all T > 0. The number of episodes |#(T)| of UCRL2-PT are
left to be upper-bounded. This is done in the next section.

12.2.2 Number of episodes under (PT)

The number of episodes of UCRL2-PT are directly related to the slackness function f(T). If
f(T) is large, (PT) does not trigger often and (DT) manages most of episodes. If f(T) is small,
the number of episodes is subjected to be much higher. Theorem IV.6 provides a bound on the
number of episodes of UCRL2-PT. A notable difference from (DT) is that the bound holds with
high probability rather than with probability one.

Theorem IV.6. Introduce the good event &(T) as follows. Let &(t,t';z) :=

Upev@—pl < 4(Nu(2) — N(2))log(4SAt?/5)) and set &(T) :=
th—()1 tT,;i Lo E(t,t';2), where D...(2) is the empirically observed kernel at z

from time t to t’— 1. On the good event &(T), the number of episodes of UCRL2-PT up to
time T is upper-bounded by:

4D «/SToa(T) , | log(*4= ) log*(T)
I%(T)Is%;o)ngro DS2A Og( ;()T;g . (IV.2)

Sketch of proof. The doubling trick accounts only for logarithmically many episodes which
is negligible in front of the number of other episodes. We thus ignore episodes interrupted by
(DT). The fact that episode k ends at time t;,; implies that

k k+1
8" (M, )+ f(tr) g™ (M) (IV3)
Because 1t* is optimistically optimal at time t,, it means that over {t,, ..., t;,1}, either g(n*, #,)
or g(m**1, _#,) has varied by about f(t,,,). However, we know that the gain is D-Lipschitz by

Theorem II.1. Following this, we show that if © € {n*, 7¥"}, then

||gn('/ﬂfk+1)_gﬂ(‘/ﬂfk)”oo = D( ﬁ)tk+1 _ﬁfk”l + ||€tk+1 _gfk”oo)

Therefore, from (IV.3), we deduce that, over {ty,..., t;,;}, there must be a variation of (1) em-
pirical kernels P, or (2) optimistic bonuses &, of order at least D™ y/alog(t;1)/tis1. On the
good event, these variations can be related to variations of time (i.e., t;,; — t;) and visit counts

!This event is too strong actually., To be precise and properly show that the algorithm is consistent, we should
pick ﬂtT:ﬁ M, instead, so that the probability that the good event holds is an increasing function of T. This is
important to prove that UCRL2-PT is consistent, but we ignore this subtlety for simplicity.
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(i.e., Ny, (2) —N (z)). We then derive a collection of inequalities that guarantees that, when
there is a change of episode, visit counts or time increase enough relatively to f(t;,;), hence
relatively to f(T). The inequality that later accounts for the dominant part in the number of
episodes is the following:

%S\ N, () (\/10g(Ctk+1) Viog(Cty)). (IV4)

This inequality quickly leads to the regret bound on |£(T)|. The most technical part is to bound
the second order term.

Formal proof of Theorem IV.6. For simplicity, we assume that the rewards are known, i.e.,
that Z,(z) = {r(z)} for all z € & and t > 0. The goal is to show that if there is a change of
episode, then necessarily, transition kernels or confidence bound must have moved by some
tractable quantity. Introduce the set of standard episodes %,

Hy:={keX :Vz€ZN, (2)<2N,(2)}. (IV.5)

Therefore, an episode k is non-standard if either (1) there is 2 € & visited on {ty,..., t;; —
1} such that N, (z) = 0 or (2) there is z € & such that N, (z) > 1 and N, _ (z) = 2N, (2).
Accordingly, non-standard episodes are exactly those interrupted by the doubling trick (DT).
On non-standard episodes, there must be a pair that doubles its visit count, so & \ %, is of
logarithmic cardinal. This will be negligible in front of bounds on the cardinal of .%,.

(STEP 1) On the good event &(T), for all k € #;, we have

€=l oo) (IV6)

1 . A
SF (M < D([[py, — b,
Proof. By definition of k € #,, we have:
g7 (Mo )+ f () S g7 (M, ) =87 ().

Further using that g"k(//ltk) = g*(#, ) and writing A := [g"k(//itkﬂ) —g"k(//ltk)] and B :=
[g"kﬂ(//ltm) — g“kﬂ(/ﬂtk):l, this is equivalent to

A—B< g™ (M)~ g™ (M)~ F(t0) S —F(T)

where (x) follows from g“kﬂ(//ttk) < g"k(//ltk) and f(t;) = f(T). Accordingly, when the
episode changes, either A < —% f(T)orB> % f(T). When the first inequality holds, we say
that the episode is type I and when the second holds, the episode is said type II. Introduce the
Hausdorff distance on subsets of .#

dyausdorft(M 1, M) = max{ sup lnf ||P2 pally, sup 1nf ||P1 P2||1}- (av.7)
piE€M; P2€ paEM, P1€
Recall that . := {r} x nse v Zae (s) P.(s,a)m(als) is the confidence region associated to a

policy. The policies deployed by UCRL2-PT are deterministic, so we focus on 7 € II°?. One
checks that:

dHausdorff('/ﬂ '/ft g ) < ‘

L1

no__gm
bk tkt1 || 0o

|

AT AT

pfk _pfkﬂ 1

= sup|[y, () =i, , ()], +sup[[€, )~ &, )| .
ZET ZET
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Write Proj,,(+) a projection on % € . for ||—||;, i.e., Proj,,(p,) is any p, € % minimizing the
¢,-distance to p;. In particular, for all p; € ¥, we have ||p; —Proj,, (P11 < duausdorte(%, V).
So, if the episode k is type I, we have —A > % f(T) thus:

(1)< g™ ()~ g™ (M) Z g( BT )~ 8(r 7))
(2 g(r’pg(k) —g(r, Proj/ﬂ&k+1 (f?fkk))
< sp(h(r,ﬁff))(suPIIﬁtk(z) b @), + supllE, () - 5%‘””@)
zemk zemk
(s) e =& ]l)

< D sp(r)([|p., — b,
where (x) introduces the optimistic models (Corollary I1.12) of m¥ at respective times t; and
N o . N . .
tre1; (1) uses that pg( | is an optimistic model of ¥ at time t;; (%) invokes the gain devi-
+

ation inequality (Theorem I1.1); and (§) uses that 7k is an output of EVI at time t;, so that
sp(h(r,f)fkk)) = sp(h*(#4,,)) < D(#,,) < D(M) on the good event, see Proposition I1.2. Type II
episodes are handled with a similar computations, showing that

5F(T) <D sp(r)(||pe, — Do ||, + [|Eee — €,

on the good event as well. So, on the good event, (IV.8) holds for all k € %, O

o) (IV8)

(STEP 2) On the good event &(T), for all z € %, we have

8 Nk+1(z)_Nk(Z)
B, (&) — Do (2)]| < 41/ S log( 4L )‘/ T 5 t (1V9)
tx

Proof. Pick z € Z. For short, denote n = N, (z) and m =N, (z) — N, (). Because k € % is
not interrupted by the doubling trick, we know that m < n. Denote W,(z) := N,(z)p.(2) the
aggregate empirical distribution of the transition z. Then a straight forward computations shows
that

N N 1 trp1—1 1
Po @ =y = —— (W, @+ 2" 1z = 2es,, ) = W, ()
1 m b1 —1

= n+m(_;Wtk(Z)+Zt=tk I(Zt :Z)estﬂ)

Now, on the good event &(T),

W, (2) =N, (2)P(2)]|, < \/4,15 log(2)

ter1—1 4SAT® (IV.10)
HZtZtk 1(Z, = 2)es,, —mP(z)H1 < \/4mS log( 5 )

Combined, we obtain that on &(T),

b1, @ =@l < anS 108(557) + y2ms og(47)
ym(1+ +v/m/n)

n+m

<4/4S log( 4S’§T3 )
J
<44/S log( % ) Tm

where the last inequality is obtained using m < n. We conclude accordingly. O
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(STEP 3) For all z € %,

V'S log(CT)(ka+1(Z) _ka(z)) (tk+1 — tk)‘/g
+
max{1, N, (z)3/2} 2,

8., @) =&, (@) < (IV11)

Proof. Fix z € %. Recall that £,(z) = 4/Slog(Ct)/N,(z). We expand €, (2)— & (2) as:

1 1
1 —
VS Og(Ctk+1)( @ \/Ntk(Z))+ N, @)

-~
term A term B

(VI0g(Ctyar) — v/log(Cty)

J

Since |\/1/(n +m)— \/1/n| < m/n*?, term A is bounded as

1 1 \/Slog(CT)(kaH(Z)—Ntk(Z))
” Slog(Ct"“)( ool \/Ntk(z))‘ = N, (2)3/2 (IV12)

Term B is left untouched. O

(STEP 4) On the good event &(T), for all k € &, one of the following holds:

f(T)N, (=)
zeZ, N, (z)=max{N,(z)|1+ - (type A)
210p2g log(%)
f(T)N, (=)
dz e %, Ntk+1(z) = max Ntk(Z) 1+ \J Wog(CT) , (type B)
T S
J;SD) < Ntk(z)(\/log(CtkH) - \/log(Ctk)) (type C)

Proof. By using the explicit variations of empirical kernels (IV.9) and of bonuses (IV.11) in (IV.6),
we see that on the good event &(T), for all k € ¢},, there must be a z € & such that one of the

following holds:
f(T) / 4SAT? \/Ntkﬂ (z)— ka (2)
24D s4ys log( g ) max{1, N, (z)} (type A)

f(T) N, .. (2)—N,(2)
5ap < ,/51og(CT)maX{ WAGLE] (type B)

5 =\ (5 (198Gt - Vieg(Cr). (iype ©)

There are at most SA episodes such that the z achieving one of the conditions above has never
been visited yet, i.e., such that N, (z) = 0. Such episodes belong to "\ £, so can be ignored

by assumption. Therefore, we can change max{1,N,, (2)*} to the simpler N, (2)*. The main
statement is obtaining by solving the equations in N, (2), N, (z) and t, respectively. [

(STEP 5) On the good event &(T), the number of episodes is bounded by:

SAT3 2
24D +/Slog(T , |logl =% )log™(T)
2DySlog(T) | of he3a (*5) . (IV13)

f(T) f(T)

| (T)| <
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Proof. Episodes are partitioned into standard episodes .#;, and non-standard episodes . \ % .
The elements of %, of (type A), (type B) and (type C) are respectively denoted %, #; and #.
Their respective cardinals are K,, Kz and K, for short.

We start by upper-bounding % \ #,. Such episodes are due to the doubling trick (DT)
triggering, and we know since Auer et al. (2009) that doubling trick induces at O(SAlog(T))
episode.

We now upper-bound the number of (type A) episodes. For such episodes, there is some
z € % that accounts for n > %‘KA elements of #,. Let k;, ko, ..., k, the respective episodes. We
have by Equation (type A):

FITN,, @)
210p2g log(%)

Yi<n, Ntkm (2) = Ntki+1 (z) > Ntkl- @] 1+

with Ny, (z) = 1. Setting u; := N, (2), we set A := Tf(T)271°D 257! log_l(%) and w =1,
then apply Lemma IV9. Since u,_; =N, _(2) < T, that

n—1<3- 25D\'/Sf(T)—1 log(%)log(ﬂ

Using that n > %AKA and solving in K,, we obtain

1 3
K, <SA+27. Ds3/2A\J -log( #41 ) log(T). (IV14)
* £(1) ()
We continue by upper-bounding the number of (type B) episodes. The proof is similar. There
is some z € & that accounts for n > %QKB elements of 4. Let ky,k,,...,k, the respective

episodes. We have by Equation (type B):

FTN,, (2)

Vi< Tl, Ntki+1 (Z) 2 Ntki“(z) 2 Ntki (2) T \l Wog(CT) ’

with N, (z) = 1. Setting u; := N, . (z), weset A := Tf(T)278D25 log *(CT) and w = %

and apply Lemma IV.9. Since u,_; =N, (z) < T, we obtain

n—1<3-25D3S3f(T) 3 log?(CT)-log(T)

Using that n > Sl—AKB and solving in K, we obtain

(IV15)

4
2 1 1 1 3(T

(1)
We finish with the upper-bound of the number of (type C) episodes. Denote n = K and
introduce ky, ky, ..., k, the elements of ;. By Equation (type C), we have

274D > (1) < > VS(4/log(Cty 1) — 4/log(Cry,)) < 4/Slog(CT).
i=1 i=1
We have Z?:lf(tk) >nf(T)=Kcf(T). We obtain accordingly:

K¢ < fZ:?) -4/ Slog(T) (Iv16)

This concludes the proof. O

This concludes the proof of Theorem IV.6. [ |
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Corollary IV.7. If f(T) = w(T_%), then the regret guarantees of UCRL2-PT are the same
than those of UCRL2 Auer et al. (2009). Specifically,

EY[Reg(T)] = O(DS+/AT log(T)) (IV17)

with the same numerical constants.

12.2.3 Regret of exploration under (PT)

The sine qua non requirement of any episode rule has been established: The performance test
(PT) does not harm the minimax regret guarantees. The whole point is to show that (PT) further
improves the regret of exploration guarantees. There is however a significant subtlety because a
few technical assumptions are required. The first is that instead of using the vanilla performance
test, we use the regenerative performance test below:

Let1 *= inf{t >ty 1 g™ (M) + f(T)e < g°(A,) and 3t’ € [t 1),S, =S, (RPT)

Namely, the regenerative property forces the episode to wait until the current state S, has
already been seen during the episode. This doesn’t change the various properties provided by
Theorem IV.6 and Corollary IV.7 nor their proofs. I don’t know if the technical modifications
leading (RPT) are necessary over (PT), but the regret of exploration guarantees are only es-
tablished for (RPT). In the original paper Boone and Gaujal (2023Db), regret of exploration
guarantees where only provided for deterministic Markov decision processes. In this manuscript,
we extend this result to much broader settings using a more mature technique. The setting in
which (RPT) offers sublinear regret of exploration guarantees is not general however, because
of actual limitations of optimism that are better discussed in the next chapter. The result holds
under (1) a non-degeneracy assumption of the model (Definition IV.3) and (2) a relative interior
assumption for the hidden model (see Assumption 5), that is close in spirit to knowing the
support of transitions beforehand.

Assumption 5 (Interior kernels). For all t > 1 and z € %, p(z) is interior to 2,(z), i.e.,
p(2) < p(2) for dall p(z) € 2.(2).

Theorem IV.8. Let M € .#* a non-degenerate explorative model. Assume that the confidence
region of UCRL2-PT satisfies Assumption 5. Provided that f(t) = 0(@%)) there exists a
constant C(M) < oo such that UCRL2-PT satisfies:

RegExp(T) < C(M)log(T) + o(log(T)). (IV.18)

Regarding how UCRL2-PT is currently written (Algorithm IV.3), Assumption 5 only covers
ergodic models. However, in the design of UCRL2-PT, we can also impose that 2,(z) € {p’(z) :
p’(2) < p(2)}, hence incorporating prior knowledge on the support of kernels, to obtain regret
of exploration guarantees beyond ergodic models. This covers deterministic models and known
kernels settings as special cases. The proof of Theorem IV.8 is postponed to the next chapter,
that is dedicated to the proof technique.

Combining Corollary IV.7 and Theorem IV.8, the performance test allows for any slackness

function f which is simultaneously O(log%) and w(%) In practice, if the diameter of the
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model is small, taking f(t) as small as possible seems better. If the diameter of the model is

large, one may want to be careful and pick f(t) closer to log%, for instance 10g§ o with c < 1. If

f(t) is large, the performance test doesn’t trigger and the behavior of UCRL2-PT is the same as
UCRLZ’s.

12.2.4 Experimental insights

In the remaining of the chapter, we rather provide experimental insights regarding the behavior
of (PT). The simplest setting is a two-arm bandit example, say with two arms a;, a, of respective
mean rewards r(a;) = 0.5 and r(a,).

—— UCRL2

1 UCRL-PT HH
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Figure 12.2.1: The behavior of UCRL2-PT on a two-arm bandit.

In Figure 12.2.1 (to the left), we display the regret of UCRL2 and UCRL2-PT over a single
run. When none of the algorithms has better regret than the other, we nonetheless observe that
the bad episodes of UCRL2-PT (where the regret slope is not null) are shorter than UCRL2’s,
suggesting that the regret of exploration is indeed better. To the right of Figure 12.2.1, we deep-
dive into the behavior of UCRL2-PT by displaying the optimistic gaps of the suboptimal arm
over time. The current policy 7% corresponds to which arm is drawn over {ty, ..., t,,;—1} and we
know that the algorithm changes episodes when g“k(//tt) + f(t) < g*(A,), hence the behavior
of the algorithm is driven by the value of the optimistic gap A,(a;;a,) := g% (4,) — g% (M,),
plotted in Figure 12.2.1 (to the right). On the time-window {t,...,t + T — 1}, the regret is
proportional to the amount of time spent drawing arm a,, highlighted in red on the time-axis. A
bad episode starts when A, (a;;a,) drops below —f (t), then is interrupted as soon as it goes
above f(t) again. The filled region represents the points (x, y) for |y| < f(x).

We observe that when a bad episode occurs, arm a, is triggered and its bonus decreases,
making the associated optimistic gap drop quickly despite the noise. The update of empirical
estimates is observed noise and is clearly non-negligible with respect to the upward drift induced
by a decrease of the optimistic bonus of a,. Still, that drift forces the bad episode to end rather
quickly. We then switch to a good episode where the noise amplitude is much smaller. This is
because the optimal arm a; is visited more often than a,, hence its empirical reward estimate
changes slower. We also observe a drift (there downward) which is due to the evolution of
reward bonuses, but the drift is weaker because the visit counts of a; is much higher.

We accordingly observe that good episodes last, while bad episodes don’t. Hence the regret
of exploration is small.
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12.3 Computational heaviness of the performance test

The performance test suffer from obviously heavy computational performance. At every time
step, the optimistic value of the current policy 7% and of the whole confidence region .,
must be computed by running EVI. These additional computations can make (PT) unreliably
performance hungry when the numbers of states and actions grow large. Thankfully, (PT) can
be substantially accelerated with the combination of two methods.

(1) Memorization (M): From t to t + 1, the confidence region is barely changed. Therefore,
by initializing the EVI at time t + 1 with the result of EVI at time t, one should expect
EVTI to converge much faster. This doesn’t modify the algorithm’s behavior.

(2) Sparse (PT) (S): Even if EVI converges almost instantly, running EVI at each time-step
significantly slows down the algorithm. To address this, instead of always checking (PT),
only test it when t — t, is a power of 2. Formally, (PT) is replaced by (PT*):

log,(t—t) €N and g™ () + f(T)e < g*(4t,) (PT*)
Although this modification slightly alter the behavior of the algorithm, its analysis is

similar to (PT)’s.

As shown in Table 12.3.1, the combination of these two modifications makes the running
times of (PT) variants acceptable in comparison to the originals.

S
X
A\ Q«) @\ S ﬂ\
O{\%XQQQ&Q &Qf) X&?«) X&QQ\ X

UCRL2 | 200k 1.0k 5.2k 74k 82k
KLUCRL | 157k 0.2k 2.7k 36k 62k
UCRL2B| 167k 0.5k 2.9k 59k 77k

Table 12.3.1: Iterations per second of UCRL2, KLUCRL and UCRL2B; the originals and the
(PT) corrections with various acceleration options. The environment is a 5-state RiverSwim.
These values have been obtained by running each algorithm for 100k iterations and take the
average per-step time.



Appendix of Chapter 12

We provide below a numerical lemma used in the proof of Theorem IV.6.

Lemma IV9. Let T > 3 and fix A < T. Let w € (0,1] and (x, | n = 1) an integer-valued
sequence with x, := 1 such that

Ax, \¢
Xpp1 = (1 +( T ) )xn. (Iv.19)

If nis such that x, < T, then n < 3(§)m log(T).

We further conjecture that the log(T) is not necessary, i.e., that if x, < T then n =
O((T/2)*/t* V).

Proof. Define the integer valued sequence x,,; = [(1+ (Ax,/T)*)x, | initialized to x; = 1 and
analyze the increments of (x,). Observe that x,,; > X,, SO X4 = X, + 1 and the sequence
diverges to infinity. Setting 3 := ﬁ €(0,1), for k > 1, we get

Ko =tk = xp € (D010, (1) 0] =i

The length of I, is decreasing with k and in particular Leb(;) < Leb(I;) = (%)1_/5 . Accordingly,
the integer-valued sequence (y,,) with y; = 1 defined by its increments

Yo =ya+k = yoe(5) =15k (IV:20)
satisfies: Yn> 1, y, < x,,. Moreover,
V21 Y=yt [ya(2) "] (v21)
> yn(l * (%)1_ﬁ) (IV22)
>... (Iv:23)
>(1+(2)7")" (IV24)

Let n > 1 such that x, < T. Then y,, < T, hence (1 + (A/T)'#)*! < T. Thus
(n— 1)log(1 + (%)l_ﬂ) <log(T). (IV.25)

Since A < T, we have (A/T)** € (0,1] so log(1 + (A/T)'™P) > 2(A/T)*P. We obtain:
n<1+2(£) P log(1) < 3(%) " 10g(T) (IV.26)

and as 1 —f3 = 25, this proves the claim. O
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Chapter 13

The Vanishing Multiplicative
Condition (VM)

In Chapter 12, we provided (PT) as an enhancement of episode management and claimed that it
guarantees sub-linear regret of exploration (Theorem IV.8). However, the claim is short of a proof;
The minimax guarantees under (PT) rely on a difficult upper-bound on the number of episodes
(Theorem TV.6) that works for £;-confidence regions (I1.5) that is not easily generalized to KL-
confidence regions (I1.6) or Bernstein confidence regions (I1.7), and even harder to generalize if
the algorithm is PMEVI-based (Algorithm I1.5) rather than EVI-based (Algorithm I1.3); (PT) is
computationally heavy and requires substantial optimizations to be run (Section 12.3); Lastly,
the slackness function f(t) of (PT) is difficult to choose. The last point is more important that
it sounds. The slackness function guarantees that the number of episodes grows reasonably
slow (Theorem IV.6), but the theoretical guarantees are very pessimistic and are way off in
practice. Morally, this means that f (t) may be chosen aggressively small, at the risk of entering
the back-and-forth issue of Section 12.1, yet choosing f (t) small is very important to observe
sub-linear regret of exploration in practice because the guarantees are otherwise too asymptotic.

The hardness of tuning the slackness function of (PT) is produced by a common flaw of
design: We are explicitly controlling the error range of the algorithm. It is very difficult to
precisely quantify the speed at which optimistic gain of a played sub-optimal policy decreases,
hence designing the slackness function is a hard problem. In the chapter, we provide another
episode rule, the Vanishing Multiplicative condition (VM), that is implicit rather than explicit.

Important remark. In the remaining of the chapter, we write u,(t) instead of u,(z).

13.1 Optimizing (PT): the vanishing multiplicative condition

This new episode rule, despite its simplicity, was designed by reverse engineering the proof of
regret of exploration guarantees of Boone and Gaujal (2023b).

13.1.1 The return of visit counts

When investigating the experimental behavior of (PT) in Section 12.2.4, we have indirectly
observed that the behavior of confidence regions is very different at high and low visit counts
(to the right of Figure 12.2.1). At high visit counts, the optimistic estimates seem to behave
like a random walk if a nearly negligible drift. At low visit counts, the optimistic estimates are
very noisy but are pulled by a strong negative drift. At the end of the day, if sublinear regret of
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exploration is achievable with optimistic methods in the first place, it is because the confidence
region associated to a rarely visited pair evolves quickly when the number of visits increases.
Hence, waiting for relative increases of visit counts just like (DT) is actually a good idea: If the
pair z is rarely visited, its confidence region changes quickly and it is mandatory to frequently
update the current policy when z is played, and if z is visited often, its confidence region doesn’t
change much upon visiting it and the current policy may not need that many updates. The
issue of (DT) is that the visit counts of all pairs are subjected to be unbounded, hence waiting
for a visit count to double is too much. We suggest to replace (DT) by a less demanding visit
requirement. Specifically, the current episode k is ended as soon the visit count of a pair is about
to increase multiplicatively with respect to a vanishing time dependent multiplicative factor,
ie.,

| N,(S, nk(st))> (1 +f(tk))Ntk(St’ nk(sr)) (VM)

where f € [0,1]VN is a non-increasing vanishing function of t. The above condition will be
referred to as the f-Vanishing Multiplicative condition, or f-(VM), or even more simply (VM).
Remark that (DT) is of the form (VM) with f = 1, excepted that this function is not vanishing.
This control function can be almost arbitrary among those valued in [0, 1], but as the analysis will

show, (1) f(t) = o(logﬁ) is mandatory to get sublinear guarantees on the regret of exploration,
and (2) standard minimax regret guarantees impose f to be of order f(t) = Q(t~1/2). Remark
that (1-2) are the same requirement than (PT). This episode rule further satisfies the following
convenient measurability property. Fixing an episode (k) and denoting 7| := inf{t’ >t : S,, =5}
the reaching time to s € & since t, observe that for all t € {ty,...,t;,}, either 1(t;,; < 7))
or 1(ty,1 > 7!) is o(H,)-measurable. It means that at time ¢, one is able to tell whether there

exists a state that kills the episode upon its next future visit or not.

The point of (VM) is to achieve two goals at once: leave the regret guarantees unharmed
and ensure regret of exploration guarantees. The benefits of changing (DT) to (VM) in classical
EVI-based algorithms is summarized in the table below. One of the advantages of (VM) over
(PT) is that its theoretical guarantees extend to a larger range of algorithms, including KLUCRL
Filippi et al. (2010); Talebi and Maillard (2018) and UCRL2-B Fruit et al. (2020).

Algorithm Minimax regret Model dependent regret® Regret of exploration
UCRL2-(DT) DSV/AT log(T) O(log(T)) Q(T)
UCRL2-(VM) DSV/AT log(T) O(log(T)loglog(T)) O(log(T))
KLUCRL-(DT)  Sy/DAT log(T) O(log(T)) Q(T)
KLUCRL-(VM)  Sy/DAT log(T) O(log(T)loglog(T)) O(log(T))

UCRL2-B-(DT) S\/Wgz(ﬂ unknown Q(T)
UCRL2-B-(VM)  S,/DAT log(T) O(log(T)loglog(T)) O(log(T))

* The model dependent guarantees of (VM) requires additional technical assumptions on the model.

Table 13.1.1: Theoretical guarantees of classical algorithms with (VM).
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13.1.2 Minimax regret guarantees under (V1)

Again, the sine qua non requirement for (VM) is that the minimax regret guarantees are un-
touched. Thankfully, regret guarantees are much easier to establish than under (PT) because
the number of episodes is much easier to bound. Similarly to Section 12.2.1,

Reg(T) < DI (T)|+ 2 (8" (A (6)—7(2)) +0( /54T 10g(F))  avD)
k,t

where (7%, p¥) is an optimistic model of 7* at time t, (see Section 6.4 for more details) provided
that the confidence region holds universally in time. The number of episodes is bounded by
Proposition IV.10 below.

Proposition IV.10. The number of episodes under (VM) is bounded by:

210g(T))
f(T)

\#(T)| < SA(l + v2)

Proof. By considering a pair interrupting the maximal number of episodes, we see that

1T

(1+f(T))s* 1<T

Solve in |#(T)| and use that log(1 + x) > %x for x €[0,1]. O

Corollary IV.11 (Regret guarantees). If f(T) = co(T_%), then the regret guarantees
of UCRL2-(VM), KLUCRL-(VM) and UCRL2B-(VM) match their (DT) equivalents, see Ta-
ble 13.1.1.

13.1.3 Regret of exploration guarantees under (V1)

We now present the main result of the chapter: providing regret of exploration guarantees for
optimistic algorithms managing episodes with (VM). Our result holds under (1) a non-degeneracy
assumption of the model, and (2) a relative interior assumption for the hidden model (see
Assumption 5) that is close in spirit to knowing the support of transitions beforehand.

Theorem IV.12 (Main result). Let M € .#, a non-degenerate explorative model. Consider
running an EVI-based algorithm with confidence region M (t) = M) (t) as in Section 7.A.2

with 6(t) := %, and assume that #(t) satisfies Assumption 5. If the algorithm manages
episodes according to f-(VM) with f(t) = O(log;(t))’ then there exists a constant C(M) < 00

such that:
RegExp(T) < C(M)log(T) + o(log(T)).

This result can be explicitly applied to UCRL2 Auer et al. (2009), KLUCRL Filippi et al. (2010)
and UCRL2-B Fruit et al. (2020) to obtain logarithmic regret of exploration guarantees for the
variants obtained by managing episodes using (VM) rather than (DT).

The proof of Theorem V12 is difficult and its structure is illustrated with Figure 13.1.1. The
remaining of the chapter is dedicated to explaining the main ideas behind it. In Section 13.2.1, we
present a family of coherence properties, properties that imply logarithmic regret of exploration
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Lemma IV.14 Lemma IV.15

I 2 R l ‘
| Logarithmic visits | -
| | Shrinking effect
alv | N(T) = O(log(T)) | ‘ (Sectiong13 2.2) ‘
Lemma V.13 A outside g»*(M) , oL
Global coherence l B e TR ’
EVI-based Asymptotic regime | (Section 13.2.5) *j Local coherence
algorithm (Section 13.2.3) \ (Section 13.2.5)
,,,,,,,,,,,,,,,, l Lemma IV.13
| Linear visits N,(T) =1 Shaking effect
| " ! . RegEXP(T) =
- Q(T) on (M) (Section 13.2.2) ‘
S e 0(log(T))

Lemma IV.14 Lemma IV.16
Figure 13.1.1:  Architecture of Regret of Exploration Analysis.

and beyond for algorithms that satisfy them. In Section 13.2.2, we explain why optimistic
algorithms enjoy coherence properties. This goes by characterizing the asymptotic visit rates of
pairs in Section 13.2.3 and explain what non-degeneracy has to do with it; In Section 13.2.3.1,
we explain why Assumption 5 is important. Among all the ideas invoked to establish coherence,
the most important step is detailed in Section 13.2.4 where we investigate a shrinking-shaking
behavior that confidence regions display, which plays a crucial role in making sub-optimal
policies cast out by the whole EVI machinery. The throughout details are very voluminous and
are deferred to appendix for the most part, excepted for the last Section 13.2.5 that connects all
the arguments together (marked node (x) of Figure 13.1.1).

13.2 Establishing regret of exploration guarantees

13.2.1 Coherent algorithms

Our proof strategy is valid for all EVI-based algorithms (Algorithm I1.2) that use a confidence
region ./ (t) as discussed in Section 6.3.2. The regret of exploration is upper-bounded by
estimating the number of times it is expected to play a sub-optimal policy over time intervals
[tw, tx + T) starting at exploration times t;, then by deducing that the regret is small on the
same time period. This is achieved via Lemma IV.13 below, that controls the likely range of the
regret under a stability condition specified in Definition IV.5, that we refer to as coherence.

Definition IV.5 (Coherence). We say that an algorithm is (F, 7, T, ¢ )-coherent if F =
(F, : t = 1) is an adapted sequence of events, T a stopping time, T > 1 is a scalar and
¢ : N — [0, 00) is a function such that, forall t € {t,...,7+ T —1},

N,(t) =N, (7) < @(T)]}

F, C {g"t(St) < g%(S,;) = 3z =(s,a) € Reach(n,,S,) : [ and g™ (5) < g*(s)

where z = (s,a) € Reach(r,,S,) stands for n(a|s) > 0 and ng(’rs < 00)>0.

Formally, coherence states that over [7,7 + T) and under a good event F,, if the current
policy 7, is sub-optimal from the current state, then there exists a sub-sampled pair (relatively
to (7)) which is reachable with positive probability from the current state S, with the current
policy 7, and from which the current policy is sub-optimal. Morally, coherence states that the
iteration of a sub-optimal policy is linked to a lack of information that has positive probability
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to be recovered from by iterating that policy only. That lack of information is quantified by a
budget ¢ (7). The purpose of the coherence property is its link with local regret guarantees, as
shown by Lemma V.13 below. However, the coherence property may only be conveniently used
if the episodes of the algorithm are regenerative, meaning that episodes may only end if the
current state has already been visited during the episode. This property makes sure that the
sub-sampled state-action pair, of which coherence ensures the existence, is reached and visited
during the episode with positive probability.

Definition IV.6 (Regenerative episodes). We say that the episodes of an algorithm are

regenerative if, for all k > 1, there exists t € [ty, t;41) such that S, =S, __.

Lemma IV.13 (Coherence and local regret). Assume that the underlying model M is non-
degenerate (Definition IV.3). If the algorithm is (F, T, T, @ )-coherent and has regenerative
episodes, then there exist model dependent constants C,, C,, Cs, C, > 0 such that:

T+T—1
Vx>0, P(Reg(’r, T+ T)>x+Cup(7) and ﬂ Ft) <TG exp(_ci)_
t=7 2

More specifically, C,,C,, Cs,C4 only depend on M and are independent of F,©, T and .

Using the shorthand F... . 1= ﬂz: - F,, this means that on a good event F...r, the local

regret Reg(7, T + T) has sub-exponential tails. The above result can also be written in the form
P(Reg(7,7+T)=C; + Cup(7)+(MCy + C3)1log(T),F,...7) < T~ where n > 0 is arbitrary.

This result is invoked at several places in the analysis in intrinsically different scenarios. It
plays a central role in the instance dependent regret analysis (done in expectation), but also in
showing that non optimal pairs (% \ Z**(M)) are visited at most logarithmically often (almost
surely). Perhaps more importantly, it plays the last key part in the proof of regret of exploration
guarantees, as shown by Figure 13.1.1. The idea is simple: Applying Lemma IV.13 with n =1,
we get E[Reg(7, T + T)|F...,.r] = O(log(T)). We then typically choose T as an exploration time
of the process and F as a high probability concentration event whose construction is algorithm
specific, and that depends on how coherence is established. This last part is the subject of the
next section.

The proof of Lemma V.13 is difficult and deferred to Section 13.A.

13.2.2 The shrinking/shaking behavior of confidence sets and coherence

In this part, we explain why EVI-based algorithms managing episodes with (VM) are coherent.
Recall that the coherence property states that if a sub-optimal policy is being used, then (%) a
reachable pair has been sub-sampled and (xx) it is sub-sampled within O(log(T)) range. While
(%) leads to making assumptions on the space of models on which the algorithm runs, (xx) is
linked to a shrinking-shaking behavior of confidence sets that leads to non-degeneracy.

13.2.3 Asymptotic regime of EVI-based algorithms, (VM) and non-degeneracy

The result below describes the almost-sure asymptotic regime of EVI-based algorithms managing
episodes with (VM). Up to the non-degeneracy of the underlying model, the visit counts can
be split into two regimes: N,(t) grows linearly with t for z € Z**(M) while N,(t) grows sub-
logarithmically for z ¢ Z**(M) (including Z**(M) \ Z*(M) in particular). Both results are
mandatory steps in the proof of regret of exploration guarantees, see Figure 13.1.1.
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Lemma IV.14 (Almost-sure asymptotic regime). Let M € _# a non-degenerate model.
Assume that the algorithm running is EVI-based with a confidence region . (t) = Ms(t)
as given by Section 7.A.2 with 6(t) := %, managing episodes with f-(VM) with arbitrary
f > 0. There exists A > 0 s.t.:

Vz ¢ %, (M), PM@AT,Vt>T:N,(t)<Alog(t))=1, and
Vz€ %, (M), PY(AT,Vt=T:N,(t)> 5t)=1.

Since the result holds for arbitrary f, it holds in particular for (DT). This is not much of
a surprise, since UCRL2 is known to have model dependent logarithmic regret. This result is
rather remarkable for (VM) since the number of episodes can be much larger than logarithmic.
However, (DT) and (VM) differ in the amount of times a sub-sampled pair can be visited during
an episode. Indeed, for z € & such that PY(3T,Vt > T : N,(t) < Alog(t)) = 1, we see that:

N,(tg41) < [(T+ f ()N ()] + 1 =N, () + 1 + [Af () log(ty) . (IV.3)

For f(t) = o(log%), we have | Af (t;)log(t;)] = O provided that t; is large enough, meaning
that sub-sampled pairs can be visited at most once per episode in the long run. It means that

under (VM), algorithms almost instantly refresh their policies when sub-optimal pairs are visited.

13.2.3.1 Recurrence or known supports

The first statement (), which is about the reachability of sub-sampled pairs, is not guaranteed to
hold if we run an EVI-based algorithm on an arbitrary model. The issue lies in the fact that the
high optimistic gain of a policy may be due states that are unreachable under the optimistically
optimal policy. This is because in the confidence region .#(t), there may be models with a
richer transition structure than the true hidden model M. It is avoided using Assumption 5.

Assumption 1. Forall t > 1 and z € %, p(z) is interior to 2.(2), i.e., p(z) < p(2) for all
p(z) € Z.(2).

Assumption 5 is morally equivalent to stating that the support of the transitions of M are
known in advance and we conjecture this assumption is mandatory without a significant rework
of EVI. Reworking EVI however is not the subject of this chapter. Under Assumption 5, the
optimistic gain of a policy 7 from a fixed state s only depends on Z,(t), %,(t) for pairs z that
are reachable from s under 7w on M. This echoes the reachability requirement of sub-sampled
pairs in (x).

13.2.4 Shrinking and shaking confidence sets

The phenomenon presented in this section is an abstract view of what has been observed in the
right part of Figure 12.2.1.

The second statement () of coherence is that if N,(t) — N,(7) is large enough, then EVI
will reject sub-optimal policies, typically because their optimistic gain drops. This is achieved by
showing that confidence regions collapse with high probability on sub-sampled pairs when their
visit counts increase; Indeed, if the confidence region associated to a policy’s kernel and reward
vector are smaller, then so is the optimistic gain computed by EVI. The fact that confidence
regions shrink quickly enough is not obvious and is a result of the O(log(T)) visit rate of sub-
optimal transitions, which is thankfully guaranteed by the characterization of the asymptotic
regime given by Lemma IV.14. Then, the fact that the shrinking behavior of confidence regions



Chapter 13. The Vanishing Multiplicative Condition (VM) 223

implies a decrease of the optimistic gain is not obvious either; But this last part is highly technical,
hence completely deferred to the appendix.

N, ,(t) = o(log(¢)) N, o(t) = ©(log(t)) N, o(t) = Q(log(t))
(Shrinking, Lemma IV.15) (Shrinking, Lemma IV.15) (Shaking, Lemma IV.16)

Figure 13.2.1:  An artist view of the shrinking/shaking behavior of the confidence regions
2, ,(t) as the number of new samples N, ,(t") — N, ,(t) < N; ,(t) increases (from dashed to
solid line).

Formally, the shrinking effect is formalized with Lemma IV.15 below.

Lemma IV.15 (Shrinking effect). Let (ty(;)) the enumeration of exploration episodes, and
let T > 1. Fix A,z € Z > 0. For all 6 > 0, we can find €, m,C > 0 such that:

) . Z,(t) £ Z,(tiir1)
kernel : P(Ftk(i)’ |:E|t S [tk(i)J tk(i) + T] S Nz(t) > Nz(tk(i)) i Clog(%) < 5,

Nz(t)_Nz(t i)
sup R, (t) > sup Z,(ty)—1) — Wtk(ig) :|) <5

reward: P|F, ,|3te[ty,tun+T]:
( 0 |: R and N,(t) > N, (ty;)) + Clog(5)

with Fy, = (N(tr() < 7 108(tki)s 12 (tky—1) = 72| < € 11P:(trgiy—1) —psll < €, tigyy > m).

Remark that the shrinking is shown to be large on kernels, and strict on rewards. The
good event F,  is asymptotically almost sure. Indeed, (N, (tg)) < %log(tk(i))) refers to the
logarithmic visit rates provided by Lemma IV.14, the concentration events (|f,(ty;—1) — .| <
€, |p2(tkei)—1) — P:Il < €) hold because of the law of large numbers, and (t,(;) > m) is just stating
that t;(;) is large enough. The careful reader will remark that in the events above, t;) and
ti(i)—1 co-exist: The evolution of visit counts is measured relatively to their status at time t;;),
while the evolution of confidence regions is measured relatively to their status at time t;_;.
This subtlety is technical, and comes from the fact that our goal is to bound the regret starting
from t;;), yet the confidence regions are better behaved at time t;(;,_; than at time ;.

A dual result holds for the confidence of highly visited pairs, showing that the associated
confidence regions barely change on small time windows. This is the shaking effect, where the
center of the confidence region moves faster than the region’s diameter decreases.

Lemma IV.16 (Shaking effect). Let (ty;)) the enumeration of exploration episodes, and let
T > 1. Fix A,z € & and for two sets %,V C R", denote dy(%,V') the Hausdorff distance
induced by the one-norm. We can find ¢, m > 0 such that:

(kernels)  F, € (Vt € [tk tin + T2 d(B2(0), Pt 1)) < —Cl"f(”),
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(rewards) F, C (Vt € [trqy try + T1 : du(Z.(6), Z.(triy1)) < Clof(t))

where F,  := (N, (trp)-1) > Atry-1, tey > M) N (Ve € [y, try s, M € s (2)).

ki) *

13.2.5 Establishing coherence and proving Theorem IV.12

Based on the shrinking and shaking effect discussed upstream, we show that (VM) guarantees
local coherence properties that, once combined with Lemma V.14, become regret of exploration
guarantees. The exact coherence property is detailed in Lemma IV.17 below. Once Lemma IV.17
is established, Theorem V.12 follows instantly.

Lemma IV.17. Let M € ./, a non-degenerate explorative model. Consider running an
EVI-based algorithm with confidence region M (t) = Mg (t) as in Section 7.A.2 with

o(t) := %, and assume that #(t) satisfies Assumption 5. Assume that the algorithm

manages episodes according to f-(VM) with f(t) = O(k)g%)- Let (ty(;)) the enumeration of

exploration episodes. Then, there exists a constant C(M) > 0 such that, for all T > 1 and
6 > 0, there is an adapted sequence of events (E,) and a function ¢ : N — R such that:

(1) Foralli =1, the algorithm is (E,, ty), T, ¢ )-coherent;
2 P(Utk“)”_1 ES) <6 +0(1) when i — oo;

t:tk(i)

(3) p(typ) <1+ Clog(%) when i — ©0.

Proof. By correctness of the confidence region, P(AT,Vt > T : Vr, g*(m, 4 (t)) = g(nt,M)) =1,
hence a policy with optimistic gain less than g*(M) won’t be optimistically optimal on this
event, so won’t be the result of EVI. Considering an exploration time t;;), we know that the
policy of the previous episode was optimal in M, hence g*(# (ty;)-1)) = g~ (M (tk(i)-1)) where
n* € IT"(M). By Assumption 5, we know that g*(.# (ty(;)—1)) only depends on Z,(tx;)—,) and
P, (tyi)—1) for z € Z™(M) where N, (ty)—1) = Atgi)—1 by Lemma IV.14. Using Theorem II.1 to
quantify the sensibility of the gain to kernel and reward perturbations, we get that

log(tx(i)-1)
(M) < g" (M (tyiy-1)) < g" (M) + O( #()1) (IV.4)
J -1

holds with probability one when i — oo.

Fix t € {ty(y, ..., tk)+ T—1}. Recall that a policy that EVI outputs must have optimistic gain
with span zero. Let 7 output by EVI at time t’ € [t;(;), t], and assume that (1) 7 is sub-optimal
in M from S,, so that there exists s € & such that g"(s; M) < g*(s; M) and s is reachable from
S, under 7; and (2) that N,(t) > N,(t;;)) + Clog(T/5) for all z € Z, where C is given by the
shrinking-shaking Lemmas IV.15 and IV.16. Without loss of generality, we can assume that s
is recurrent under m on M and let &’ C % the associated recurrent component of pairs. By
Assumption 5, we see that g™ (s; .# (t)) only depends on data on %’. Since 7 was output by EVI,
g™ (A (t)) only depends on data on Z’. Let &’ := %'\ Z*™(M) which is non-empty because
g™(s; M) < g*(s; M), and let & := Z' N Z*(M). We have:

g"(A(t))= sup sup g(r,p)= sup sup g(#,p)
FeR,(t) peZ.(t) FER 51 (t) PEPoi (t)

() -~ loe(T/s clog(txciy) -
< sup sup g(r — lzi((tk/(i)g ey + T)k() "€y, P

FER o (ti(iy—1) PEPa (ti(iy-1)
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1 log(T /6
< g (M (b)) + 2D (0, ) eEL19)

n(M,n)log(T/5)
~ g" (M (ty(i)-1)) — gty

(av4) log(tiiy—1) n(M,n)log(T/5)
= g*(M)—i_O(V o ) doglhg) g (M)

where the last inequality hold for t;;) large enough. In the above, () holds on the events
specified by the shrinking-shaking behavior of confidence regions, see Lemmas IV.15 and 1V.16;
and (%) is a technical result on exit probabilities, stating that even though we take a supremum
on p € Py (ty;)— 1), the choice of p will put positive probability mass n(M, ) > 0 on 2’ in its
associated invariant probability measures.

This is justified as follows. On %} = ' N Z**(M), the number of visits is w(t;)-1) hence
P, (tyi-1) is nearly equal to {p,} for all z € Z7; In fact, for all fixed e > 0, we can assume that
Z,(tyiy-1) € 1Pz : Ip; — p:ll; < €} with overwhelming probability provided that t;)_; is large
enough. Let (¥",p") € A" (t)(;)-1) an optimistic model of 7 (see Corollary I1.12) and let g™
the empirical invariant measure of 7 starting from s under the optimistic model. Using that
sp(g(#™,p™)) = 0, we assume that p™ has a single recurrent class Z” up to restricting to that
class. By correctness of the confidence region, a policy output by EVI has optimistic gain higher
than g*(M) and since the optimistic model is nearly equal to the true model on & fr, we deduce
that 2 must contain elements of %’ (otherwise 7 is optimal in M). We see that under p”, for
every element of 2 N %] there must be a path to an element of 2" N 2’ of length at most
|1 =1 and probability at least c.(M) := (min,cq min{p(s|z) > 0:5 € ¥} — €)=, which
is well defined and positive for € > 0 small enough. So there must be z € " N %’ such that
fi(z) > || e (M). Set n(M,n) := %CO(M). For € small enough and on mild concentration
events, we have:

- log(T/5) clog(ty)) ~ log(t) log(T/5)
g(rﬂ it e Ty T -eﬂ,,p“) < g7 (M (ty1)) + V SE — (M, m) L.

This justifies ().
Overall, we have g"(#(t)) < g*(M) < g*(#(t)) on the event E, := [ |,cr E? with E?
given by:

N, ()—N,(tx))
= [ Z,(t) € Z,(ti(iy-1) . } sup Z,(t) < sup Z,(tii)-1) — Ctthk;S) if 2 ¢ 2 (M)
b’ [ or Ny(£) < N, (typ) + Clog(F) | or N,(£) < N, (ty) + Clog(L)

(ka() du(Z,(6), Z,(tr@y-1)) </ CIOTg(t),dH(«%z(f), %z(fk(i)ﬂ))) if z € 2™ (M)

where, for 2 ¢ (M), F tzk(,) is the event appearing in the shrinking effect lemma (Lemma IV.15),

and for z € (M), thk(_) is the event appearing in the shaking effect lemma (Lemma IV.16);

In both cases, we have P(3i,Vj >i: F fk( .)) = 1 provided that the rate A > 0 in the definition
J

of F fk _is chosen accordingly to the asymptotic regime of the algorithm (Lemma IV.14). We

deduc(:lZa that on E,, m will be rejected as soon as (VM) triggers, because its optimistic gain is
no more optimistically optimal. By (IV.3), as soon as a pair z ¢ Z**(M) is about to be visited
for the second time in the episode, the episode will stop. We therefore have shown that while
g™(S;; M) < g*(S;; M) and on E,, there exists z = (s, a) that is reachable from S, under 7 such
that N,(t) < N,(t,)+ 1+ Clog(T/6) and g™(s; M) < g*(s; M).

Accordingly, we have shown that the algorithm is (E, t;;, T, ¢)-coherent, with P(3t €
[ticys try + T1: Ef) < 6 +0(1) when i — 00 and ¢(t) =1+ Clog(T/o). O]

Proof of Theorem IV.12. Use the coherence property of Lemma IV.17 with 6 = % and apply
Lemma IV.13. We obtain:

(—) :=1lim sup P(Reg(tk(l-), tk(i) + T) > X+ C4(70(tk(i)))

[— 00
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tk(i)+T_1 tk(i)+T_1
< thUp{P(R@g(tk(i), tk(i) + T) =x+ C4(70(tk(i))’ m Et) + P( U EE)}

i—oo t=ty(p) =i
X 1
< exp(—— + C5log(T) + log(Cl)) + =
C, T
which is bounded by % for x > Cy(1 + C3)log(T) + C,log(C;), where Cy,C,,Cs,C, are the

constants provided by Lemma IV.13. Using that limsup;_, ., ¢(txi)) <1+ 2Clog(T) and setting
Y(T) :=(Cy(1 + C3) +2C,C)1og(T) + Cylog(Cy) + C,, we obtain:

RegExp(T) < limsup{v(T) + T - P(Reg(tyg), trgy + T) = ¥ (T))} < (T) +2. (IV.5)
This concludes the proof of Theorem IV.12. O

13.3 Model dependent regret via coherence

In the proof of the regret of exploration guarantees, Lemma V.13 is used twice and two different
coherence properties are invoked. Coherence is first used in a global form to derive the almost
sure asymptotic regime. Indeed, the first step of the proof (see Section 13.B) consists in showing
that the algorithm is ((F,),[log(T)], T, ¢)-coherent for ¢([log(T)]) = O(log(T)) where the
sequence of events (F,) is asymptotically almost sure, i.e., P(3T,Vt > T : F,) = 1. Then,
coherence is used in a local form to derive the regret of exploration guarantees. Indeed, the
whole point of Section 13.2.5 is to show that the algorithm is (E, ty;), T, ¢ )-coherent where
(tx(p) is the sequence of exploration episodes, P(AT,Vt > T : E;) = 1 and @(t;;)) = O(log(T)).

In this section, we show a third application of coherence properties: model dependent regret
guarantees.

13.3.1 General model dependent regret bound via coherence
We provide first a general result.

Theorem IV.18. Consider an episodic algorithm with (1) regenerative episodes and (2) such

that there exists an adapted sequence of events (F,) with P(UzT F)= O(%) such that the

algorithm is ((F,), T, T, ¢ )-coherent for all T > 1. Then, for all non-degenerate model M,

[log,(T)]-1

m=0

EY[Reg(T)] = 0( w(zm)) +0(log(T)) (IV6)

when T — o0.

Proof. Let n:=([log,(T)]. For all m < n, the algorithm is (F,2™,2™, ¢)-coherent, has regenera-
tive episodes, and M is non-degenerate, so we invoke Lemma IV.13 and obtain, for x > 0,

(—) :=P(Reg(2™,2™) > x + C,0(2M)

2m+1_1 %)
< P(Reg(Zm, 2™ > x+Cu(2Y), ) Ft) + p( U F;)
t

t=2m

< exp(—ci + Cymlog(2) + log(Cl)) + 0(2_’”)
2
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where C;, C,, C5, C, are model dependent constants. For x > C,(C; + (1 + C3)log(2)m), the RHS
is O(2™™). In other words, E[Reg(2™,2™"1)] = O(¢(2™)). Summing for m > 1, we get:

n—1 n—1 [log,(T)1-1
E[Reg(T)]:= > E[Reg(2",2"™1)] = o(z (2™ + 1) = o( > <,0(2m)) +0(log(T)).
m=0

m=0 m=0
This is the intended result. O

A few comments are in order. First, the requirement P(UZT F{)= O(%) is slightly overshoot
and can be weakened depending on the asymptotic properties of ¢ and the desired bound.
Second, the proof technique can be directly adapted to obtain bounds in probability rather
than in expectation. Last, but perhaps the most important, is that this bound only holds for
non-degenerate models (Definition IV.3). While every model can be made non-degenerate up
to smooth reward perturbations, non-degenerate models are a bit special, because the weakly
optimal pair is unique from every state (unique Bellman optimal policy), and Z**(M) has a
unique communicating component (unique gain optimal component), see Boone and Gaujal
(2023a). The proof of Lemma V.13, which is key here, inevitably relies on non-degeneracy. Yet,
degenerate models are easy to find. Figure 12.1.1 is one simple example and is a good starting
point to understand why coherence and regenerative episodes are insufficient to provide regret
bounds on degenerate models.

13.3.2 A model dependent regret bound for (VM)

Theorem IV.18 is applied to EVI-based algorithms relying on (VM) by showing that such algo-
rithms satisfy a ((F,), T, T, ¢ )-coherence property with a budget function ¢(T) = O(log(T)),
leading to O(log(T)loglog(T)) regret bounds.

Theorem IV.19. Let M a non-degenerate model. Consider running an EVI-based algorithm
with confidence region M (t) = Ms)(t) as in Section 7.A.2 with 6(t) := %, and assume
that # (t) satisfies Assumption 5. If the algorithm manages episodes according to f-(V)
with f > 0, then

EM[Reg(T)] = O(log(T)loglog(T)). (v.7)

t

Proof. Consider the good events E, := (M € .#(t)) and F, := mt’=(t—|%|)/2 E,.

We know by design P(UzT Ef) = O(%), see Section 6.3.2, so P(Uf:T Ff)= 0(%$) as well.
We show that the algorithm is (F,, T, T, ¢ )-coherent for ¢ (T) = O(log(T)). The result will then
follow by Theorem IV.18 using that f log(x)dx = xlogx — x.

For all € > 0, it is easy to show that if C = C, > 0 is large enough with respect to €, whether
the confidence region is built out of ¢,-balls, KL-semi-balls or out of Bernstein’s inequality, if

N,(t) = Clog(t), we have:

Introduce the gain gap A, := min{|[g"(M)—g*(M)||sc : 7w ¢ IT"(M)} > 0. Whenever M € ./ (t),
we have g*(M) < g*(#(t)). Let  a policy output by EVI at time t and assume that N,(t) >
Clog(t) for all z € #. It has optimistic bias with span at most D(M ), hence by Theorem II.1, we
have:

g™ (A,)— g™ (Moo < €(1+ 3D(M)) (IV9)

yet g™ (M,) = g*(M,) = g*(M). So, provided that e(1 + %D(M)) < A,, 7 necessarily achieves
optimal gain. We assume from now on that e(1 + %D(M )) < A, is true.
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Now, assume that 7, is such that g"™(S,,M) < g*(S,, M). By construction of EVI-based
algorithms, 7, is the output of EVTI for t; with t € [t;, t;,,), hence is the optimistically optimal
policy at time t;. By assumption g"«(S,; M) < g*(S,; M), so assuming that

E, =(M € .4(ty)) (IV10)

holds, we deduce from the previous argument that there must be z € % such that N,(t;) <
Clog(t). Since g™ (S,, M) < g*(S,, M), Reach(r,,,S,) must contain a recurrent component of
7, on which the achieved gain is sub-optimal. Pick one, denoted %”. Thanks to Assumption 5,
the optimistic gain of g"(s, .#(t;)) for s € &(Z’) only depends on pairs among Reach(r,,,s)
and yet g™« (s; 4 (t;)) = g*(s,M). So there must be a sub-sampled pair in &, i.e., there
exists (s,a) € Z' such that N; ,(t;) < Clog(t); This pair is reachable from S, under 7, and
g™ (s; M) < g*(s; M) by construction of &’. Last, but not least, is that by construction of (VI),
we have t < 2t; +|Z] and N; ,(t) < 2N, ,(t;) + 1. So, on the event F, := ﬂ§’=(t—|3f|)/2 E,,

Jdz =(s,a) € Reach(m,,S,): N,(t) <2Clog(t)+1 and g™ (s; M) < g*(s; M). (V1D

Setting ¢ (t) := 2C log(2t) + 1, we have shown that the algorithm is ((F,), T, T, ¢ )-coherent. We
have ¢(T) = 0O(log(T)) and P(UOo F¢) = O(%). Conclude by applying Theorem IV.18. O

t=T "t

The result is remarkable in that f is basically arbitrary. It allows for f (t) decreasing arbitrarily
fast, hence for linearly many episodes, meaning that EVI-based algorithms can nearly be episode-
less on non-degenerate models, at the expense of minimax guarantees (see Corollary IV.11). This
remark is to be combined with the observation that EVI-based algorithm cannot be episode-less
on degenerate models in general. This was discussed in Section 12.1 following an example from
Ortner (2010). In tandem, this indicates that coherence alone cannot provide regret guarantees
beyond non degenerate models. If the model dependent regret guarantees are obtained “for
free” from coherence, extending such guarantees to degenerate models would require a different
approach and most likely assumptions on the slackness function f.

From a high level viewpoint, we see that the proof of Theorem V.19 can be generalized
to any EVI-based algorithm with (1) not too long episodes, e.g., dominated by (DT) and
(2) regenerative episodes. It is for instance directly applicable to (PT). Up to minor modifications
of the proof, it can be adapted to PMEVI-based algorithms.

The extra loglog(T) is perhaps removable, but I have no proof direction in that matter.

13.4 Comments about (PT)

In Section 12.2.3, we have claimed that the present chapter would provide a technique to show
that the performance test has sublinear regret of exploration. This technique is the coherence
framework presented in Section 13.2, and consists in showing that (RPT) has consistency
properties that are similar to (VM). The shrinking-shaking results (Lemmas IV.15 and IV.16) are
general and hold similarly. However, one has to adapt the properties on the asymptotic regime
(Lemma IV.14) to (RPT). This is nonetheless done similarly, because (VM) and (RPT) have very
similar local and global almost-sure regret analysis.

For the asymptotic regime of (RPT), we follow the argument used in (VM) in Section 13.B.
(1) By optimism, the algorithm only plays policies with optimistic gain larger than g*(M). But
(2) there exists a constant C > 0 such that if every z ¢ Z**(M) has been visited at least C log(T)
times, the optimistic gain of every sub-optimal policy is lower than g*(M). Combining (1) and
(2) provides the coherence property that is used to derive the asymptotic regime of (RPT).

To adapt the local coherence property of (VM) established Section 13.2.5 to (RPT), remark
that this property is obtained by showing that if sub-optimal pairs are visited enoughin[7, T+ T),



Chapter 13. The Vanishing Multiplicative Condition (VM) 229

then the optimistic gain of sub-optimal policies goes below g*(M) hence at the next episode
update, such policies won’t be picked again. This argument is however directly applicable to
(RPT) as well. Almost by definition of (RPT) in fact. Therefore, the local coherence properties of
(VM) and (RPT) are similar and both episode rules guarantee logarithmic regret of exploration
for the same reasons.

The fact that the analysis of (VM) is almost directly applicable to (RPT) suggests that the
two episode rules are perhaps instances of more general rule; Actually, the slackness function
of (RPT) and the vanishing multiplicative factor of (VM) must satisfy the same conditions for
minimax and regret of exploration guarantees! Nonetheless, the advantages of (VM) over (RPT)
are that (VM) has minimax regret guarantees that are much easier to establish and computational
advantages. With (RPT), optimistic gains must be monitored at all time while (VM) only updates
optimistic gains when there is a chance that the optimistic policy changed.

13.5 Future directions

In the three previous chapters, we pointed the bad local behavior of EVI-based methods relying
on the doubling trick and suggested a way to improve them. We have introduced two new
episodes rules (PT) and (VM) that can be used to better manage episodes. To quantify the
superiority of them over (DT), we introduced a new learning metric, the regret of exploration,
shown that algorithms using (DT) have linear regret of exploration while (PT) and (VM) have
logarithmic regret of exploration under technical assumptions on the underlying model.

A natural question is whether these assumptions (Assumption 5) may be dropped. This is not
clear for reasons pointed out by (Lattimore and Szepesvari, 2020, §25.2) in their section entitled
“Clouds Looming for Optimism.” The policy-wise optimism of EVI-based makes policy played
accordingly to their highest plausible gain. Sub-optimal policies are played under optimism
because of a lack of information, but is playing the optimistic policy the best way to acquire
information? In linear bandits for instance, this is not the case (Lattimore and Szepesvari,
2020, 825); And the behavior of EVI-based algorithms, that episodically play fixed deterministic
policies, are in design miles away from the randomized nature of exploration described by
the model dependent lower bound (Theorem IIL.5). In practice, when one takes a look at the
optimistic models (Corollary 11.12) produced by EVI, one sees that they systematically pick
p that does not satisfy p < p when the confidence region allows it. It means that optimism
tends to increase the set of recurrent states of policies, hence the optimistic policy m may be
produced because of a lack of information on a pair that is not reachable under 7. Remark that
this is exactly the kind of behavior that coherence (Definition IV.5) requires to avoid. EVI-based
algorithms have no protection against this nasty behavior, that they will display by design. The
reason why they don’t overcommit in iterating a policy 7 to overcome a lack of information on
a region ' C % that is not reachable using that policy, is that by iterating 7, the reaching time
to &’ in .4 ™(t) explodes and eventually becomes larger than the diameter, hence 7 cannot be
output by EVI anymore.

Another interesting direction, yet overwhelmingly technical perhaps, is to extend these regret
of exploration of PMEVI-based algorithms. The analysis would have to quantify the evolution
of the bias confidence region used by PMEVI (Chapter 7) over time. It probably also exhibits
a shrinking-shaking behavior that would have to be quantified, and that would also further
accelerate the rejection of sub-optimal policies, in theory at least. A genuine yet pertinent
question is whether the regret of exploration of algorithms outside of the optimistic framework
can be investigated. For instance, what can be said about Bayesian algorithms (PSRL Osband
et al. (2013), TSDE Ouyang et al. (2017) or Optimistic PSRL Agrawal and Jia (2023))?
Model dependent algorithms could be also considered, such as IMED-RL Pesquerel and Maillard
(2022), IMED-KD Saber et al. (2024) or even ECoE (Chapter 10). Overall, the question of the
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regret of exploration captures all algorithms in the existing literature.

Talking about model dependent algorithms, comes the question of the model dependent
guarantees of EVI-based algorithms relying on (PT) or (VM). For instance, the original works
of UCRL2 Auer et al. (2009) and KLUCRL Filippi et al. (2010) provides model dependent
bound of these algorithms of order O(log(T)). Via coherence again, Theorem IV.19 provides
a partial answer, proving that (VM) provides guarantees of order O(log(T)loglog(T)) under a
non-degeneracy assumption over the underlying model. Beyond that setting, the question of
the model dependent regret guarantees of (PT) and (VM) are not easy, because contrary to the
minimax guarantees, the proof techniques of the original (DT) cannot be borrowed directly. I
leave a conjecture below.

Conjecture. UCRL2-(VM) has model dependent O(log(T)/f(T)) in general; and
O(log(T)) if the underlying model is non-degenerate (Definition IV.3).

I believe however that the model dependent guarantees of EVI-based methods are not a
good direction to investigate, because I believe that policy-wise optimism is different of nature
from what the lower bound (Theorem III.5) says we should do.

Another interesting direction is to extend the local regret guarantees beyond exploration
times. For instance, can sup,_,, E[Reg(t, t + T)] grow sublinearly with T? Why did we even
focus on exploration times in the first place? This direction is actually investigated in the next
and last Chapter 14. There is a reason why the local regret guarantees of EVI-based methods
stick to exploration times, and this is all the subject of Chapter 14.



Appendix of Chapter 13

In this appendix, we provide the details to the coherence framework described in Section 13.1.2

and prove Theorem IV.12. Below is a map of the proof.

Lemma IV.14

Lemma IV.15

Lemma IV.13

Global coherence l

Asymptotic regime |

| Logarithmic visits
1 N,(T) = O(log(T))
! outside Z**(M)

I

Shrinking effect
(Section 13.2.2)

(Section 13.2.5)

EVI-based
algorithm

(Section 13.2.3) |

o]

Local coherence
(Section 13.2.5)

J Lemma IV.13

i Linear visits N,(T) =1 Shaking effect ‘

! - ‘ : RegExp(T) =
 Q(T) on Z*(M) (Section 13.2.2) ‘
()T\() = O(log(T))

Lemma IV.14

Lemma IV.16

The map is reported throughout to track where we are in the proof.

13.A The coherence lemma: Proof of Lemma IV.13

Lemma IV.14

Lemma IV.15

Lemma IV.13
Global coherence l

Asymptotic regime |

| Logarithmic visits
1 N,(T) = O(log(T))
' outside (M)

I

Shrinking effect ‘
(Section 13.2.2)

(Section 13.2.5)

EVI-based
algorithm

(Section 13.2.3) \

‘
|

Linear visits N,(T
Q(T) on Z*(M

N

Shaking effect
(Section 13.2.2)

r

o

Local coherence
(Section 13.2.5)

l]fmma V13

‘ RegExp(T) =
O(log(T))

Lemma IV.14

Lemma IV.16

13.A.1 Optimal/sub-optimal partioning of [T, T + T)

. . . . . I
The time segment of interest [T, T+ T) is partioned into sub-segments [+,_;[7;, 7;1) as follows:

T,:=T1,

Tin1 :=(T+T)/\{

inf{tk g tk > Ti}
inf{t > 7; : 1(g"™(S,, M) = g*(M)) # 1(g"~(S;,, M) = g"(M))}

231
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and we write i € 4, if g"%(S;,M) = g"(M) and i € 4, if g""(S;,) < g"(M), that we refer
to as optimal and sub-optimal segments. By design, every segment [7;,T;,;) is a subset of
an episode and the sequence (;) is a increasing sequence of stopping times. The regret is
decomposed according to this partition:

T?+1_1 T?+1_1
Reg(T,7+T)= > > Ay+ >, > Ayl (IV12)
€5 fZT? ieyopt t:T?

Both terms are bounded separately. The first corresponds to the regret on segments where the
current policy is sub-optimal, while the second corresponds to the regret on segments where the
current policy is asymptotically optimal.

13.A.2 Upper bounding the regret on sub-optimal segments
We have:

Tir1—1

Z Z Ay < (%@‘AZ) Z (Tiv1—7T4)- (IV.13)

€Sy =Ti €5,

We bound >, , (7;1—7;) directly.

T+T-1

(STEP 1) There exists a constant € > 0 such that, on (),_. F,, we have:
Tiy1—1 |j |
ZI(p()+ 1= ) (T —T)+ D (65, —p(2)) D h™i(e, p)— 2 (V14)
€5, iedy, t=T; 2€EZX €

with sp(D,co h™i(e,, p)) < %, where h™(e,, p) is the bias function of the policy 7 under the reward
function e, and kernel p. Moreover, € can be chosen independently of F, T, T and .

Proof. Leti € 4, and fix z € Z. Because the segment [7;,7;,1) is a piece of episode, 7.,
is used all throughout the segment. The gain and bias functions of 7, on the model with
reward function e, (equal to one at z and null elsewhere) and kernel p are respectively denoted
g"™i(—;e,,p) and h™i(—;e,, p). Using the Poisson equation, we obtain:

(_) = Nz(7i+1) _Nz(Ti)

Tit1—1 Tip1—1

= 7 g (S0 p) E[RT (S, s e p)—hT (S, e p) ]+ D (e, — p(ZO)H™ (esrp)
t=1; r—
Tiy1—1 Tiq—1 1

2 20 7S+ 20 (en, —pET eop) =

where € is any positive quantity smaller than (max,, max, sp(h”™(e,,p)))"! > 0.

Let #Z :={i € % :2z €Reach(n.,S; _1)}.

Because the segment [7;,7;,) is a piece of episode, 7. is used all throughout the segment
hence a pair that is reachable at time 7;,; —1 is necessarily reachable during the entire segment.
Therefore, if i € #Z , then g™(S,;e,,p) > 0 for all t € [7;, T;4; — 1). Further assume that € is
smaller than min{g”™(s;e,, p) : 2 € Reach(m,s),s € &, € [1} > 0. We obtain:

Tiy1—1

N (Ti41) —Ny(7)) =z (T4 — 7)) + Z (esr+1 _p(Zt))hTETi (e;,p)— %

t=1;
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Summing for i provides

H—l_l

V¢Z
M N5 N2 € D (a0 + 3 3 (o5, ~PZI(erp) — 22

b
s ie.g* lejz t=1;
sub

Recall that for i € %, the segment last until the next episode and g™ (S,,M) < g*(M)
holds for all t € [7;,7T;;;). Meanwhile, coherence guarantees that, on ﬂf;T - F., we have
N,(Ti11) SN(t)+@(t)+1foralli € £, and z ¢ Z*(M). So, for all z ¢ Z*(M) and on

T+T—1
—. F., wehave

Tiy1—1

126 P =)+ 3 30 (e, ~PET e p) = 22,

iedZ, iegr t=T

T+T-1 . .
By coherence and on ﬂ F, again, we see that i € %, belongs to one .#;, for some

2z & Z*(M) at least. Summlng for z ¢ Z*(M), we obtain the claim. O

(STEP 2) There exists a constant 1 > 0 such that

T+T—-1

Vx>0, (Iﬂsubl >x+— go(r) and m ) < exp(—nx). (IV.15)

t=1
Moreover, 1 can be chosen independently of F,t, T and .

Proof. Denote Jyp(7, T+ T):=Jic s [7i,Tis1) the time instants when g™ (S, M) < g*(M).

Introduce the quantity ¢(t) := Zz[cp(r) + N, (1) —N,(t)], for t € [7,7 + T), which is
non-increasing by construction. By coherence and on F,, if t € Z,,;,(7, T + T) then there exists
a reachable z such that p(7) + N,(7) — N,(t) > 0. The crucial remark is that for i € %
with [T, Ti41) € [k, tis1), two things may hold at time 7;,,: (1) Either i + 1 € ., meaning
that a state from which 7. is optimal has been reached; (2) Or i + 1 ¢ %, and 7, = ty4q,
in which case St has been already visited since 7;. For (2), remark indeed that St has
been visited already since t;, by regenerativity of episodes (Definition IV.6), but if t; # 7, then
g™i(S;, M) = g*(M) for all t € [t,7;) hence S,  cannot appear within the collection of states
visited in the time-range [t;, 7;). Combining (1) and (2), we conclude that conditionally on the
history O_ , every reachable pair z € Reach(7 , S ) from which 7 is sub-optimal have positive
probablhty €(S;,, 7,2, M) to be visited until ’L'H_l Letting € := mlns,ﬂ,Z e(s,m,z,M) > 0, we
get:

(=) :=P(¢(Ti41) < p(t) | 0,1 € I, F.)

= min P(Nz(Ti+1) > Nz(Ti)
z=(s,a) € Reach(S; ,7;.)
g (s, M) < g"(M)

O;,i€ Jsub,FTi)

>e.

Let ¢o(7) := SAp(7) and denote F.. t : HT ! F..OnF_ . .7, ¢ can only decrease up to
¢o(7) times before reaching zero, and once it has reached zero, we cannot have t € Z,,(7,7+T)
anymore. Accordingly, for all m > 1, |.%,,;,| = m + ¢,(7) implies on F.. ., that the first in the
first m + ¢o(7) elements of .%,;, at least m of them are such that ¢(7;,;) = ¢(7;). Introduce
the short-hand U., := 1(¢(7;11) = ¢(7;)). For A > 0 and m > 1, we have:

U’(m) = P(ljsub| =m+ ¢O(T) and FTZT+T)
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mt- o)
=P[ > U, >mandF..,;

Jj=1

m+¢o(7)
=E l(eXp(A Z UTJ-) > exp(Am))1(F;..47)

j=1

m+¢o(7)
Sexp(—)tm)E eXp(A Z UTJ-)]‘(FTtT-FT)

j=1

4 m+¢o(7)—1
(1)
< exp(—Am)E exp()\ > UTj)I(FT:TTMO D) UE., . E[exp(AU; g 0)|F, s ]

j=1

@ m+¢o(t)—1 22
<exp(—Am)E|exp| 2 > U, l(FT:Tm+¢O(T))-exp(k(1—6)+E)

j=1

< exp(—xm + A1 —e)m+ po() + (m + ¢0(r))%2).

In the above, () use that 1(FT:Tm+¢0) . l(FTm%) < 1(F,.,,r) and () is an application of Ho-
effding’s Lemma together with the fact that E[U, |F; J1(F; ) < 1—e€. Assume that m is large
enough so that em > (1 —€)¢,(7). Then we continue by factorizing the polynomial within the

exponential and minimizing in A, straight forward algebra shows that for m > 2¢°(T) , we have:
3em

P(|ysub| =m+ ¢0(T) and FT:T+T) <exp| — 4 . (IV16)

We conclude accordingly by choosing n = ©(1 + %). O

(STEP 3) There exists constants C,, C;, C,, C3 > 0 such that

T+T-1
Vx>0, ( Z (Tiy1— 7)) >x+C30(7) and m Ft) < C;T® exp(—Cyx). av1i7)

€% =17

Moreover, Cy, C;, C,, C5 can be chosen independently of F,©, T and ¢.

Proof. Using a time uniform Azuma-Hoeffding’s inequality (Lemma 1.22), we have:

Tiy1—1
¥6>0, P| > > (es, —p(Z) Zh“fi(ez,p)<—%\l >t —T)log(L) | < 6.

€S =Ti Z2EX i€y,

Combined with (IV.14) from (STEP 1), we obtain an equation of the form x < a + 3 /x with
X =Yy (T =71, a = 2(ZI(p(7) + 1)+ 1|I]) and p = L +/10g(T/5). Simple algebra
shows that x < 2a + 2f32. In other words, we have shown that:

T+T—1
V6 >0, ( Z (Tis1—7)>C log(g) + C,9(7) + Cy| £y | and ﬂ ) <o

[(SEZN

for some model dependent constants C,, C;, C, > 0. Use the sub-exponential tail property of
| %] (IV15) from (STEP 2) to obtain a sub-exponential tail for »._, b(riﬂ —T;). O
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(STEP 4) There exist constants Cy, C;, Cy, C3 > 0 such that, for all n > 0,

J++1 1 T+T
Pl > Z Ay > x +Cyp(T) and ﬂF < C, T exp(—Cyx). (IV18)
JELN, t=T7

Moreover, Cy, C;, C,, C5 can be chosen independently of F, T, T and ¢.

Proof. Combine (IV.13) with the result of (STEP 3). O

13.A.3 Upper bounding the regret on optimal segments

We start by merging consecutive optimal segments. This is done by setting:

+ . . g
T] = 1nf{Tl~ RS ﬂopt}
3 =infl{r >0l vie g} (IV19)
+ + o
Tojp1 -= 1nf{ri > T, 1€ fopt}

that design a macroscopic decomposition of [T, T + T — 1) into time-segments, of which (7;) is a
refinement. Remark that if j is even, then [T}L, ’L’;_l) C e 'ﬂsub[Ti’ T;+1) and conversely, if j is
odd, then [T]JF, T;LH) \ Uieﬂmb[ri, Tiy1) =@. We write j € ¢* and j € fo“;t respectively.

By non-degeneracy of the model M, all asymptotically optimal policies of M have the same
(unique) invariant probability measure u* € 2 (%). On segments [T;', T;Ll) with j € Opt, Az
can only be positive if the optimal recurrent states & (supp(u*)) have not been reached yet. The
proof consists in showing that when ] € ¢, the optimal recurrent class is quickly reached on
[Tj , T T 1). Indeed, setting ’L']. o

opt’
]+1 Ainf{t > T : u*(S;) > 0} the reaching time to supp(u*)

after 77, we have:'

]+1

2 Z 8y, = (maxa.) 25 (Ne-on(Fo) = Na (o)) = (maxa. ) 3 (10— 77)

Jefopt t= T jefo-;t jefo;t
(Iv.20)
We now upper bound the RHS.

(STEP 1) There exists a constant D, > 0 as well as an adapted sequence (h,) with sp(h,) < D* s.t.:

T}f—l
> (a=) =20 ||+ 2 |{u e et ws) =0} |+ 3 X es. —pa)h:
je s j€ Lt JEIp t=T7

Moreover; D, is independent of F,©, T and ¢.

Proof. Notice that [T T]_H) is of the form [}, t;41) WH,[ty, toyy) where [t} € [ty ty1]is a
time such that g™ 1(St 1, M) < g™ (S;; M) = g*(S;; M). Consider the reward function f(z):=
1(z ¢ Z*(M)). Over an episode [t;,t,,1) € [T ]+1) the gain and the bias of 7! associated to

this reward function are respectively denoted g® and h®. Because the recurrent pairs under
rt from S, are supp(u*), we have g(s)=0for all (s,a) € Reach(s,,, nt,M) and h'¥(s) =0

Ly is a measure on %. For s € &, we write u(s) := Zaeﬂ(s) u(s,a).
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for all (s,a) € supp(u*). Let D* < oo the maximum sp(h®) possible over all n! € II. Using
Poisson’s equation g0(s) +hO(s) = £ (s, ' (s)) + p(s, ©'(s))h'®, we obtain:

Tj;+1 - T:;_ = NQ”‘(M)(T;_l) _NQP—(TJ_)

te—1

= 2 (M0, =08, 0)+ 25 2 (e =P i

t=t,

tp—1

< 2D* + Z (nO(s,)—nO(s,, ) +Z Z es,.. —DPs,.a Jh®

L: th(T ’T,'J_H) t=t,
() !
= 2D+ > 1t < ) (RS, ) —hO(S,, ) +Z >0t < )(es,., — Psa )0
>k t=t,
Tj—l

)
< 2D*(1+ ‘{t[ e(rj,rjﬂ):u*(sq)zo}D+ > (es,,, = ps.a )R

t=1;

where (1) follows from h) = 0 on the support of u*, and (1) introduces h, as the unique h¥
such that t € [t,, t;4;). Conclude by summing over i € jo“;t. O

(STEP 2) There exist constants C,, C,, C3, C4 > 0 such that, for all n > 0,

T+T
Vx>0, P Z (T;‘.‘H — T;’) > x + C4p(7) and ﬂ F, | < C;T% exp(—C;x). (va1)
J€Sop =T

Moreover, C;,C,, Cs, C, can be chosen independently of F,©, T and ¢.

Proof. We bound every term appearing in (STEP 1).

The first term involves | ¢ |. Because elements of Opt and ¢ are intertwined, we
| fo’;tl <1+] j;&bl. Moreover, since macroscopic segments [T j +1) are unions of segments
[7i, Tis1), we have | 21| < [.%,,| that has been bounded in (IV15) already. Accordingly, | #.7,

has sub-exponential tails on the good event ﬂHT ! F,:

T+T—1

¥Yx >0, (|jsub| X+ - (p(T) and m ) < exp(—cx) (IV22)

where ¢ > 0 is a model dependent constant.

For the second term, remark that for each t, € [7},7;,,) with j € ¢} opt? the probability
that the episode ends with S;, € supp(u*) is positive because of the regenerativity property
(Definition IV.6) of (VM). This is also true for the first (possibly) truncated episode [t,’(, tri1)
that starts the macroscopic segment [T T 1) because as the gain g"(S;; M) increases from
t, —1to t; to the optimal g™ (S,,M) = *(St, M), all states that are reachable from S, under 7,
cannot have been visited yet during the episode. In the end, the probability of reaching supp(u*)
by the end of the episode is lower bounded by some €'(7,,,S,,, M) > 0 and we denote €’ > 0
the minimum for all possible values of ¢ and S,- We conclude that P(u*(S,,, ) >0]0,,) > €.
Accordingly,

UT; = ‘{tg € (T}F: T;-+1) : M*(Xff) = O}’
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is stochastically dominated by a geometric distribution G(€’). Using bounds on tails of geometric
random variables (Lemma 1.29), we obtain:

(1+2)+ Zz?gf/” <T. (IV23)

P Z ‘{te €(t], 7)1 (S,) = 0}‘ > ‘fopt

J€Iop

The third term Zje}ﬁ Zt e

each term having span at rnost D* by (STEP 1). By applying a time-uniform Azuma-Hoeffding’s
inequality (Lemma [.22), we obtain:

Z Ji (es,,, =Pz )h, >D*\J Z ( J+1_T;r)(%+n)log(1+T) =T (Va4

]Ejo-;t t= T ]efopt

— pz,)h, is the sum of a martingale difference sequence,

t+1

Combining the bound of the first term, (IV.23) and (IV.24), we see that there exists C;, C,, Cs3,Cy4
such that for all n > 0, with probability 1 —3T ",

Z (T?+1 - Tj) < G +(Cy +nGC3)(log(T) + ¢(1)) + C4\l Z (T?+1 — T;’)(% +n)log(T).

JE€ St J€Sopt

This is an equation of the form x < a + 34/x that implies in particular x < 2(a + 32). We
conclude by rearranging terms of the equation. O

(STEP 3) There exist constants C,, Cy, C3, C4 > 0 such that, for all n > 0,

J+1 T+T
Z Z Ay > x+ Cup(7) and ﬂ < C; T exp(—Cyx). (IV.25)
]efo;t t= T

Moreover, Cy,C,,Cs, C, can be chosen independently of F,t, T and .
Proof. Invoke (IV.20) and apply the result of (STEP 2). O

13.A.4 Combining everything
Conclude by combining (IV.12) with Section 13.A.2 (STEP 4) and Section 13.A.3 (STEP 3).

13.B The asymptotic regime of (VM): Proof of Lemma IV.14

In this section, we provide a proof of Lemma IV.14: Let M € .# a non-degenerate model. Assume
that the algorithm running is EVI-based with a confidence region ./ (t) = M (t) as given by
Section 7.A.2 such that Assumption 5 is satisfied, managing episodes with f-(VM) with arbitrary
f €(0,1]. There exists A > 0 s.t.:

Vz ¢ %, (M), PMAT,Vt>T:N,(t)<Alog(t))=1, and
Vze %, (M), PM(AT,Yt=T:N,(t)> 7t)=1.

The proof is relies on the coherence lemma (Lemma IV.13). We show that the confidence
regions are such that, if a sub-optimal policy is played, one of the pairs responsible for its opti-
mistic gain must be sub-sampled. This provides a “global” coherence property, see (STEP 1), this
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Lemma IV.14 Lemma IV.15

I 2 B l ‘
i Logarithmic visits | -
| | Shrinking effect
alv i N(T) = O(log(T)) | ‘ (Sectiong13 2.2) ‘
Lemma V.13 i outside g’**(M) ] oL
Global coherence l E——— ’
EVI-based Asymptotic regime | (Section 13.2.5) *j Local coherence
algorithm (Section 13.2.3) \ (Section 13.2.5)
,,,,,,,,,,,,,,,, l Lemma IV.13
i Linear visits N,(T) =1 Shaking effect
‘ | . RegExp(T) =
 Q(T) on (M) (Section 13.2.2) ‘
T\( — 0(log(T))
Lemma V.14 Lemma IV.16

is used to upper bound the asymptotic visit rates of sub-optimal pairs, see (STEP 2) and (IV.29).
Invoking the coherence lemma requires Assumption 5 to hold and M to be non-degenerate. We
deduce in parallel that non optimal pairs are visited at most logarithmically often in (STEP 3)
with (IV.31), and that optimal pairs are visited at least linearly often in (STEP 4) with (IV.32).

(STEP 1) There exists a sequence of adapted events (F,) satisfying P(AT,Yt > T : F,) =1 and a
function ¢ : N — R, with p(t) = O(t) s.t. the algorithm is ((F,),|log(T)], T, ¢ )-coherent.

Proof. Introduce the good event E, := {M € .#(t)}. By design of the confidence region (see
Section 7.A.2), P(AT,YVt > T : E,)=1. Let T > 1 and set T, := |log(T)]. Pick t € [Ty, T] and
let [t, t;,;) the unique episode it falls in. We denote 7 = ©t* for short and assume that 7 is
sub-optimal from S,t, i.e.,

g (S;; M) > g™ (S,; M). (IV.26)

So there exists a class of pairs 2’ which is recurrent under 7, with %’ C Reach(r,S,) and such
that g"(s; M) < g*(s; M) for every s € (Z’). Let s, € L (Z').

Denote A, := min{g*(s; M) —g"(s; M) : m € IL,s € &, g*(s;, M) > g"(s; M)} > O the min-
imal gain gap in M. Because 7 is output by EVI (Algorithm 2) at time t;, it is optimisti-
cally optimal at time t; and g*(S;; #(t,)) = g(S;; 7y, p,) for some 7, € [ [ %, ) (tx) and
Pr € I @, n(s)(tr)- Furthermore, on E,, we have D(.(t)) < D(M) hence every policy returned
by EVI (Algorithm 2) has optimistic bias span at most D(M) and its optimistic gain has null
span. We have, on E,,

A, < 8" (505 M) — g™ (s50; M)
M
< g™ (05 A (t1)) — " (505 M)
® -
< ”r - r“oo,Reach(Tc,so) + %D(M)“p _p“l,Reach(rr,so)'

In (7), we have used that, on E, , g*(so; M) < g*(s0; A (ti)) = §*(S;; A (ti)) = g7 (S¢, 5 A (t1)).
In (%), we first invoke a gain deviation inequality (Theorem II.1), then rely on the fact that
by Assumption 5, the optimistic gain of 7w computed by EVI only depends on pairs that are
reachable from s, under 7w on M. One of the two terms of the RHS of the above equation must
be at least %Ag. For instance, D(M)||P — pll1 reach(r,s,) = D¢ We have:

Ag < D(M)(”f) _ﬁlll,Reach(n,so) + ”ﬁ _p”l,Reach(rr,sO))

=D(M)( min (15, ~5.(t)ll +__ min ||ﬁz—pz||1)-

z€Reach(7,s, z€Reach(7,sg)

av27)

Knowing that p, € #&,(t;) and that &,(—) either (C1) directly using Weissman’s inequality
(Lemma [.23), or (C2) using an empirical Bernstein’s inequality (Lemma [.24) or (C3) using em-
pirical likelihood inequalities (Lemma I.25), there exists a constant such that N, (t)||p, — f)z(t)llf <
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Clog(t). Under (C1) this follows by construction; Under (C2), this is a consequence of Pinsker’s
inequality; This is slightly less easy to see under (C3). If &,(t) is built using an empirical
Bernstein’s inequality, then it is obtained as a region of the form:

~ ~ A 1 1
]_[{pz,s €[0,1]: |Bo — b ()] < ay/ 2D + ,35((3} NP ()

s€s

that is approximated by inequality in £;-norm by using (a + 32)4/log(t)/n A1 > (a+/log(t)/n+
PBlog(t)/n) A1l. Overall, there exists a constant C > 0 such that whether 2,(t) is built out of
(C1-3), we have:

2.(t) € {p. € 2(#) : N,(DlIp. — p.(0)II; < Clog(t)} =: 2, (¢).

Up to increasing C, we can further assume that P(3T > 1,Vt > 1: p, € 2/(t)) = 1. Injecting this

in Equation (IV.27), we see that on the asymptotically almost sure event F fl = {Vz, P, € 9;(0},
we have:

Clog(t;) 2C log(2t
A <o) min 4| S8 Dopany min | 261080 (IV.28)
g z€Reach(7,s,) Nz( k) z€Reach(7,s,) Nz(t)

where () uses that the (VM) guarantees N,(t;,;) < 2N,(t;) and t;; < 2t;. Solving (IV28) in
N,(t), we find a condition of the form N,(t) < C’log(t).
The same rationale can be used to handle the case where || — 7 || o6 Reach(r,5,) = %A g> dealing

with the design of another asymptotically almost sure event F| := {‘v’z, r,€R (t)} and ending
with the same kind of upper-bound on N,(t). In the end, setting F, := ﬂi, F/,NF, PNE,

le/2] "t
and p(T,) = C'log(t), we see that the algorithm is ((F,), Ty, T, ¢ )-coherent. O
(STEP 2) There exists C > 0 such that:
P(3T,Vt > T,Vz € (M) : N,(t) < Clog(t)). (1V29)

Proof. Since M is non-degenerate, coherence can be converted to regret guarantees (Lemma [V.13):
From (STEP 1) follows that there exists constants C;, C, > 0 such that:

T
VT > 1, P(Reg(log(T), T) > C; + Cylog(T) and m Ft) < T2 (IV.30)
t=|log(T))

Since N,(T) < N,(T,) + Az_lReg(TO, T), the condition Reg(log(T), T) < C; + C,1og(T) is con-
verted to N,(T) < Cj + C,log(T) for all z € Z~(M). We have:
(x):=P(VT,3t > T,3z € (M) : N,(t) > C} + C} log(t))

) T
Dp (VTEIt>TEIzEfZ’(M) N,(t) > C{+Cjlog(t) and ) Ft)

t=[log(T)]

T
< P(VT, dt > T,z € Z (M) : Reg(log(T), T) > C; + C,log(T) and ﬂ Ft)
t=|log(T)]

= Tlim Z Z P(Reg(log(T), T)> C; + Cylog(T) and
o = Llog(T)J

t=>T zeZ—(M)

(€3]
< SA lim 7—0

T—o00

In the above, (1) follows by P(limsup F,) = 1 and (%) by (IV.30). Up to assuming t large enough,
we eventually have C,log(T) > C; hence the constant term can be ignored. O
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(STEP 3) There exists C > 0 such that:
P(AT,Vt = T,Vz ¢ Z* (M) : N,(t) < Clog(t)). (IV.31)

Proof. Because M is non-degenerate, Z*(M) defines a unique policy that we denote 7t*. Intro-
duce the reward function f(z) := 1(z ¢ Z*(M)). Let g/, hf and A/ the gain, bias and gap
functions of m* in M endowed with the reward function f. Remark that g/ (s) = 0, that hf (s) =0
for (s, m*(s)) € Z**(M) and that Af (2) = 0 for z € *(M). Denote H; := sp(h/) vV max,|Af (2)|.
Therefore:

T
> NAT)sz(zt)

2¢ % (M)

—Z((est p(ZIW —A4(2)

<H' +Zl(Zt¢%**(M))(65[H—p(zt))hf v ST N

t=1 ze%¥—(M)

()
<H/|1+2| > N(Dlog(T)+ >, N(T)
\ 2¢2(M) ze%—(M)

)
<H/|1+2,| > N,(T)log(T)+SAClog(T)
\ 22w (M)

where (1) holds with probability 1 — T2 by Azuma-Hoeffding’s inequality (Lemma 1.22), and ()
holds on the asymptotically almost sure event (Vz € 2 (M), N,(T) < Clog(T)) (see (IV.29)).
This is an equation of the form n < a + f3/n that implies in particular n < 2(a + £2). In the
end, we get:

P(VT, dt>T: Z N,(t) < 2H/(1+ SAClog(T) + 410g(T))) =
2¢ 2 (M)

This concludes the proof. O
(STEP 4) There exists ¢ > 0 such that:
P(AT,Vt > T,Vz € (M) : N,(t) > ct) = 1. (IV.32)

Proof. This is established with a similar technique than (IV.31) in (STEP 3). By non-degeneracy
of M, *(M) defines a unique policy that we denote 7t*. Fix 2, € Z**(M) and introduce the
reward function f(z) = 1(z = z,). Remark that g/(s) = ¢ > 0 for all s € % and that A (z) =0
for all z € 2*(M). Let H' :=sp(h/) v max,|A/ (2)|. We have:

T
N, (T) :=Zf(zt>

—p(Z)) — A (2))

IV

1z, € 2~ (M))(es,, — p(Z))h —HS Z N,(T)
ze%—(M)
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> T —2V HfSAC -10g(T) — H' SAC1og(T) ~ cT

where the last inequality holds with probability 1 — T~2 on the asymptotically almost sure event
(Vze (M) :N,(T) < Clog(T)) given by (IV.29). We conclude accordingly. ]

13.C The shrinking effect: Proof of Lemma IV.15

In this section, we provide a proof of Lemma IV.15: Let (ty;)) the enumeration of exploration
episodes, and let T > 1. Fix A,z € & > 0. For all 6 > 0, we can find €,m, C > 0 such that:

Z,(t) £ 2, (ti(ir-1) <5
and N,(t) > N,(ty)) + Clog(5) | ) = 7

N, ()=N; (ti)
sup Z,(t) > sup Z,(ty(i)—1) — ka” )
and N,(t) > N, (txp)) + Clog( %)

kernel : P( o and [Elt € [ty tey T T :
reward : P( e and [Ht € [ty tuey + T :

where F,, = (N,(t) < 7 . (triy—1) —P: || < € trry > m).

> f‘z(tk(i)—l)_ rz| <6,

The result is established separately for confidence regions constructed out of (C1) Weissman’s
inequality, (C2) empirical Bernstein inequalities and (C3) Empirical likelihood inequalities (see
Section 7.A.2 for explicit formulas).

Lemma IV.14 Lemma IV.15
I 2 R l ‘
i Logarithmic visits \ ARET
| Shrinking effect
.mma IV, | Na (T) = O(log(T?) ‘ ‘ (Section ng 2.2) ‘
Lemma IV.13 H outside g**(M) ‘ oo
Global coherence l e ’
EVI-based Asymptotic regime | (Section 13.2.5) o Local coherence
algorithm (Section 13.2.3) \ (Section 13.2.5)
7777777777777777 l Lemma IV.13
| Linear visits N,(T) =) Shaking effect
! : ! : RegExp(T) =
- Q(T) on (M) (Section 13.2.2) ‘
u””T””‘f 77777 g T | O(log(T))
Lemma IV.14 Lemma IV.16

13.C.1 Weissman-type confidence regions

Establishing the shrinking phenomenon on kernels and rewards follows a similar line for rewards
and kernels. Because they are a little bit harder, the analysis of the shrinking behavior of the
kernels’ confidence regions is detailed, and we explain how to adapt the proof to the rewards’
confidence regions.

Lemma IV.20 (Shrinking Kernels, Weissman region). Assume that confidence regions are
built out of Weissman’s inequality (C1), i.e., Z,(t) := {p, € Z(¥) : N,(t)||p, — p,(t)I|? <
Colog(C;t)} with Cy,C; > 0. Fix A > 0,2 € %. For all 6 > 0, we can find €, M, C > 0 such
that:

Z,(t) £ Z.(triy-1)
P( o and |:3t € [tk(l)3 tri) T T]: and N,(t) > N (tk(l)) ¥ Clog( ) <o

where F, := (N, (txp) < 7108(ti)s P2 (triy-1) — Pzl < €, trgy > m).
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Proof. Write N,(t,t’) := N,(t")— N,(t) the number of times z € & is visited between the times t
and t’. The empirical transition at time t is expressed as:

-1
p.(t) =P, (txy—1) + ——= N.(O (Nz(tk(i)—l: t)(p. — Pa(try—1)) + Z 1(Z; ==)(es,,, —Pz))

1=tg(i)-1

=: P, (triy—1) + Wa(trgy—1, t)- (Iv.33)

On the event F,, we have ||w,(ty;-1, t)ll; < Zﬁ(NZ(tk(i)—l, e+ 11>, 1(Z; = z)(es.,, —Pll)s
consisting in two terms. The first term is an error a priori, while the second is a the norm
of a martingale which is the sum of N,(t;(;_;,t) terms. Because in the target probability of
Lemma IV.20, we invoke F, that is H, -measurable, any visit of z prior to t;(;) in the martingale
part of w,(tx;)—1,t) must be casted out Thankfully, on F,,  , we have:

N, (i) < L1+ f (tr-1) )N (D] + 1 < Nz(fk(i)—1) + 14| 3£ (trey-1) 1og(tiiy) ]

which is equal to N, (ty)—1) + 1 since f(t) = O(mg%)’ provided that t;) = m is large enough.

Accordingly, we have N, (ty;)-1, tyy) <1 on Fp, . So,on Fy , we have:
t—1
lw. (i By < 5 ( 5| 2+ Naltago, e + D 1Zi=2)es, —p.)| | au34)
i:tk(i) 1

By applying Weissman’s inequality (Lemma 1.23), the martingale can then be bounded as follows:

t—1

Z 1(z;= Z)(esi+1 _Pz)

i:tk(i)

P(Vt € [tray teey T T,

> \/SNz(tk(i), t)log(g)) <§. (IV35)

1

Pick p, € Z,(t). Following (IV.35), we derive conditions on N, (ty;), t) such that p, € Z,(ty(;)-1)
with high probability. We have:

(*) = Nz(tk(i)—l) f)z _ﬁz(tk(i)—l)”l

</ No (=) [|Ba(8) = Do (i), + v/ NeCti-)IIBs — B2 (D)1l
N, (ty(i)-1)
</ Na () || e (trgy—1, )| + \ Nk(( )) — - €, log(Ct)

N,(t) — N, (tyg)-1,t)
< YNtk |[ws (e, Ol +\ N (t)k() 2. ¢y log(Cyty1) +0(2)

N, (tieiy—15 t) 4/ Ny (trgiy—1) (\l Cy log(Cyty(iy—1) e 4 )

6]
< /C110g(Catyiy—1) —

e ——————————————
2N, (t) N, (tkai)-1) N, (txq), t)
¢SN (tic-1)N; (trgoy, ) log(£) ()
N, (t) Lr(iy-1

where () is obtained by a combination of (IV.34) and (IV.35), hence hold uniformly on t with
probability 1—6. On F,, , we have N, (tyiy-1) < % log(ty()-1) hence N, (ty;y-1) < % log(Cat(i)-1)
since C, > 1. Using this in the equation above and simplifying terms a bit, we upper-bound (x)
by:

YV Nz(t i)— )
VG 108((7ztk(i)—1)+#())1(2 N, (tygp)- 1,f)(§v G —€)+\/Nz(tk(i)—lzt)‘SIOg(g))
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The right-term is a deviation that up to the normalization 4/N,(tx;)—1)/N;(t), contains a term
scaling as —N, (ty;)—1,t) and another in /N, (ty)—1,t). The first is expected to be dominant,
and this is indeed the case if € < %\/ AC; and \/Nz(tk(i)_l, t)1log(T /6 < %Nz(tk(i)_l, t)v/ AC.
The second requirement leads to the sufficient condition:

N, (tyiy-1,t) = g% log(g) = Clog(%). (IV.36)

Combining (IV.36), (IV.35) and the above upper-bound on (x), provided that N, (ty)—1,t) =
C log(%) and that € > 0 is chosen small enough, it holds on F,  with probability 1 —§ that, for
allt € [tk(i)’ tk(i) + T],

ST CTI W a com o
W/Nz(tk(i)—l)”f’z_ﬁz(tk(i)—l)”lS\/Cllog(CZtk(i)_l)_ z\tk(i)—1 g\ k(i)—1/~1 +O( 1 )

6Nz( t) Li(iy-1
(v37)
To conclude, observe that the 0(%) is negligible in front of the negative term provided that t is
large in front of T. We conclude that the condition (IV.37) is enough to guarantee p, € 2, (ty(;)-1),
hence finishing the proof. O

Lemma IV.21 (Shrinking Rewards, Weissman region). Assume that confidence regions
are built out of Weissman’s inequality (C1), i.e., &,(t) := {F, > 0 : N,(t)|F, — ,(t)|> <
Colog(C;t)} with C,,C; > 0. Fix A > 0,2 € . For all 6 > 0, we can find €, M, C > 0 such
that:

N, (t)—N,(txq))
sup Z,(t) > sup Z,(tyi)-1) — Wtk(:ﬁ) ]) <5

P| F, and |3t €[ty tun+T]:
( t) [ P He) and Nz(t)>Nz(fk(i))+C108(%)

where F, := (N, (i) < 3 108(t), [P (try1) — T2l < €, tigy > m).

Proof. The proof is exactly the same up to the analogue of (IV.37):

. . N, (tieiy—15 t) 4/ Ny (tigi-1)C1 A
VN (=) || P Ctigy—1) — 7 +o( 1 )

6Nz(tk(i)_1) (-1
For the same reasons, the o(

LS \/ Cy log(Coty(iy—1)—

1
tk(i)—
provided that t is large in front of T, we are guaranteed that N,(t)+/1/(AC;) < (Alog(t)) +
T)4/1/(AC;) < Cylog(t;)) for some constant Cy, provided that t;; is large enough. Hence,
we obtain that on the concentration event specified by (IV.35) and on F,

-) is negligible. But also, because N, (ty;)-1) < Alog(t()-1),

C(i)—1°

. N C11og(Catyiy—1)  Ny(ty(iy—1,1)
rz(tk(i)—l) —TIy 1=

N, (txgiy-1) ~6C, log(tk))

Further pick C > 6C,,. This concludes the proof. O

13.C.2 About empirical Bernstein and empirical likelihood confidence
regions

Lemma IV.20 can be adapted to Bernstein-type confidence regions (II.7) and empirical likelihood
confidence regions (I1.6), see Section 7.A.2 for the descriptions of such regions with explicit
constants. These proofs follow a similar line than Lemma IV.20 but the computations are
region-specific. The details can be found in the original paper Boone and Gaujal (2024).
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13.D The shaking effect: Proof of Lemma IV.16

In this section, we provide a proof of Lemma IV.16: Let (ty;)) the enumeration of exploration
episodes, and let T > 1. Fix A,z € & and for two sets %,V C R", denote dy (%, V') the Hausdorff
distance induced by the one-norm. We can find c,m > 0 such that:

tr(iy =

(kernels)  F D(Vte[fk(i» ey + T1: du(2(0), 2. (triy1)) < —Clof(t)),

(rewards) F, 2 (Vt € [trgy try + T+ du(Z,(), Z,(triy-1)) < Clotg(t))

where Fy = (N, (try-1) > Atrpy-1, tey > mIN(VE € [tri)-1, teiy 1, M € AMs(1(0))-

tki) *

Similarly to Lemma IV.15, the result is established separately for confidence regions con-
structed out of (C1) Weissman’s inequality, (C2) empirical Bernstein inequalities and (C3)
Empirical likelihood inequalities (see Section 7.A.2 for explicit formulas).

Lemma IV.14 Lemma IV.15

R S | ‘

| Logarithmic visits | -
. | N.(T) = O(log(T)) | ‘ (Ssheréﬁl;ﬁl%f;eg ‘
Lemma IV13 I outside QP**(M) /‘ —

Global coherence l |
EVI-based Asymptotic regime | (Section 13.29) o Local coherence
algorithm (Section 13.2.3) | (Section 13.2.5)

llcmma V13

| Linear visits N,(T)= | Shaking effect

[ : [ . RegExp(T) =

r QT) on (M) (Section 13.2.2) ‘

Ti‘ ————— ' i | O(log(T))
Lemma IV.14 Lemma IV16

13.D.1 Weissman-type confidence regions

Again, the shaking phenomenon on kernels and rewards follows for similar reasons; Proving it
for rewards consists in establishing the shaking property in dimension one, while proving it for
kernels consits in establishing the shaking property in dimension |&|. We accordingly to the
proof of the result for kernels.

Lemma IV.22 (Shaking Kernels, Weissman region). Assume that confidence regions are
built out of Weissman’s inequality (C1), i.e., Z,(t) :={p, € 2 (<) : N,(t)||p, —f)z(t)llf <
Colog(C;t)} with Cy,C; > 0. Fix A,z € % and for two sets %,V C R", denote dy(%, V)
the Hausdorff distance induced by the one-norm. We can find ¢, m > 0 such that:

(kernels) - Fug, € (Vt € [t tip + T1: du(22(0), Zultipa)) < —“"f(”),
enasies) Fow S (Vt € [trqiy trgiy + T du(2,(0), 2, (1)) < Clo—tg(t))

where F, = (N,(txi-1) > Atigy—1, tey > M) N (Yt € [triy—, triy]s M € Ms((8))

te() *

Proof. Recall that 6(t) = % By construction of .#s,)(t), for all t € {ty;)_1,..., ty;)}, we have

S10g(2SA(1 +N,(1))) _ \l Slog(2SAt ;) ss)

Ip. = .(0)]l < J Vo

Ati(iy—1
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The vanishing multiplicative condition (VM) guarantees that t;;) < 2t;(;)—1 provided that t;(; is
large enough, hene providing N, (t;(;)) = %)Ltk(i). Moreover, if t ;) is large in front of T, then p(t)
moves by O(m) = O(%_)) during the time-segment {t;), ..., ty;+ T —1}, which is negligible

in front of 4/log(t))/ k). We accordingly extend (IV.38) to t € {ty(;)—1,..., txy) + T — 1} with:

2510 ZSAt i 10 t i 1 t
lIps — (DIl < BESALW) | of (| 228L@) | _ o 4/ 108l ) (IV39)
At tr(i) t

The result is therefore obtained by estimating the Hausdorff distance between ¢,-ball of radius

O(+/log(t)/t) and with centers at distance ©(4/log(t)/t). O

13.D.2 About empirical Bernstein-type and empirical likelihodd confi-
dence regions

Similarly to the shrinking phenomenon, Lemma IV.22 can be adapted to Bernstein-type confidence
regions (II.7) and empirical likelihood confidence regions (I1.6), see Section 7.A.2 for the
descriptions of such regions with explicit constants. These proofs follow a similar line than
Lemma IV.20 but the computations are region-specific. The details can be found in the original
paper Boone and Gaujal (2024).



Chapter 14

Beyond the regret of exploration:
The Sliding Regret

In this last chapter, we go beyond the study of the local regret at exploration times (Definition IV.1).
The question is essentialized by studying the problem from the lens of multi-armed bandits
and more particularly two-armed bandits. The question is the following: The celebrated UCB
algorithm Auer (2002) is perhaps the simpler EVI-based algorithm (Algorithm II.2) possible. It
is episode-less by renewing its policy at each round, so it should not suffer of the linear regret of
exploration induced by Equation (DT), and should even have better guarantees that (PT) and
(VM). And yet, when running UCB, we observe that its first order regret is bumpy because UCB
plays sub-optimal actions many times in a row for arbitrarily large times (see Figure 14.1.1).

Although many learning algorithms for multi-armed bandits exist today, over a single run,
their first order regret seems to follow one out of two tendencies. The first order regret of
classical algorithms can be classified into two categories: smooth and bumpy.

14.1 Smooth and bumpy pseudo-regret curves

About notations. This chapter is dedicated to stochastic bandits, a setting that is
slightly different from Markov decision processes. We slightly modify the notations
of the manuscript to adopt a style that is closer to the multi-armed bandits’ standards.

We start by adapting notations.

A stochastic multi-armed bandit is a state-less Markov decision process, meaning that the
pair space can be put in the form % := {1} x {1,...,K} where K denotes the number of arms of
the bandit. The actions picked by the learner are written A;,A,, ... and the achieved rewards
R{,R,,.... Again, the objective of the learner is to maximize the aggregate rewards 23:1 R,,
or equivalently to minimize the regret. In the sequel, we focus on two-armed bandits with
Bernoulli rewards which is arguably the simplest settings of all, yet this setting is already
a rich ground to study the local behavior of efficient learners. This results below can easily
be generalized to multi-armed bandits (more than two) with single parameter exponential
distributions for rewards. We use the style of notation of Honda and Takemura (2015). The
distribution of arm a is denoted F,, is a Bernoulli distribution F, = B(u,) where u, is the mean
of the arm. We denote Pr(—) and Ez[—] the associated probability and expectation operators,
and whenever the distributions on arm are clear in the context, the subscript F is dropped;
Remark that F accounts for what we previously wrote M in the manuscript. We further assume,
up to permutations of arms, that 0 < u, < u; < 1, thus both arms have interior mean rewards,

246
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arm 1 is optimal and arm 2 is suboptimal. Symbolically, we have g*(M) = u, hence the regret

is Reg(T) :=Tu, — Zle R,. In the multi-armed bandit literature, the first order regret is rather
called the pseudo-regret:

MH

Tpy— ) Ua, avn)
t=1

and the mean arm gap A := u; — U, is the Bellman gap of action 2. During a run of an algorithm

and for every arm a = 1, 2, we keep track of the number of visits with N,(t) := Zf: 1(A; = a).

We will have S, , and fi, , denote the number of successes (when the reward equals one) and

empirical mean of arm a after n draws of it. S,(t) := Sy (1) and (4,(t) := (g n () Will denote

the associated number of successes and empirical mean at time t.

The multi-armed bandit problem consists in the design of regret efficient algorithms for
multi-armed bandits and is simply a reinforcement learning problem on an average reward
Markov decision with a single state. The whole discussion of 2 is therefore perfectly suited
for this setting as well — this is not the first time of the manuscript that multi-armed bandits
are mentioned. In the stochastic setting, three formulations coexist: the minimax formulation
(Section 2.3), the model dependent formulation (Section 2.4) and the Bayesian formulation.
Despite being my favorite, the latter was entirely skipped in this manuscript but the reader can
read the very well-written and pretty complete introduction of (Lattimore and Szepesvari, 2020,
§34-36) to the subject. The local regret considerations of this chapters are model dependent
in nature, hence we will focus on the model dependent setting. Lower bounds of achievable
expected regret are known (see Lai and Robbins (1985) and Section 2.4) and achieved by
multiple methods, for example Thompson Sampling (Kaufmann et al. (2012)), MED (Honda and
Takemura (2010)), IMED (Honda and Takemura (2015)), KLUCB (Garivier and Cappé (2011);
Maillard et al. (2011)) or MOSS (Audibert et al. (2009)).

600 1
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Pseudo-Regret
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100 4 107
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Time ¢ %100 Time ¢ %100

Figure 14.1.1: Typical one-shot pseudo-regret of UCB (left) and Thompson Sampling (right).
The model is a two-armed bandit with Bernoulli rewards B(0.85), B(0.8).

When applied to real-world tasks, what usually matters is the performance over a single
run. Yet, although many of the previously mentioned methods are asymptotically optimal in
expectation, their trajectory behaviors differ significatively. This is illustrated in Figure 14.1.1,
plotting the typical pseudo-regrets of two popular algorithms: UCB by Auer (2002) and Thompson
Sampling (T'S) by Thompson (1933).

The difference is striking.

UCB has bumpy pseudo-regret and alternates between periods of time when it pulls the best
and a suboptimal arm, meaning that it repeatedly pulls a bad arm several times in a row. In
opposition, the pseudo-regret of Thompson Sampling is smooth and the algorithm seems to
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pull suboptimal arms sporadically over time. These two trajectory portraits are in fact the two
representatives of most existing algorithms for stochastic bandits. UCB showcases the typical
one-shot pseudo-regret of index policies while TS illustrates the ones of randomized policies.

Outline of the chapter. The goal is the chapter is to explain the phenomenon reported in
Figure 14.1.1. To simplify the discussion, the results are established for two-arm Bernoulli
bandits. To measure the asymptotic bumpiness of the pseudo-regret is introduced the sliding
regret (Definition IV.7), given by the worst pseudo-regret on time-windows of fixed length sliding
to infinity; It is stronger than the previous introduced regret of exploration (Definition IV.2)
because it covers the asymptotic time horizon continuously. Our first result, Theorem V.24,
provides a general condition to guarantee that a given policy have small sliding regret, later
used to show that Thompson Sampling and MED have optimal sliding regret. Our second result,
Theorem IV.37, states that all index policies have linear sliding regret provided that the index
meets some regularity conditions. An index policy (see (Lattimore and Szepesvari, 2020, 35.4))
is an algorithm that, out of its current observations, associates a real-valued index to each arm
then picks the arm with maximal index. Our result covers all classical index policies in the
literature, such as UCB (Auer (2002)), UCB-V (Audibert et al. (2009)), MOSS (Audibert and
Bubeck (2009)), KLUCB (Garivier and Cappé (2011); Maillard et al. (2011)), IMED (Honda and
Takemura (2015)) as well as their variants.

The study of the sliding regret of index policies indicates that such algorithms have a tendency
to pick suboptimal arms several times in a row at exploration episodes. What happens at these
critical time-instants is what makes the sliding regret of index policies linear, as the probability
to pick a suboptimal arm T times in a row starting from an exploration episode t is positive and
does not vanish with t. We further show that this behavior is not negligible in average, because
the regret of exploration (Definition IV.2) is shown to be optimal for Thompson Sampling and
MED but sub-optimal for classical index policies.

14.2 Sliding regret and behavioral robustness to local histo-
ries

The presence of bumps observed in Figure 14.1.1 is related to the slope of the pseudo-regret,

which is given by the pseudo-regret difference between two points in time. This consists in its

truncation to a given time-window. Accordingly, to study the local behavior of the pseudo-regret,
we study its truncation to time-windows of fixed length sliding to infinity.

Definition IV.7. The asymptotic sliding regret (or sliding regret for short) is given by

T
SliReg(T) := limsup(T,u,* _Z‘“Am)' (V.2)

t— 00 =

Informally, the sliding regret measures the worst local pseudo regret over the trajectory. It
is a non-negative quantity that measures the presence and the amplitude of the local changes
of the pseudo-regret in the asymptotic regime. It is a new learning metric and as we will see,
no-regret algorithms in the literature present two tendencies: those with small sliding regret and
high sliding regret, embodied by Thompson Sampling and UCB respectively. The sliding regret
can easily be lower and upper bounded by A* := u; —u, and TA* = T(u; — ), as shown by
the proposition below.
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Proposition IV.23. Consider an algorithm that, for all distribution on arms, have sublinear
expected regret. Then it has sliding regret bounded as:

P — Uy < SliReg(T) < T(uy — ). (Iv.3)

This is a direct consequence of Proposition 14.A.1, established in Section 14.A.

There is a world between the lower and the upper bound and yet, the lower bound is usually
achieved with randomized methods (such as TS) while the upper bound is reached with index
policies (such as UCB). But associating small sliding regret guarantees with randomization is
slightly misleading; this is rather a question of how the policy behaves depending on its recent
history.

14.2.1 Behavioral robustness to local histories

In this section, we provide a general condition to obtain time independent upper bounds on the
sliding regret with Theorem IV.24. This theorem states that if, regardless of the recent history
(e.g., a bad arm has been pulled), the probability of picking a suboptimal action remains small,
then the sliding regret is small. This is the property that we refer to as the behavioral robustness
to local histories. It is precisely the property that UCB does not satisfy and that will lead to
suboptimal sliding regret later on.

Theorem IV.24. Let 7t a policy such that there exists a sequence of events (E, : t > 1) with
P(3t,Vs > T : E;) = 1, that satisfies:

1
34> 0Vi2 15 Pl # U E)=0( 5 (v4)

td

where H,.,.; is the truncated history (A.;;,R+;)o<j<i- Then SliReg(r; T) < L3 1(uy — o).

Proof. Letn> % an integer. We show that P(Vt,3s > t : Reg(s;s+T) = n(u; —u,)) = 0. Remark
that if Reg(s;s + T) = n(u; — u,), there exists a set I € {0,..., T — 1} of size n such that, for
alli eI, A,,; =2. Denote A, the collection of subsets of {0,...,T —1} of size n and fix I € A,
whose elements are denoted i; < i, <...<1i,. We have:

P(Vie LA =2;E)= P(At+in =2[E,(Viel\{i,},A; =2)P(Vie I\ {i,},A; =2;E,)

1 . .
= O(t_d) ‘P(Viel\{i,},A; =2;E,)

o L )eeer=o( L)

Because E, satisfies P(liminfE,) = 1, check that for all sequence of events (F,), P(Vt,3s >t :
F,)=P(Vt,3s >t : E,, F,). We complete the proof with:

P(Vt,Is >t : Reg(s;s + T) = n(u; —uy)) = tlirgo P(3s >t : Reg(s;s+ T) = n(u; — usy))
= tlirgo P(3s >t : Reg(s;s + T) = n(u; — us), E;)

< lim > P(Reg(s;s + 1) > n(p; —pa), E)
s>t
< lim > PAI €A, Vi€l A, =2E,)

t—00
s>t
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) 1
< lim ™ O(—) =0

t—00 gnd

because nd > 1. So SliReg(T) < (n—1)(u; — Uy). O

In order to apply the theorem, one has to find the right sequence of events E, such that (IV4)
is satisfied. This event usually characterizes what we will refer to as the asymptotic regime of
an algorithm, consisting in concentration guarantees for the empirical data of the algorithm as
well as convergence of the visit rate of the suboptimal arm. A complete example is provided
with Thompson Sampling.

14.2.2 Application: Thompson Sampling

Thompson sampling (TS) Thompson (1933) is a Bayesian algorithm that, at time t, samples
estimates of the arms’ values from its posterior distribution and picks the arm with highest
estimate. In the chosen Bernoulli setting, when the initial prior of TS is a tensor product of
uniform distributions over [0, 1], the posteriors are Beta distributions and TS’s estimates are
sampled as:

0,(t) ~Beta(1+S,(t), 1+ N,(t)—S,(t)). (IV.5)

The expected regret of TS is pretty well understood. In the frequentist formulation of the
multi-armed bandit problem, the regret is O(log(T)) (Agrawal and Goyal (2012)) and the
multiplicative coefficient is the best possible, making TS an asymptotically optimal algorithm,
see Agrawal and Goyal (2012); Kaufmann et al. (2012); Accordingly, TS achieves the model
dependent lower bound of Lai and Robbins (1985) (Theorem I1.15). We additionally show that
its sliding regret is optimal.

Theorem IV.25. Thompson Sampling has optimal sliding regret SliReg(TS; T) = u; — Us.

The complete proof is pretty tedious and deferred to the appendix. We outline the proof
below.

Proof sketch of Theorem IV.25. The goal is to invoke Theorem IV.24, and this is achieved by
characterizing the asymptotic behavior of TS, consisting in estimates of the sampling rates
P(A, = a) of the algorithm, estimates of the visit rates N,(t) as well as convergence of its
empirical data.

Because the expected regret is sublinear, all arms are visited infinitely often, hence posteriors
concentrate around the true means u;, U,, meaning that {i,(t) eventually converges to u,
for a = 1,2. A second known property of the asymptotic regime is that for some b > 0,
SP(N,(t) < t?) < 00, see (Kaufmann et al., 2012, Proposition 1). So by Borel-Cantelli’s lemma,
P(liminf(N; (t) > t?)) = 1. Together with a combination of the Beta-Bernoulli trick (Agrawal
and Goyal (2012)) and Sanov’ Theorem, the sampling rates of Thompson Sampling are bounded
as follows: For all € > 0, there exists a sequence of events (F{) with P(liminf F{) = 1 such that

o~ (THc(EDN,(OKI(k,p1) <PA,=2] th) < e—(l—c(e))Nz(t)kl(Hz,M)’ (IV.6)

where c(¢€) is a 0(1) when € vanishes. We use (IV.6) to show that N,(t) ~ log(t)/Kkl(us, t1)-
More precisely, we show that for all € > 0, the event

._ N log(t) log(t)
ES = (Ya, [04(t) — ol < €) N (INy(0) — g2 | < e - i)
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holds eventually (the limit inferior is almost-sure). On this event and relying on (IV.6), we
establish that o )
€ — o)
P(A, =2 | ES Hyy) =0t %),

Applying Theorem IV.24, we obtain SliReg(T) < Lﬁ](ul — U,). Making e go to zero, we
obtain optimal sliding regret guarantees for TS. O

14.2.3 Application: MED

MED (Honda and Takemura (2010)) is a randomized algorithm that, at time t, samples the
arm a with probability proportional to exp(—N,(t)kI(&,(t),2*(t))). MED is known to have
asymptotically optimal expected regret (refer to the original paper). As the empirical estimates
converge, the sampling rate of the arm a = 2 is approximately exp(—N,(t)kl(u,, u;)), which is
essentially the same as Thompson Sampling’s in the asymptotic regime. Therefore, the analysis
of its sliding regret is similar to Thompson Sampling’s.

Theorem IV.26. MED has optimal sliding regret SliReg(MED; T) = uy — Us.

14.3 The bumpy regret of UCB

In this section, we show that unlike TS and MED, UCB does not have good sliding regret guaran-
tees. In fact, the sliding regret of UCB is the worst possible as shown with Theorem 1V.29.

The UCB algorithm from Auer (2002) is an index algorithm rooted in the optimism-in-face-
of-uncertainty principle, that can be traced back at least to Lai and Robbins (1985). At time t, it
picks the arm maximizing the index

2log(t)

g (t) + N.(D

(av.7)

which is + 00 if N,(t) = 0 by convention. Expected regret guarantees in O(log(T)) can be found
in the original paper. This algorithm is the basis of all EVI-based algorithms (Algorithm II.2)
and has been thoroughly investigated. This is why, to build intuition on how index algorithms
typically behave, we dedicate this section to the analysis of the almost sure regime of UCB.

Thankfully, the almost-sure behavior of UCB at infinity is well-behaved and easy to describe.
Eventually (,(t) converges to u, and the visit rates of arms are such that the index of both arms
(IV.7) are approximately equal. In fact, N;(t) ~ t and Ny(t) ~ W log(t) when time goes to
infinity, see Proposition IV.27.

Proposition IV.27. For all € > 0 and when running UCB, both of the following hold:

(1) P(At,Vs =t :Va,|u.(s) —uls)l <e)=1;
2 2
@ P(36,¥s 2 1 [Ny(0)—2( ) log(t)‘ <e-2(725) log() =1.

The proof of Proposition V.27 is provided in Section 14.C.

14.3.1 The sliding regret of UCB

The analysis is driven by the behavior observed in Figure 14.1.1. UCB pulls every arm infinitely
often, and every time it does pick the suboptimal arm, the probability that it picks it again in the
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next round is high. Intuitively speaking, this happens because when UCB picks the suboptimal
arm a = 2 and receives full reward R, = 1, the empirical estimate [i,(t) increases enough so
that UCB “thinks” that it has been sub-sampled. In other words, in the asymptotic regime of
UCB, if a suboptimal arm provides promising rewards, UCB will keep pulling it to “make sure”
that this arm’s estimate is not wrongly estimated. This means that the central condition of
Theorem IV.24 is not met by UCB. The time instants when UCB starts pulling suboptimal arms
are called exploration episodes, and corresponds to the exploration times introduced by
Definition TV.1, and are formally given by the increasing sequence of stopping times:

T:=inf{t : A, =2}, 7T :=inf{t > 1A, =2AA_; =1} (1V.8)
Since all arms are pulled infinitely often, all these are almost surely finite.

Lemma IV.28. Consider running UCB, and fix T > 0. There exists a sequence of events indexed
by exploration episodes (E,) with P(liminfy E; ) = 1, such that, for all sequence (U, : t = 1) of
o (H,)-measurable events:

P(Vi<T:A, . =2|E, U, )>pul.

The additional sequence (U, ) informs that the above lower bound is resilient to pollution of
the history, and we could also write P(Vi < T : A;, ,; =2|E; ,H; ) > 3. The event E., is mostly
about the concentrations of empirical means fi,(t) and of visit rates, given by Proposition IV.27.
The main line of the proof is to estimate the evolution of UCB’s index (IV.7) with respect to
04(t), t and N,(t) for a = 1,2, and to show that UCB keeps picking the suboptimal arm while it
provides optimal reward. It follows that the sliding regret is linear.

| Theorem IV.29. UCB has the worst possible sliding regret SliReg(T) = T (u; — to)-

Proof. Since Tj,p > 7 + 2T, theevents (i < T :A; ,; #2)and (Ji<T:A; #2)donot
overlap. Denote F;, :=(Ji <T:A., ,; #2)and let E._the event given by Lemma V.28 for a
fixed € < u,. Observe that P(V{ > k : E; N F, ) can be put in the form:

]_[ P(Eli <T:A,.#2|E,,, UT(H)T”)P(ET” | Um_m”)
>k

where Uy, = 7= Mm<t—1 (E;,,NF; Jisao(H, ,r)-measurableevent. Applying Lemma IV.28,
we obtain:

P(Ve>k:E, nF <] [1-(—e)T)=0.
[233

It follows that:
P(VI>k:F, )<P(VI>k:(E,))+P(Ve>k:E, nF, )=P(Vl>k:(E,) ).

But since P(liminfy E; ) = 1, the above RHS goes to zero as k — oo. Therefore, we obtain
P(Vk,I =k :Vi<T,A;,,; =2)=1, proving SliReg(UCB; T) = T (u; — ). O

With the same proof techniques than Lemma IV.28, the above result can be further refined.
When UCB receives full reward from the suboptimal arm, the associated index increases sig-
nificatively so that, not only UCB will pick the suboptimal arm again in the next round, but it
will also pick it in the next round, independently of the observed reward. Roughly speaking, if
UCB receives many promising rewards in a row for the suboptimal arm, the associated index
is polluted and UCB will blindly pick it again many times in succession, independently of the
feedback.
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Proposition IV.30. Fix T > 0 and assume that we are running UCB. There exists an
increasing sequence of almost-surely finite stopping times (o : k > 1) s.t.,

P(Reg(op; 01+ T) = (U —p2)T) = 1.

For the construction of (o), refer to Section 14.C.3.

Regarding Lemma TV.28, the lower bound of for P(Vi < T : A; ,; = 2) is decreasing
exponentially fast with T. Even though Theorem V.29 states that the pseudo-regret of UCB
makes arbitrarily large jumps infinitely often, how rare are these large jumps? While it is known
that the infinite monkey eventually writes the complete works of William Shakespeare, the
expected time that the animal requires to eventually write the first sentence of Romeo and Juliet
is stupidly large.

14.3.2 The regret of exploration of UCB

If UCB has a tendency to pick the suboptimal arm many times at exploration episodes (7 : k > 1),
see (IV.8), how significant is this tendency? We now investigate the expected regret starting
from 7, using the regret of exploration (Definition IV.2). In multi-armed bandits, the regret of
exploration can equivalently be written as follows.

Definition IV.8. The regret of exploration of an algorithm is the quantity:

RegExp(T) := limsupE[Reg(7t;; T, + T)]. (ve9)

k—oo

As soon as an algorithm visits every arm infinitely often (e.g., if consistent), the regret
of exploration is well-defined, although the notion of exploration episode is less natural for
randomized algorithms such as TS or MED than it is for index algorithms like UCB. The regret of
exploration is an alternative measure to the sliding regret, also quantifying the tendency of an
algorithm to aggregate suboptimal play. The two are linked as follows.

Proposition IV.31. For every consistent algorithm, RegExp(T) < E[SliReg(T)].

Proof. Since T < T, we have 7, > k. Therefore:

RegExp(T) := iII}fsup E[Reg(ty;7,+T)] < iltlfsup E[Reg(s;s + T)]

>k s>t

< iItle[sup Reg(s;s + T)]

s>t

By definition, Reg(s;s + T) € [0, T(u; — u5)] almost surely, so is bounded. By the Bounded
Convergence Theorem, inf, E[supsZt Reg(s;s + T):| = E[inf, sup,..Reg(s;s + T)]. We readily
obtain: RegExp(T) < E[SliReg(T)]. O

Combined with Theorem IV.25, this shows that Thompson Sampling has optimal regret of
exploration. The same goes for MED, since MED also has sliding regret u; — u,.

Corollary IV.32. Thompson Sampling and MED have optimal regret of exploration, that is,
for m =TS or MED, RegExp(7; T) = t; — Us.
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Figure 14.3.1:  The approximate of t — RegExp’(t; 100) for UCB and TS executed on the
two-arm bandit (B(0.9), B(0.8)), averaged over 10k runs, with W = 200 (see below).

The regret of exploration of UCB is shown to be lower bounded by C(T)(u; — uy) where
C(T) is bounded away from 1. We show that at exploration episodes and in the asymptotic
regime, UCB behaves like a random walk with a negative drift, and that the regret exploration is
related to the reaching time to R_. The proof is found in Section 14.C.4.

Theorem IV.33. Let (X, : t > 1) a sequence of i.i.d. random variables with distribution
B(W,). Let o the stopping time T Ainf{t >1:—8t2 4+ 13 (X, —pu,) < 0}. For all
T > 1, we have RegExp(UCB; T) = (u; — u2)E[O 7 ].

How tight is this result? How close is E[Reg(7); T + T)] to (u; — uy)E[o 1] in practice?
To proceed, we estimate as a function of t the expected regret at exploration episodes near
t, consisting in RegExp’(t; T) := E[Reg(t;t + T)|3k,t = 7,]. To estimate this function, we
repeatedly run the algorithm to obtain a family S of samples of (7,,Reg(7; Ty + T)). Then,
we approximate RegExp’(t; T) as the averages of y for (x,y) € S such that |x — t| < W where
W is a parameter of the approximation. As shown in Figure 14.3.1, we indeed confirm that in
practice, the expected regret during an exploration episode seems to converge to the anticipated
lower bound (u; — u,)E[0 ;] reasonably quickly.

14.4 General index algorithms

The behavior reported in Figure 14.1.1 and analyzed in the previous section is not specific to
UCB. In this section, we generalize the analysis of UCB to most index policies of the literature.
We provide a set of conditions under which an index policy has linear sliding regret, see
Theorem IV.37. My original paper Boone (2023), from which this chapter is adapted, provides a
collection of conditions that an algorithm have to satisfy in order to generalize the proof of UCB;
Actually, this whole section is nothing less than a heavy abstractification of the proof techniques
of Section 14.3 and perhaps fails to properly convey the general intuition.

The general intuition is that, ignoring second order terms, all index algorithms I know of
Audibert and Bubeck (2009); Audibert et al. (2009); Auer (2002); Garivier and Cappé (2011);
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Algorithm Original Index Reworked index Iax
. 1
UCB NOEE D : o0

A 1
MOSS fg(t) + 1 IR0 :

KLUCB | max{u : N,(t)kI(G,(t), u) <log(t)} -

N N 1
IMED | —No()Kl(Bq(0), () ~1ogNo() | mommaa (yogid

g~ 2

Table 14.4.1: Examples of indexes.

Honda and Takemura (2015); Lattimore (2018); Maillard et al. (2011); Thompson (1933)
(in)directly track a statistical lower bound. UCB, MOSS and AdaUCB track the lower-bound for
Gaussian distributions, KLUCB and IMED track the lower bound for general distributions, UCB-V
track the lower-bound for exponential distributions. Morally, these lower bounds are strongly
convex in the arms’ means hence when sampling a sub-optimal arm a and obtaining a very good
reward, the required visit count of a estimated from the empirical data increases by strictly more
than 1, hence the algorithm believes that a is sub-visited and will pull the arm right away.

The theory below arguably applies to a broader class of index policies — but the class of index
policies that do not follow a lower bound is not populated.

14.4.1 Index policies and generalizing UCB’s analysis

An index policy is an algorithm that, out of past observations, associates to every arm a numerical
value called the index of the arm, and pulls the arm with maximal index. In the sequel, we
consider indexes of the form

I(fa(t), 0_g(t),Ny(t), t) € [0, [ax] (IV.10)

where I,,, € (0,+00] is the maximal value that the index can reach (possibly infinite), {,(t)
the empirical value of the considered arm, {i_,(t) the collection of the empirical values of other
arms, N,(t) the current number of visits of the arm and t the time. Accordingly, at time t,
the algorithm picks A, € argmax, I((,(t), 0_,(t),N,(t), t). Remark that the ordering of {i,(t)
and (i_,(t) is important because I({(t), (i,(t), N;(t), t) refers to the index of arm a = 1 while
I(0,(t), 1 (t), No(t), t) refers to the index of arm a = 2; we will write I,(t) and I,({(t), N,(¢t), t)
for simplicity.

Our goal is to generalize Theorem V.29 and Theorem IV.33 to general index policies. Our
final result is summarized with Theorem IV.37. Of course, it is impossible to grasp all index
policies within a single result, so the index has to meet regularity conditions for our result to be
applicable. We design a set of nine conditions (A 1-9). All of them are met by classical existing
indexes.

The argument mostly follows the lines of UCB’s; Hence the question is whether what are the
properties that I(—) must satisfy so that the ideas behind the local analysis of UCB still applies.
The steps are as follows: (1) all arms are visited infinitely often; (2) visit rates converge; (3) at
the asymptotic regime, if a draw of the bad arm yields maximal reward, it will be drawn again
immediately; and (4) the third property is enough so that the index algorithm is subjected to
poisoning. By poisoning, we mean that if the bad arm provides maximal reward several times
in a row, then whatever happens thereafter, the algorithm will keep picking the bad arm a few
times in a row.
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14.4.2 Asymptotic regimes of algorithms

Most of the regularity conditions that we require on I(—) can be expressed in terms of continuity
with respect to the topology of coordinate-wise equivalence of sequences. This topology appears
naturally. As times goes on, one may expect that ({(t), (,(t), N;(t), N,(t)) gets closer an closer
to (uq, Uy, ny(t), ny(t)) where n,(t) and n,(t) are the deterministic visit rates of arms. In order
to approximate I({,(t), (1,(t), Ny(t), t) by I(u,, 41, n5(t), t) for instance, we need I(—) to act
continuously on equivalent sequences.

Definition IV.9 (Asymptotic Topology). Consider a sequence (x;(n),...,x,(n)) of R%. A
set U € N — R4 is said open at x if there exists € > 0 such that it contains all y : N — R¢
satisfying:

IN,Vn>N,Vi: |x;(n)—y;(n)| < el|x;(n)|.

This topology that we obtain is the topology of coordinate-wise equivalence of sequences. For
instance, if d = 1, we have x(n) ~ y(n) if, and only if y belongs to all the neighborhoods of
Xx; Hence we write x ~ y if y belongs to every neighborhood of x From now on, we endow
the set of sequences of R? with this topology.

Regarding the literature, it is fairly reasonable to have an index satisfying the following
properties. (1) Monotonicity: the index is increasing in u,, decreasing in u_,, decreasing in
N, and increasing in t. (2) Unplayed arms see their index growing enough so that all arms are
pulled infinitely often. (3) Convergence: an arm which is being pulled linearly often (e.g., an
optimal arm) have converging index. Most index algorithms in the literature can be reworked
so that these properties are satisfied, see Table 14.4.1.

Assumptions 1. The first required set of assumptions is the following.

(A 1) (Monotonicity) The index I,(—) is increasing in u,, decreasing in u_,, decreasing in N, and
increasing in t.

(A 2) (Diverging in t) For all fixed n > 1 and v, € [0, 1], in the neighborhood of (v,, U1, n,t), we
have I,(t) = Iy

(A 3) (Convergence) In the neighborhood of (uq,Usy,t,t), I;(t) converges to some positive
I(:ul: MZ) < Imax-

Lemma IV.34. Assume that I(—) satisfies (A 1-3). Then, for a =1,2, (,(t) — u, a.s.

Equivalently, t — ({(;(t),(,(t)) is in every neighborhood of t — (u;,us), i.e., the two
sequences are topologically indistinguishable. In practice, when running UCB, or KLUCB or
IMED, the arms’ numbers of visits are such that all indexes are equal. Because the index of
the optimal arm converges to I(u;,U,), No(t) must be such that I({,(t), 4,(t),Ny(t),t) is
approximately I(u;, u5), and the inverse must be continuous in fi,(t), ;(t), (U1, ). This
leads to the condition (A 4). It is completed with (A 5), stating that the derivative of the inverse
is not null. The two combined guarantee that N,(t) ~ n,(t) for some deterministic n,(t). The
last condition (A 6), which is a formulation of the no-regret property, makes sure that N;(t) ~ t
once N,(t) ~ ny(t).

Assumptions 2. Convergence of visit rates N, (t).

(A 4) (Continuous inverse in n) Denote f, ,, ,(t):=[I; Y(v,, v1,—, t)](x) the partial inverse
in the number of visits for arm a = 2 and let ny(t) := f, . 14, u,)(t)- The map (t —
(728, %38, X(6)) = (£ = Fo 0y my(eneo(£)) s continuous in a neighborhood of (s, iz, Iy, 2.
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(A 5) (Asymptotic monotonicity in n) There is a non-negative definite function { such that for
e > 0 and in a neighborhood of t — (U, o),

I(vg, v1, (14 €)ny(t), t) < (1 —L(€))I(vy, v1,n5(1), t),
and similarly, I(v,, v1,(1 —e€)n,(t), t) = (1 +L£(e))I(v,, v1,ny(t), t).

(A 6) (No-Regret) n,(t) is sublinear in t, n,(t) — 00 and n,(t) ~ ny(at) (for all a > 0) when
t — OQ.

Lemma IV.35. If I(—) satisfies (A 1-6), then ((1(t), Ayo(t), N1(£), Na(t)) ~ (tq, U, £, 115(t)) a.s.
The sequence t — (1, Uy, t,ny(t)) will be called the asymptotic regime.

14.4.3 Local behavior in the asymptotic regime of index policies

To analyze the local evolution of indexes in the asymptotic regime, we assume that for every arm,
I,(t +h)—1,(t) can be approximated by its Taylor expansion, and that this Taylor expansion
depends continuously on the parameters [i,(t), N,(t) and t. This is expressed by (A 7). (A 9)
states that not all terms vary at the same speed; Namely, that the partial derivatives of I;(t) are
negligible, and that in the Taylor expansion of I,(t +h)—I,(t), the term J,I,(t) can be neglected.
Lastly, (A 8) states that the evolution of I,(t) relatively to N,(t) and [i,(t) are comparable, and
the evolution relatively to [i,(t) is large enough in front of the one relatively to N,(t). This
guarantees that if the suboptimal arm a = 2 is pulled and yield maximal reward R, = 1, it will
be pulled in the next round.

Assumptions 3. Local properties of I,(t) in the asymptotic regime.

(A 7) (Taylor expansion) In a neighborhood of the asymptotic regime (say (v;, Vo, m;,my) in a
neighborhood of (U, s, Ny, N5)), for all fixed h > 1 and all arm a, we have:
Ia(t +h) _Ia(t) ~ (Va(t +h)— 1)a(t)) : a,uala(t)
+(v_o(t +h) = v_o(£))- 9, 1a(t)
+ (my(t +h) —m,(t)) - 3,1,(t)
+h-3,1,(t).

(A 8) (p-optimism condition) There is a constant p € [0, 1), such that in a neighborhood of the

asymptotic regime, d,1,(t) ~ —Psz‘(gz)%zz(t).

(A 9) (Negligible derivatives) In a neighborhood of the asymptotic regime, both d,I,(t) and
0,I5(t) are 0(0,1,(t)); And J,,I,(t) = 0(3,,I5(t)).

Lemma IV.36. Let I(—) an index satisfying (A 1-9). Fix T > 0. There exists a sequence of
events indexed by exploration episodes (E,) with P(liminf, E. ) = 1, such that, for all sequence
(U, : t 2 1) of 0(H,)-measurable events:

P(Vi<T:A, ,;=2|E, U )>pu].

Proof. By Lemma IV.35, we know that ({;(t), (i5(t), N;(t), N5(t)) goes to the asymptotic regime
(U1, Ug, t,ny(t)) almost surely, so (A 7-9) can be instantiated to the random quantities. Suppose
that t is large enough and is such that over the time-range {t,...,t + h—1}, we have A, = 2.
Then we can write:

(I(t +h) =1, (t)) — (Io() = I,(¢))
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h—1
N Do Revi ”2)(%12(6 — 3, 11(0)) + h3,I,(t) + h(8,I,(t) — 81, (1)) (A7)

N,(t)
h—1
i= (RH—i_ )
~ > ON/z(t) = I, Io(t) + hd, I, (t) + h(3.I,(t) — 01,(t)) (A9)
h—1
o Zino@Resimp) mpQmidhy |y 0= o). (A8)
Ny(t) ’

Assume thatR,,; =1 foralli € {0,...,h—1}. We get

— — us)h
(1 + B~ L)~ ()~ L) 2 pz\)ri(lt) =

=Pk
Ny(t)

9,,15(t) + h(0,I,(t) — 91, (t))

3,,1,(1). (A9)

Since A, = 2, we have I,(t)—I;(t) = 0. By (A 1), J,,,(I5(t)) > 0so I,(t +h)—I;(t+h) > 0, hence
A;.n, = 2. We have established that, in the asymptotic regime, if A, =2 fors € {¢t,...,t + h—1}
with R; = 1, then A, ,;, = 2 as well. This means that the index policy essentially behaves like
UCB: If the bad arm only yields optimal rewards, it is repeatedly pulled. O

It means that Lemma V.28 extends to general indexes satisfying (A 1-9). Therefore, and
with the same proof, so does Theorem IV29: Index policies pull the bad arm for arbitrary long
time-window infinitely often. Theorem IV.33 also generalizes, and the regret of an index policy
at exploration episodes can be predicted. It locally behaves like a random walk. The accuracy of
the prediction is experimentally measured in Figure 14.3.1.

Theorem IV.37. Let I(—) an index satisfying (A 1-9). Then:
(1) Sliding Regret: SliReg(I; T) = (u; —uo)T.

(2) Regret of Exploration: Let (X, : t > 1) a sequence of i.i.d. random variables with
distribution B(u,). Let o7 := T A inf{t >1:—p(1—u,y)+ %Zle(Xt —Uy) < 0}.
We have RegExp(I; T) = (u; — ug)E[o 7]

14.4.4 Examples and experiments

Checking that an index satisfies the requirements (A 1-9) is mostly computations. Example 1
details the checking process for IMED. More examples are provided in Table 14.4.2.

Example 1 (IMED). IMED from Honda and Takemura (2015) picks the arm maximizing:

log(1)
N, (OKI(fi(0), () + log No(6)’

We have I,,,, = 00, and (A 1-3) are obvious. When the arm a = 1 is pulled linearly often,
we have I,(t) = log(t)/logN;(t) ~ 1, so I(u1, ) = 1. We see that n,(t) := l(i(gl) that
depends continuously on u,, U, so that (A 4) is satisfied. (A 5-6) also immediately follow. The last
conditions are the ones that need more work, but they result from straight forward computations.
Asymptotically, for i, = [i,(t) < (1(t) = 1, we get:

I,(t):=

h Nl(t+h) N;(t) h
L+ ) =L~ 2+ S ghi() ~ ¢
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Algorithm | Index | n,(t) 0,1 a,1,
~ 2log(t) 2log(t) Ur—
UcB fla(8) + \/ MO (= 1 ~ I
. log( 35t ) log(1) th—p
MOSS fa(0) +\ 7y s i 1 G
N 21, (D(1—fig ()] 3cl 20, (1— 6¢(uy—
UCB-V | () + ¢ 2l B 1osD) . Sclogl (‘;21(_”2")3)(1 +4/1+ %) log(t) (%) (%)
. log(t) log( =) Kl(p01)
KLUCB max{u : Na(t)kl(‘u'a(t); H) S log(t)} kl(H n ) H1—H2 - M17H2
> ‘Ell(l(*lﬁ‘_]}) )) ”2(t)u1(17u1)
log(t) log(t) log :éu—;:% 1
No ()1, (t),0(t))+1log Ny (¢ Mo,y [P ny(t
IMED ORG(0,4-() HTogN,(D) M) (Y ©

Table 14.4.2: Examples of asymptotic regimes. The missing entries of UCB-V are (x) du,I, :=

log(t) . _ log(t) pp(1—u,)log(t) | 6clog(t) .
1+ (1—2u,) O, (=) and (xx) 0,1, := — 00 (‘/ 2 2n22(t) + =00 ) In this array;,

we can group algorithms in three families of algorithms with similar asymptotic regimes and
identical ratios n,(t)d,,15/0,I,, known to account for the regret of exploration: UCB and MOSS,
UCB-V, KLUCB and IMED.

N A (7 (1—0,)
(Bat + D) = a(O)los(B0T5)  Ny(e+h)—Ny(0) | h

KI(f, 011) log(t) tlog(t)’
KI({i,01)

L(t +h) —=I,(t) ~

These two Taylor expansions are continuous in i, and (i,, so that (A 5) is satisfied. (A 9) follows
directly and (A 8) can be checked numerically. Following Theorem IV.37,

SliReg(IMED; T) = (uq — u2)T

and its regret of exploration can be predicted via the random walk specified in Theorem I1V.37.2.

Example 2 (Experiments). We extend the experiment of Figure 14.3.1 to other index policies. We
estimate the function RegExp’(t; T) := E[Reg(t; t + T)|3k, t = 74 ] as a function of t. To estimate
this function, we repeatedly run the algorithm to obtain a family S of samples of (T, Reg(Ty; T+ +T)).
Then, we approximate RegExp’(t; T) as the averages of y for (x,y) € S such that |x —t| < W
where W is a parameter of the approximation. In the experiments, we take W =128 and T = 100.

We overall observe a convergence to the predicted theoretical value (Theorem 1V.37.2). Observing
the precise rate of convergence of RegExp’(t; T) as a function of t is rather difficult, especially for
IMED and KLUCB, because these algorithms are very aggressive and rarely pick the suboptimal
arm, meaning that there a only a few exploration episodes during a run. The amount of data
required to accurately estimate the curve increases exponentially with t. Nonetheless, it seems that
RegExp’(t; T) is slightly below the theoretical (u; — u,)E[o 1] sometimes, see IMED for instance.
This is due to two things. First, although we eventually have |N,(t) —n,(t)| < en,(t) with € as
small as desired, for t = 10000, the correct € may remain large. For instance, in IMED’s index,
the term log ny(t) cannot be neglected in front of ny(t)kl(u,, ;) even when t = 10000, implying
that N,(t) and n,(t) are of the same order but still a bit far away. Second, the analysis assumes
that the partial derivatives of the index stay approximately the same over [t;t + T ], which is quite
imprecise when t isn’t large enough in front of T.

14.5 Future directions

The big take-away of this chapter is that the locally bad behavior of UCB, and more generally
index policies, is hard-coded in their design. By blindly allocating visits according to a lower
bound, they will have burst of sub-optimal play when this lower bound suddenly jumps and
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Figure 14.4.1: Estimated regret of exploration for various algorithms on the two-arm Bernoulli
bandit (B(0.9), B(0.8)). The performance of TS and UCB from Figure 14.3.1 are compared to
UCB-V, MOSS, IMED and KLUCB. The lower bound (dotted) of RegExp(—) is 0.1. The theoretical
value is reported to the right.
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requires for pulls of sub-optimal actions. By being randomized, or maybe lazy, methods such as
TS or MED are immune to this behavior.

Many things are still to be done.

First, a few results above are incomplete. For instance, Theorem IV.33 lower-bounds the
regret of exploration of UCB by a random walk. Is there equality? In Chapter 13, we have
presented a technique showing that RegExp(T) = O(log(T)) and this technique is probably
applicable to UCB, but the return time to R_ of the random walk is more likely O(1) because of
the negative drift. I conjecture that, for UCB, RegExp(T) = O(1) and can be characterized by
the return time of the random walk of Theorem IV.33 up to a infinitesimal randomization of the
means Uy, Us.

Second, a possible direction is to go even beyond the sliding regret. The motivation is EXP3
Auer et al. (1995). Not only the proof techniques presented in this chapter (Theorem IV.24 and
asymptotical regimes) fail to apply to EXP3, but its behavior seems unique. It sits in-between
the smooth behavior of TS and the bumpy behavior of UCB. Actually, the expected visit counts of
EXP3 seem to differ from their almost sure values that don’t even seem to exist in the first place,
meaning that EXP3 is heavily unstable. This is not that much of a surprise, because EXP3 has
been designed to tackle adversarial bandits. Yet, any attempt at understanding the behavior of
EXP3 is likely to introduce interesting proof techniques.

The third perspective is obviously to extend this work beyond stochastic bandits. While our
proofs can be adapted to cover multi-arm bandits with non-Bernoulli reward distributions, they
are specific to stochastic bandits. However, I believe that it is too early to pursue this direction.
First, the EVI-based algorithms cannot go beyond of regret of exploration guarantees because
of Proposition IV.30. Second, the literature of regret efficient algorithms in the model dependent
setting for average reward Markov decision processes is far from stabilized. The only algorithm
to achieve the lower bound is ECoE (Algorithm III.2), was born in the end of July 2024 and
has no implementable version yet, hence cannot be fairly called “an algorithm.” Of course,
the literature on recurrent models is a bit more stable and one may try to analyze IMED-RL
Pesquerel and Maillard (2022). However, especially regarding the minor structure of recurrent
models and Proposition I11.8, recurrent models resemble bandits too much and nothing much
new is to discover there.



Appendix of Chapter 14

14.A Almost-sure properties of consistent algorithms

This section is dedicated to the proof of the following result.

Proposition 14.A.1. Consider a policy such that whatever the distributions F on arms, the
expected regret grows linearly, i.e., Eg[Reg(T)] = o(T). Then all arms are visited infinitely
often, that is, P(Vn,3t : N,(t) > n) =1.

Proof. (STEP 1) Assume on the contrary that, for some distributions F on arms and for some
arm a, Pp(Vt : N,(t) < n) > 0 where n > 1. Because the expected regret is sublinear, a
has to be suboptimal. Let F’' any distribution on arms making a the unique optimal arm,
and such that F(a") = F/(a’) for all a’ # a. Denote the likelihood-ratio of the observations
(A1,Ry,...,A,_1,R,_) as

fb(Rs)
fi(Ry)

t—1
Le=L(ALRy, .., A1,R1) = Y > 1(A = b)
b s=1

Denoting &, := 0(A,Ry,...,A_1,R,_1), it is known (see Kaufmann et al. 2016, Lemma 18)
that if E is a Z,-measurable event, then

Py (E) = Eg[1(E) exp(—L,)].

(STEP 2) Because F is non-degenerate with 0 < u, < u* < 1, we can assume that u/ <1
and that there exists ¢ > 0 such that for r € {0,1}, we have % < exp(f,(r)/f,(r)) < c. Then,

Pp(Vt:N,(t)<n)= tlirgo P (N, (t) <n)

t—1
S O > )
- t—1
' fa(Ry)
= tglgo EF_l(Na(t) < n)!:l[exp(—l(As - b)fa’(Rs))]
- (t)

>c">0.

(STEP 3) Let A’ > 0 the gap between the optimal arm and the best suboptimal arm under
F’. We get

Ep[N,(T)] < nPp(N,(T) < n) + TPp(N,(T) = n) < n+T(1—c™).

262
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So:
Ep[Reg(T)] = A'(T —Ep[N,(T)])
> A'(¢c™"T —n)=Q(T).
This comes in contradiction with Ep[Reg(T)] = o(T). O

14.B Analysis of Thompson Sampling

14.B.1 Preliminaries: Sanov’s Theorem

Our analysis of Thompson Sampling relies on a quantitative version of Sanov’s Theorem.

Lemma 14.B.1 (Sanov’s Theorem). Let q € (0,1) and (X,, : n = 1) a family of i.i.d. random
variables with distribution B(q). Let S, := X; + ...+ X,, and denote P(S, € ...) the induced
probability distribution. Then, for € > %,

L@ < P (S, <n(g—e)) < ne ™MD, (14.B.1)
nlﬁe_"kl(“”%’q) < P(S,=n(qg+e)) < ne(a+eq), (14.B.2)

Proof. Naming these inequalities “Sanov’s Theorem” is a bit of an overstatement but is nonethe-
less very close to the original. The proof is classic, but we write it below for the paper to be
self-contained.

(STEP 1) We start by a combinatorial lemma. Write h(p) := —plog(p) — (1 —p)log(1 —p)
the Shannon entropy. For all n and k € {0,...,n}, we have

To establish this, remark that 1 = Ze (Z)(%)é(l — %)”_e. The term for £ = k is equal to e "k/™,
In particular, we have 1 > (Z)e_”h(k/ " giving the upper bound above. But also, since the term

for £ = k is the largest of the sum, we get 1 < (n+ 1)(Z)e_”h(k/ n), leading to the lower bound.
(STEP 2) Let k € {0, ...,n}. We have

n n_
py(5, =)=} Jai—ar
— (Vo501 — )"
—(k)(q (1—-q) )
_ (De—nh(s) (k).
We therefore obtain
e_"kl(é’Q)

_ —nkl( &,
— SP(S,=k) < (),

(STEP 3) We establish the bounds for P,(S, < n(q— €)), see (14.B.1).

[n(g—e)]
P,(S, <n(g—€))= > Py(S,=k)

k=0
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For the upper bound, remark that when over {0, ...,|n(q—€)]}, the function k — e (5a) i
decreasing, thus we get

P,(S, < n(q—e€)) < (n—|n(q—e) e ™ “5%) < pemnia—ca)
Rearranging terms provides the upper bound part in Sanov’s Theorem. For the lower bound,

check that
nkl( Lng—c)] q) e—nkl(q—e—%,q)

P (S < — > >
a(Sn<nlg=e))= n+l — n+1

The bounds for P (S, = n(q + €)), see (14.B.2), are established similarly. O

14.B.2 The almost-sure asymptotic behavior of Thompson Sampling

Starting from this section, we assume throughout that the bandit model is (B(u;), B(u,)) with
non-degenerate means 0 < u, < u; < 1. We first bound the sampling rates of TS.

Lemma 14.B.2. There exist a positive definite function c¢ : R, — R and a family (n, : € > 0) such
that for all € > 0, there exists a sequence of events (G¢) with liminf G a.s., and such that:

e Na(O)(1+e(@KI(pz,n) < E[l(At =2) | G5, N,y(t),No(£) = ne] < e Na(O)(A—c(eNKI(pz,pa)

Proof. (STEP 1) Denote Fgeﬂta (respectively Ffi;) the c.d.f. of a Beta distribution Beta(a, 8) (re-

spectively a Binomial distribution Binom(n, p)). Using the Beta-Binomial trick and Lemma 14.B.1,
we obtain:

E[1(0,(t) < f,(t)—€) | fy(t), Ny (t)] = Fffsa(t) 18, ()5, (1) e (£) — €)
(*) Bi
L=Fy oy 10,000—(Sa(t))

(T) _
< B[ (N, (6) + D)e OO O] g (6), N, ()]
Sa(t)

(N (t) + 1)6 (N, (t)+1)k1(Na(t)+1 Mu(f)—e)_

We can similarly derive a bound for 1(6,(t) = (4,(t) + €), showing that:

—N(O+DKI( 525 1, (0)+€)

E[l(@a(t) = ,aa(t) + 6) | .aa(t)>Na(t)] 2 Na(t) +92

where (x) follows by Beta-Binomial Trick and () follows from Sanov’s Theorem (Lemma 14.B.1).

(STEP 2) Introduce the events F, := (|(;(t) — u;| < €/3) and E, := (N;(t) > t®) that are
such that both liminfF, and liminfE, are almost-sure (see Kaufmann et al. 2012, Proposition 1
for E,). We have

P(Vt,Is>t:0:(s) <, —e€)= tlirgo P(Els >t:0,(5) <y —e,Fe,Es)

< Jim > R(0,6) < i (9)— %, FE)

s>t
< tl_igloZE[l(Gl(s) < 01(s)— %) | FS, B, Ny (s), 0 ()]
s>t
€ 2€e
< lim Z(t e P+ K= 5= )
s>t

=0.
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Accordingly, P(3t,Vs > t : 6;(s) > u; —e) = 1. Similarly one can show that P(3¢t,Vs >t :
0,(s) <u;+e)=1.

(STEP 3) Following (STEP 2), we see that in the asymptotic regime, the suboptimal arm
a = 2 cannot be picked unless 6,(t) > u; — €. And conversely, if 6,(t) > u; + €, then arm 2 is
pulled. Introduce the asymptotically almost sure event:

G; = (16,(6) —uq| <€) N(|fa(t) — pol <e).
The probability to pick A, = 2 conditionally on G{ is bounded accordingly:

o~ (Na(O+DKI(py—e iy +€)

Ny(t)+2

<E[1(A, =2) | GE,Ny(t)] < (Ny(£) + 1)e” ol +Dlkaterpn=e),
Therefore, there exists a positive definite function c(e) such that, when N,(t) is large enough
relatively to €, say N,(t) > n., we have:

e N2(O)(A+e(eDKI(ba,u) < E[l(At =2)| Gf,Nz(t),Nz(t) > ne] < e_Nz(t)(]-_C(e))kl(MZsU1)’
establishing the claim. O

The second result of this section provides a precise description of TS’s visit rates at infinity.
The visit rate of the suboptimal, N,(t), will be later called the asymptotic regime of TS.

Lemma 14.B.3. For all 6 > 0,

P(Ht, Vs>t :|Ny(s)—

log(s) | _ o _log(s) ):1
Kl(ug, uy) | — Kl(uy, py)

Proof. Let & > 0. Denote ¢ = c(€) and ky = kl(u,, u;) for short, and choose e small enough so

that 1++c(e) >1—06 and 3c(e) < 6.
(STEP 1) We show that the event (N,(t) > (1132(:)),(0) holds eventually. We proceed by

considering the complementary event and denote A, := (1122(;))](0. From Lemma 14.B.2 we also

know that

_ (A+4c)log(t)

E[1(4, #2) | G5, n, S Ny(s) <A, ] <1—e 12

Denote Ef := G¢ N (n, < Ny(s) < A;) for short. Remark that if Ny(s) < A, then the arm a = 2
has been sampled less than A, times over [%s,s] with Ny(u) < A each time. Said differently,

there exists A a subset of [%s,s] with at least 3 — A, elements (we write A S/5_; [%s,s]) such
that for all i € A, A; = 1. Therefore, where Fje below is a shorthand for (A; = 1,N,(j) < A,, E]‘?),
we have:

P(Vt,ds >t : Ny(s) < A,) = tlirglo P(Is >t : Ny(s) < Ay)
< tl_l)Iglo P(Els >t,IN S5 [%s,s],Vi EAN:A =1,Ny(i) < AS)
= lim P(3s>t,3IA /5 ; [35,5], Vi€ A:A; =1,N,(i) < A,, Ef)

t—o0

- tliréloz Z l_[P(Ai =1,N,(i) <A, Ef |Vj<iel: ij)

1 :
s>t Ics/zfls[zs;s] iel

tli%loz > T IP(a=11M,0) <A ES (Vi<iel: FD))

> 1 i
s2t 195/2—15 [ 55,5] €l

IA

log(t)

t
(A+c)log(t) \ 2~ (T+20)kg
iy 3 (1)
t—0o0

1
SZEIC 15 5, [35.5]

IA
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log(t)

t/2 (1+0)log0) \ 2~ o0k

< 'm —p 1+2c 0

- tl—1>oo ( log(t) ) (1 € ) :
s>t~ (1+2c)k,

Using standard equivalents, the summand happens to be asymptotically upper bounded by

Clog?(t) T —C'tTE
e -e <e

~

where C > C’ > 0. This term has finite sum. We conclude has follows:

. log(s) : —Clsti
P(Vt,EIs >t:Ny(t) < (1+2C)k0) < t1—1>r<l;lo e Clmx = .
s>t

(STEP 2) We show that the event (N,(t) < %) holds eventually. Again, we consider
the complementary event and denote A, := kl—o log(t). By Lemma 14.B.2,

E[1(A; = 2) | GE,n. < Ny(s), (1 +2¢)A, < Ny(s)] < e~(em2eDlos(®),

Let EY := (G{) N (ne < Ny(s)) N ((1+2c)A, < Ny(s)) for short. Note that if Ny(t) > (1 +3c)A,,
then it has been sampled at least cA,) times with Ny(s) > (1 + 2c)A, over the time interval
[(1+2c)A,, t]. So, there exists A a subset of [(1 + 2¢c)A,, t] of size at most cA, (we write
A Sy, [(1+2c)A,,t]) such that for all i € A, A; = 2. Therefore, and where F; below is a
shorthand for (A; = 2,N,(j) > (1 + 2c)7tj,E]?), we have

(=) :=P(Vt,Is >t : Ny(s) > (1 +3c)A,)
= lim P(ds >t : Ny(s) > (1+3c)A,)

< lim P(3s > £,3A S5 [(1+20)A,,s], Vi € A A; = 2,Ny(i) > (1 + 2)A,)

t— 00
= lim P(3s > t,IA S5 [(1+20)A,s], Vi€ At Ay =2,Np(i) > (1+20)A,, EY)
:tl_l)rgoz > [ [P(a=2M0) > +202,E | Vi<iel: F)

s2t IS [(14+2c)A,5] i€l

=1m > > [[P(a=21N0)>Q+20,E,(Vj<iel:F))
—00
‘ 52t 1€, [(142c)A,,5] i€l

S — — <
s>t ko
Using standard equivalents, the summand is asymptotically upper bounded by

o5 Ho)I0g? (1) | ,~(1e=2¢) 5 log’(1) _ ,~(e=2c2+o(1)) 5 log*().
Again, this has finite sum. We conclude:
P(Vt,Is >t : Ny(s) > (1+3c)A,) =0

This concludes the proof. O

14.B.3 Proof of Theorem IV.25

Proof of Theorem IV.25. We conclude that Thompson Sampling has optimal sliding regret. Fix
T > 1. Combining Lemma 14.B.2 and Lemma 14.B.3, we see that for all € > 0, there exists a
sequence of events (Ef) with P(liminf Ef) = 1, and such that:

P(A, =2|E{) < e U798l = P
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Since all arms are visited infinitely often, eventually T is negligible in front of N,(t), meaning
that for all partial history H,.,,;, = h;..4p, over [t,t +h] (with h < T), we will have

1
tl—e ’

P(At+h 2 | Et:Ht it+h — ht:t+h) <
Conclude with Theorem IV.24. O
14.C Analysis of UCB
14.C.1 The asymptotic regime of UCB

Proposition IV.27. For all € > 0 and when running UCB, both of the following hold:

(1) P(3t,Vs = t:Va,|u.(s) —u(s)l <e)=1;

) log(0)

@ p(ar_, Vs>t . iuz)zlog(t)) —1.

Nz(t) - Z(Mliu

Proof of Proposition IV.27. Because UCB has sublinear expected regret, all arms are visited in-
finitely often by Proposition 14.A.1, hence by the Strong Law of Large numbers, the empirical
estimates of every arm converge to their true means. This proves Proposition IV.27.1. We will
denote EE :=(Va: |0,(t)— u,l < €). We now focus on the proof of Proposition 1V.27.2. Denote
At m log(t) the theoretical visit rate of arm 2

(STEP 1) Let € > 0. We show that the event (N,(t) > (1 —€)A,) holds eventually. As usual,
we proceed by considering the complementary event. Let 6 > 0. Remark that if the arm a = 2
has been visited less than (1 — €)A, times, then the other arm a = 1 must have been pulled
within the time range {s — A, — 1, s}, hence within [%s,s] provided that s is large enough. Since
A; = o(s), we can in addition assume that when a = 1 is pulled, N;(s) > %s. Accordingly, and
denoting F; := (Ny(u) < (1 —e)A) N(Ny(w) = %s) for short, we have:

(=) :=P(Vt,Is =t : Ny(s) < (1 —€)A,)
= lim P(I3s>t:Ny(s) < (1—¢€)A,,)

< lim P(Els >t,due [25 s]:Ny(u) < (1—e€)A,,Ny(u) > 2s A, = 1

t—0o0
_ e 6 \ Og(u , 210g(u
_tlircr}oP(EIs>t EIuE[ 38,811 F,E, p(u) + N, g (u) + NG
2lo ls 21
< limP| Is>¢,Juess,s]:u,— 5+ #3“14_54_ 21og(s)
=17 © 2

. Pi—Ha log(2 )
< lim 1 . < Uy—Uy+36
L T log(t) < Uy — U

In the above, 6 > 0 can be chosen arbitrarily small. Since +/1 —e€ < 1, we see that by choosing
6 small regarding €, we obtain P(Vt,ds >t : Ny(s) < (1—€)A,) =0

(STEP 2) Let € > 0. We now show that the event (N,(t) < (1 + €)A,) holds eventually. Let
6 > 0. Observe that if N,(s) > (1 + €)A,, then arm 2 must have been pulled within the time
range {(1+ €)A,,...,s} with Ny(u) = (1 + €)A,. Following this idea, we obtain:

(—):=P(Vt,Is >t : Ny(s) = (1 + €)A,)
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< tlirgo P(I3s > t,Juec[(1+€)A,,s]: Ny(u) = (1+€)A,,A, =2)
= tlirglo P(Hs >t,Jue[(1+e€)A,,s]: Ef,Nz(u) >(1+e)A,A, = 2)

\| _ log(w)
<tl_1>I£IOP(E|S>tE|u€[(1+6)7LS,S] WUy + 06 + (g — Usy) mzul—5)

—Ma
< lim 1 —26
< lim (ke T = > Wy — Uy )
The above indicator is asymptotically O when 6 is small enough. O

14.C.2 The sliding regret of UCB: Proof of Lemma IV.28

As given by Proposition IV.27, the asymptotic regime is denoted

Ef 1= (Va: i1 (0) = ol < )N (No(0) = G5 log(0))

Denote I,(t) := [i,(t) + 4/2log(t)/N,(t) UCB’s index of arm a.

Lemma 14.C.1. Let G,y := (Vi < h,A.,; =2). For all e > 0 and h > 1, there exists 6,T > 0
such that, for all t > T and on Ef N Gy.e4n We have:

Zi<h(Rt+i — Uy — @))‘ < 2he

(11(f+h)—12(t+h))_(11(t)_12(t)_ N,(0) = N0
2 2

Proof. Fix € > 0. (STEP 1) The time variations of UCB’s indexes are given by:

P . 210g(t+h)_ 2log(t)
L{t+ M) = 1,(0) = (At +1) ua(r))+(\J RaY \J Na(t))

This is split into two terms. There is the variation of the empirical estimate, and the variation
of the optimistic bonus. Considering arm 1, since N;(t +h) = N;(t) on G,.,,;, we get, when
t— o9,

e+ 1) =100 = \| 3715 (Vioe(e + ) - viog(0)
1

b B h
~ /2T0g(ON (1) _O(t Nl(t))'

This will appear to be negligible in comparison to I,(t + h) — I,(t).
(STEP 2) We know bound the variations of the empirical estimates of arm 2. We have:

Zi<h e+i — o () Zi<h(Rt+i—M2)+h(M2—.az(f))
Ny(t)+h  Ny(t)+h Ny(t)+h

Oo(t +h)—0,(t) =

Because arms are visited infinitely often, we have u, — u,(t) < € eventually, with € > 0 fixed.
Since, N,(t) +h ~ N,(t), hence, when t — oo and for 6 > 0 small regarding €, on Ef N Gr.rahs
we have:

Z i<h t+1 — Uy he
0o (t +h) — (i, (t) — = < a.s.
= Ha N,(1) N,(t)
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(STEP 3) We now bound the variation of the optimistic bonus of arm 2,
\J 2log(t +h) _\J 2log(t) \J 2log(t +h) _\J 2log(t) +\J 2log(t) _\J 2log(t)
N,(t +h) Ny(t)  \ Ny(t+h) N,(t +h) N,(t +h) N,(t)

h h 2log(t)
O(rN2<r))+ 2N,(0) \ No(0)

Provided that 6 > 0 is small enough, we have on Ef:

\J 2log(t + h) _\J 2log(t) h(u, — pq) < he
Ny(t+h) N,(¢) 2N,(t) |7 Ny(¢)

(STEP 4) All together, on Ef N G,.;4+n, We have:

SianResi— 2= B35) | 2he
N,(t) Ny(t)

This proves the claim. a

Li(t +h) = I(t + h) = I,(t) = I,(t) —

We prove Lemma V.28 as a corollary below.

Lemma IV.28. Consider running UCB, and fix h > 0. There exists a sequence of events
indexed by exploration episodes (E;,) with P(liminfy E; ) = 1, such that, for all sequence
(U, : t 2 1) of o(H,)-measurable events:

P(Vi<h:A,,; =2|E. U, )>uh

Proof. Fix h > 0 and let 6(h), T(h) > 0 as given by Lemma 14.C.1 for some arbitrary € > 0. Let
G, = (Vi <h,Ry; = 1), stating that every arm pull over [¢, t +h) provides full reward. On

5(h :
EXWAG,., N G/.,,, with t > T(h), we have:

Zi<h(:u“2 + @ te— 1)
N,(t)

For t = 7, an exploration episode with 7;, as I;(7;) < I,(7y) (by definition), we obtain:

Li(t+h) < L(t+h)+(I(t)—I,(t)) +

Zi<h(‘u2 + % te— 1)

Ii(ty +h) < L(t,+h)+
ok 2k Ny(74)

We see that taking e < ¥52, the summand is always negative, and as a consequence, I;(7;+h) <
I,(ti+h). Soon 1(t, > T(h)) ﬂEfk(h), if every pull of the suboptimal arm a = 2 over [Ty, T, +h)
provides a full reward R, =1, then A ,, = 1. More formally:

Wt 2 TM)NEXM NG, 4 NG, = U 2 TMNEXW NG, ns1 NG

T T+h Te:Tr+h

Now choose 6 := min;, 6(i) and T := max;, T(i). The event E; := Efk N1(t, = T)is
o(H,, )-measurable, and we see that:

(=):=P(Vi<h:A,, =2|E;,,U;)
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> P(Vl < h :ATk+i == 2)R’tk+i =1 | ETk’ UTk)

- l—[P(RTkH =1 |A7k+i = Z)P(Afk‘*‘i =2] GTkZTk‘H" G’/CkiTk+i’ETk’ UTk)

i<h

= l_[P(RTk+i =1 |Ark+i = 2)

i<h

_ ,h
Moreover, because 7, < T;,;, the event (7, > T) is eventually true as k — 00, meaning that
P(liminfy E; ) = 1. This establishes the claim. O

14.C.3 Waiting for UCB to fail: Proof of Proposition IV.30

We recall the statement below.

Proposition IV.30. Fix h > 0 and assume that we are running UCB. There exists an
increasing sequence of almost-surely finite stopping times (o} : k > 1) s.t.,

P(Reg(oy; 0 +h) = (u; —up)h) = 1.

Proof. Fixh> 0. Let £ > [1“_—1:1] and e < ©572. Consider 7, an exploration episode. Assume
that F .. = (Vi<l:A;,;=2,R; ; =1) holds, which is of probability at least ,ug on the
event E. given by Lemma IV.28. From Lemma 14.C.1, almost surely, we have:

0 —py) | hyy
+
No(t)  Ny(t)
Thus E; NF; ;. S (Vi<h:A . =2) almost surely, and in particular P(Reg(t) + £; 7 +

+h)=(uy—p)h | E; ,Fr .z ) = 1. Since P(F;, .o 40 | E;) 2 ug by Lemma IV.28, we deduce
by Borel-Cantelli’s Lemma that P(limsup,(E;, N F; .. .,)) = 1. Hence, define

Li(te + L+ D) S L(t+L+1)— <L(t+L+1).

o= inf{Tk +{:E;, N FTk:TkM}, Opy1 i= inf{Tk +{>0,:E;, N Frk:TkM}'

We see that o, is a stopping time. Moreover, we have P(o, < oo) and P(Reg(o,;0, +h) >
(4, — uy)h) = 1 by construction. O

14.C.4 The regret of exploration of UCB: Proof of Theorem IV.33

This section is dedicated to a proof of:
Theorem IV.33. Let (X, : t > 1) a sequence of i.i.d. random variables with distribution
B(u,). Let oy the stopping time T Ainf{t >1: -5 + 1S% (X, —u,) < 0}. For all
T > 1, we have RegExp(UCB; T) = lim;_, o, E[Reg(Ts; T + T)] = (ug — o )E[O 7 ]

Again, as given by Proposition IV.27, the asymptotic regime is denoted

Ef = (Ya : 1,(6) = pal < )N (Na(6) = Z55; log(1))

Denote I,(t) := (,(t) + +/2log(t)/N,(t) UCB’s index of arm a, similarly to previous sections.
We begin by establishing a variant of Lemma 14.C.1 for time-periods when only the optimal
arm is being pulled.
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Lemma 14.C.2. Let F,..,p, := (Vi < h,A,,; = 1). Fix arbitrary € > 0 and h > 1. There exists
0, T > 0 such that, whenever t > T and for all { < h, on Ef N F,..., we have:

DictReri— 1) )
t

20e
< —.
t

(L(t+0)—I(t +£))— (Il(t) —I,(t) +

Proof. The proof is essentially similar to the one of Lemma 14.C.1: Approximate I,(t+¢)—1,(t)
using equivalents in the asymptotic regime. Using that N;(t) ~ t and N,(t) ~ m log(t), we
find that the dominant term in the variations of I,(t +£) — I,(t + £) with respect to { is the one

coming from the variations of the best arm’s empirical estimate.

DrictResi — 141) +O(z)

t t

L(t+0)—1(t)=

_e(,Uq_.ufZ) ¢
L(t+0)—I,(t)= 2t log(t) +o(tlog(t))'

Quantifying the equivalents with € > 0, we obtain the statement of Lemma 14.C.2. O

Proof of Theorem 1V.33. Recall that (X, : t > 1) denotes a sequence of i.i.d. random variables
with distribution B(u,). Fix h > 1 and denote the exploitation episodes (7} ) as:

T c=inf{t > 7, 1A, =1,A,_, =2}

It is obvious that E[Reg(Ty; T +h)] < (U1 —u2)E[min(t; — 7y, h)], hence we are ought to bound
E[min(t; — 7y, h)] which is related to the expected duration of the k-th exploration episode
clipped to [0,h]. From Lemma 14.C.2 follows that at the beginning of an exploration episode
T, and on Eik for € (resp. 7)) small enough (resp. large enough), we have:

2
0<I(t ) —hLi(T) < —.
Tk

Furthermore, if A; ,, = 1, then I,(7 +{¢) — (7, +{) < 0, so combined with Lemma 14.C.1

and denoting v, := “3¥2 it implies that
2N, (7
D (Repsi — %) < 2Le + 2No(7i)
i<t Tk

where R ; ~ B(u,). Provided that 7 is large enough (i.e., that k is large enough), this in
particular implies that >, _,(R;, +; — vo) < 3he. Since € can be chosen arbitrarily close to 0, we
deduce that, for all € > 0,

likminfE[Reg(Tk; Te+h)] = (ug —,uz)E[inf{t <h: Z(Xf — ) < e}:|
i<t
Since )_._.(X, — v,) takes finitely many values when t < h, we have:
eir>1gE[inf{t <h: Z(Xt — ) < e}:| = E[inf{t <h: Z(Xt — ) < O}:|
1<t i<t

This proves the result. O

14.D General index theory

We write X,(t) any data relative to the arm a, and X_,(t) any data relative to the other arm.
The index of arm a is thus denoted I, while I_, denotes the one of the other arm.
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14.D.1 Proof of Lemma IV.34
Lemma IV.34. Assume that I(—) satisfies (A 1-3). Then, for a = 1,2, i,(t) — u, a.s.

Proof of Lemma IV.34. (STEP 1) We start by showing that both arms are visited infinitely often,
that is, for a = 1, 2 and for a fixed arbitrary n, P(3¢t : N,(t) = n) = 1. By the Strong Law of Large
Number (SLLN, or just time-uniform concentration inequalities), the result will follow. Consider
the complementary event. Remark that if N,(t) < n, there must be s € {t —n, ..., t} such that
A, # a. So, we have, for § > 0 small enough,

(=) :=P(Vt:N,(t)<n)

<P(Vt,Is>t—n:N,(s) < n,A, #a)
= lim P(3s>t—n:N,(s) <n,I,({(s),N,(s),s) < I_,(0(s),N_,(s),s))

= ZIZIZ P(ds>t—n:1,(0(s),n,s) <I_,(0(s),s —n,s),N_,(s) =s—n) (A1)
< lim P(3s > t —n: [,(A(s), n,8) < T_o((1s), s —1,5), [i_o(s) —p—o| < &) (SLLN)
< tl_1>rcr>10 P(As>t—n:1,0,u_,—06,n,s)<I_,(u_,+06,1,s—n,s)) (A1)
< tl_l)l‘(l;lo P(Els >t—n:I1,0,u_,—06,n,s)<I(uy, 1)+ 5go(l)) (A3)
=0. (A2)

(STEP 2) Since all arms are pulled infinitely often, the empirical estimates must converge to
the mean values by the Strong Law of Large Numbers. O

14.D.2 Proof of Lemma I35

Lemma IV.35. IfI(=) satisfies (A 1-6), then (i, (t), fio(t), N1 (£), Na(t)) ~ (11, tha, £, 15(t))
a.s. The sequence t — (U, Us, t,n5(t)) will be called the asymptotic regime.

Proof of Lemma IV.35. Since n,(t) is sublinear, we only have to show the property on N,(t) and
everything will follow.

(STEP 1) Let € > 0 and focus on a = 2 the suboptimal arm. For conciseness, denote
¢ :=1—e. Similarly to the previous point, remark that if N,(s) < cn,(s), there must be some
u € {s—cny(s),...,s} when A, # 2. Let Ff = (Va,|0,(t) — u,| < &) the concentration event,
proved to hold eventually, as given by Lemma IV.34. We then have:

(=) :=P(Vt,3s >t : Ny(s) < cny(s))
< tl_l)I(I)lo P(ds > t,Ju > s —cny(s) : Ny(s) < cny(s), I(u) < I;(u))

< lim P(Hs >t,Ju>s—cny(s) : Ny(s) < cny(s), I,(w) < I(u), Ff) (Lem. IV.34)

t— 00

I(:U'Z - 57 nul + 57 an(S), u)
< lim P| ds > t,Ju>s—cny(s): < (A1)
o I(y + 6, py — 8,1 —cny(s), u)

< i pl 3> Ju > ( ) I(AU’Z_(S:AU’I +5,cn2(s),u) (A3 6)
< lim s>t,du>s—cn,(s): ,
o, A< (14 0 M+ o (D)1, 1)

. I(‘LLZ—5, Uy +6> (1—€)Tl2(5), U)
< m (32 030z omen@: < (1ot L (a4
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. . (1+€(6))I(‘U;2_5,‘U1+5,Tl2(5),5)
<l P(32 030z —en) oG s 48 m (A5)
< lim P(Els > 6, Juzs—cny(s) i 1+ <1+ o (1)+ tgw(1))
=0. (6 —0)

(STEP 2) Let € > 0 and focus on a = 2 the suboptimal arm. This time, denote ¢ := 1 + €.
The analysis is mostly similar, but the initial decomposition starts differently. Remark that if
N,(s) > cny(s), then there must be u € {cny(s),...,s} such that A, = 2. So,

(=) :=P(Vt,Is =t : Ny(s) = cn,(s))
< tl_1)nolo P(ds > t,du € [cny(s),s] : Ny(u) = cny(s),A, =2)

< tl_l)r(r)lo P(ds > t,du € [cny(s),s] : No(u) = cny(s), I,(u) = I,(u))

INA

tl_1)r(r>10 P(3s = t,du € [cny(s),s] : L(G(u), cny(u),u) = I (0(u), u, u)) (A1)

IA

tl_l)rgo P(Els > t,du € [cny(s),s] : I,(W(w), cny(uw),u) = Il(,a(u),u,u),Ff)
Jim P(3s > t,3u € [cny(s),s] : L(A(w), cng(w), u) = (1+o(I)I (g, po), F?) (A 3)

L(0(w), (1 + €)ny(u), u)

IA

< lim P| 3s > t,Ju € [cny(s),s] : Ff, > (A4)
e (1 + oI, (W), ny(w), u)

< lim P(Els > t,3u € [eny(s),s]: 1= () = 1+ o (1)+ fi’oo(l)) (A5)

—0. (6 —0)

So, t — N,(t) converges to t — n,(t) almost-surely for the asymptotic topology. O
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Conclusion, Past and Future Works

Every document eventually ends. Yet so much could still be said. At the end of every part, I have
already listed a few research directions that I believe to be promising. In the lines below, we take
a few steps back from this heavy manuscript and discuss research directions more informally;,
and extend on a few shortcomings that the current literature suffers from.

We deepdived into the realm of Markov decision process under the average gain criterion,
aiming at minimizing the regret and have presented many new results. In the minimax setting,
the regret is scaling with the span of the bias function rather than the diameter, and the
minimax lower bound can be reached by an algorithm running in polynomial time with no
prior information. In the model dependent setting, the regret lower bound is a solution of an
optimization problem combining information and navigation constraints. We have explained
that minors play an important role, and that the navigational structure of Markov decision
processes makes important to distinguish between exploration, co-exploration and exploitation
to learn efficiently. The regret lower bound is shown tight, by providing an algorithm that
approaches it with arbitrary precision. Beyond regret minimization which is only a matter of
global performance, we pinpoint in the last part that the management of episodes is important
as well, provided that one is concerned about the local behavior of algorithms. To that end, we
design two new learning metrics (the regret of exploration and the sliding regret) to explain
and quantify how efficient algorithms behave locally.

So, what’s next?

Too much, actually.

To begin with, a fundamental theory is absent from the landscape described above: Bayesian
approaches to reinforcement learning. In such approaches, the underlying model is drawn
from a probability distribution instead of being fixed. The lowerbound-then-algorithm strategy
could also be applied to this setting. There are already a few results that follow this principle,
such as Lai (1987) for stochastic bandits. For Markov decision processes, I am very curious
about what can be obtained. PMEVI and ECoE, that are respectively asymptotically optimal in
the minimax and model dependent settings, are very different algorithms. They can hardly be
compared actually. As a matter of fact, the model dependent and model independent regret
lower bounds are extremely different in their structure. Would we find something different in
the Bayesian setting again? Can these bounds be reconciliated? Or, is there a crucial difference
of design between model dependent, minimax and Bayesian approaches? For stochastic bandits,
model dependent and independent optimalities are reconciliatable — This is known as the
best-of-both-worlds Bubeck and Slivkins (2012). There is also a parallel best-of-both-worlds for
the model dependent & Bayesian approaches, see Lai (1987), and it would not be surprising
if, for stochastic bandits at least, a best-of-three-worlds exists. For Markov decision processes,
this is much less clear, for reasons that I discuss more deeply in the conclusion of Part III. If for
communicating Markov decision processes, there is no best-of-three-worlds, then where is the
barrier?

At the back of the room, there is always someone that bargains about the asymptotic nature
of the analysis. Yes, the analysis provided in the model dependent and model independent
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settings are very asymptotic. It is often opposed to asymptotic analysis that it is important to
keep track of second order errors, and to report them. I would usually agree to this provided
that the process comes for free, i.e., that it does not deteriorate the quality and clarity of the
main focus of the proof. And yet, I would disagree with the idea. First, the size of second order
terms may be, or may be not, artifacts of the analysis. Second, these second order terms mix
asymptotic second order terms and transient terms. Hence, while they may tell that the analysis
is too asymptotic, they tell very little about how efficient learners should behave during the
transient stages of learning. Furthermore, in the conclusion of Part III, I claim that the model
dependent lower bound may itself be very asymptotic in nature. Behind this claim is the idea
that the information constraints of the lower bound are linked to Sanov’s Theorem, and that the
second order error in Sanov’s Theorem is known to be linked to the geometry of the set from
which we want to control the probability to fall into. This set is the set of confusing models. For
stochastic bandits, this set is a half-space and its geometry is trivial, leading to small second
order errors. For Markov decision processes, it is non-convex and its geometry may be awful. If
the regret lower bound of Markov decision processes is too asymptotic in nature, then controlling
the second order term is irrelevant. This encourages the development of learning theories that
are specifically designed to understand how a learner should behave during the earlier stages of
learning. Such theories would probably be closer to Bayesian approaches, and should not be
mistaken for minimax approaches.

The last part of this document, which is about local regret guarantees, tries to escape
the prison of standard regret minimization. Not everything is about regret minimization. To
that extent, the various behaviors described in Part IV are arguably more important than the
introduced learning metrics. The various questions related to how the trajectorial behaviors of
classic algorithms may be studied, classified and quantified, seem very promising. The regret
of exploration and the sliding regret are simple metrics that barely scratch the surface of what
could be done. In the conclusion of Chapter 14, we explain that these two metrics fail to capture
the very specific behavior of a few algorithms such as EXP3. The proper way to address that
issue is still completely open.

And all this is only if we stick to the neighborhood of regret minimization concerns.

I defer the discussion of more practical, or instantaneous, research directions to the dedicated
conclusion of every part of this manuscript, that are better places to discuss the direct follow-ups
of well-confined collections of results.



List of Papers

This manuscript is a compilation a several works that I have completed during my PhD, yet
not all of my works are covered. I provide a list of my main publications below. Works that
are tagged as “not covered” are those of which the content does not appear in the present
manuscript. Such works are put aside as they do not fit the story-line of the manuscript, which
is exclusively about regret minimization in Markov decision processes.

Boone, V. and Gaujal, B. (2023a). Identification of Blackwell Optimal Policies
for Deterministic MDPs. In Ruiz, E, Dy, J., and van de Meent, J.-W.,, editors,
Proceedings of The 26th International Conference on Artificial Intelligence and
Statistics, volume 206 of Proceedings of Machine Learning Research, pages
7392-7424. PMLR

Not covered.

Abstract. This work investigates the probably correct (PC) identification of
Blackwell optimal policies in deterministic transition Markov decision pro-
cesses, where the goal of the learner is to gather information and eventually
stop to return a policy that has to be Blackwell optimal Blackwell (1962)
with a fixed probability. We show that Blackwell optimal policies cannot be
identified with arbitrarily high confidence unless the model is non-degenerate
(Definition IV.3), in which case Blackwell optimality collapses to bias optimality
(Definition 1.9). We provide model-dependent lower and upper bounds on the
number of samples required to identify such policies.

Boone, V. and Gaujal, B. (2023b). The Regret of Exploration and the Control of
Bad Episodes in Reinforcement Learning. In Krause, A., Brunskill, E., Cho,
K., Engelhardt, B., Sabato, S., and Scarlett, J., editors, Proceedings of the 40th
International Conference on Machine Learning, volume 202 of Proceedings of
Machine Learning Research, pages 2824-2856. PMLR

See Chapters 11 and 12.

Abstract. This paper is the first of the line of work on local regret consid-
erations. It explains why the doubling trick is not satisfying, introduces the
regret of exploration (Definition IV.2), the performance test (PT), provides
minimax regret guarantees for UCRL-PT and regret of exploration guarantees
for UCRL-PT when the underlying model has deterministic transitions.

Boone, V. (2023). The Sliding Regret in Stochastic Bandits: Discriminating Index
and Randomized Policies. arXiv:2311.18437 [cs, eess, math, stat]
See Chapter 14.

Abstract. This paper is mostly similar to Chapter 14. We investigate the tra-
jectorial behavior of standard algorithms for stochastic bandits. We introduce
the sliding regret (Definition IV.7) that measures the worst local regret of
the algorithm on a trajectory. We show that index algorithms such as UCB,
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UCB-V, IMED and KL-UCB have linear sliding regret, resulting in infinitely
many bursts of suboptimal play that may last arbitrarily long; While random-
ized algorithms such as TS and MED have optimal sliding regret, meaning that
they play suboptimal actions sporadically.

This paper is under review at JMLR.

Boone, V. and Mertikopoulos, P (2024). The equivalence of dynamic and strategic
stability under regularized learning in games. In Proceedings of the 37th
International Conference on Neural Information Processing Systems, NIPS ’23,
Red Hook, NY, USA. Curran Associates Inc

Not covered.

Abstract. This paper is not about reinforcement learning in Markov decision
process hence is completely absent from the manuscript — This further requires
to explain in more details what is done in this work. In this paper, we examine
the long-run behavior of regularized, no-regret learning in finite games. A
well-known result in the field states that the empirical frequencies of no-regret
play converge to the game’s set of coarse correlated equilibria; however, our
understanding of how the players’ actual strategies evolve over time is much
more limited - and, in many cases, non-existent. This issue is exacerbated by
a series of recent results showing that only strict Nash equilibria are stable
and attracting under regularized learning, thus making the relation between
learning and pointwise solution concepts particularly elusive. In lieu of this,
we take a more general approach and instead seek to characterize the setwise
rationality properties of the players’ day-to-day play. To that end, we focus
on one of the most stringent criteria of setwise strategic stability, namely that
any unilateral deviation from the set in question incurs a cost to the deviator -
a property known as closedness under better replies (club). In so doing, we
obtain a far-reaching equivalence between strategic and dynamic stability: a
product of pure strategies is closed under better replies if and only if its span
is stable and attracting under regularized learning. In addition, we estimate
the rate of convergence to such sets, and we show that methods based on
entropic regularization (like the exponential weights algorithm) converge at
a geometric rate, while projection-based methods converge within a finite
number of iterations, even with bandit, payoff-based feedback.

Boone, V. and Zhang, Z. (2024). Achieving Tractable Minimax Optimal Regret in
Average Reward MDPs. eprint: 2406.01234

See Chapter 7.

Abstract. In this paper, we present the first tractable algorithm with minimax
optimal regret of O(4/sp(h)SAT log(T)) without relying on prior knowledge.
The algorithm relies on a novel subroutine, PMEVI (see Algorithm II.5) to
compute bias-constrained optimal policies efficiently, improving on EVI from
Auer et al. (2009). This subroutine can be applied to various previous algo-
rithms to improve their regret bounds. The content of this paper is mostly
similar to Chapter 7.

This paper has been accepted at NeurIPS 2024.

Boone, V. and Gaujal, B. (2024+). Local regret guarantees in average reward
markov decision processes. To be submitted
See Chapter 13.

Abstract. This paper goes beyond Boone and Gaujal (2023b). The theory
on the regret of exploration is more complete, with a concern about the
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generality of the definition and the well-definition of the regret of exploration
for general episodic algorithms. It suggests to replace the performance test by
the vanishing multiplicative condition (VM) and provides a general analysis
based on coherence (Definition IV.5) with a strong emphasis on the shrinking-
shaking effect. The content of this paper is mostly similar to Chapter 13.

Boone, V. and Maillard, O.-A. (2024+). Lower bound of the regret for communi-
cating markov decision processes. To be submitted

See Part III.

Abstract. The content of this paper is mostly similar to Part III. We provide
a model dependent regret lower bound for Markov decision processes in
the communicating setting together with a few approximations of it. The
lower bound is shown to be optimal with the introduction of a new algorithm
scheme, ECoE, of which the asymptotic expected regret is arbitrarily close to
the lower bound. We additionally show that the computation of the lower
bound, together with associated sub-problems, is computationally hard.
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Abstract

In this manuscript, we investigate the problem of regret minimization in Markov decision
processes under the average gain criterion. In both the model independent (aka minimax)
and model dependent settings, we provide new lower bounds on the expected regret as well
as algorithmic methods achieving them — hence being optimal. Beyond regret minimization,
we further study the trajectorial behavior of classical algorithms from a novel local viewpoint,
through the lens of new learning metrics that quantify how algorithms choose actions locally
rather than globally.

Résumé

Cette these est dédiée a la minimisation du regret dans les processus de décisions Markoviens
en gain moyen. On y développe des bornes inférieures sur le regret en espérance, ainsi que
des algorithmes atteignant les-dites bornes et de ce fait optimaux, dans deux cas fréquentistes
classiques: le cas ol le modele est fixé et ot la borne dépend du modéele, et le cas minimax ou la
borne s’applique uniformément a I'intégralité de la classe considérée. Au dela de la minimisation
du regret, on étudie également le comportement local d’algorithmes classiques que le regret
échoue a capturer, puisque intrinsequement global. De nouvelles mesures de performances sont
introduites dans cette optique.
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